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PREFACE 

The general features of this book are based on the following 
considerations : 

(1) Algebra is a continuation and generalization of arithmetic. 
As the student comes to see this he advances in the subject 

with increasing ease, interest, and thoroughness. In this 
book, especially in Part One, the treatment is largely arith- 
metical. What are usually called "algebraic expressions" 
and " quantities " are herein called numbers, and treated accord- 
ingly. In short, Part One is built upon the pupil's knowledge 
of arithmetic, and leads him at once, without formality or 
abstract manipulations, into the use of the equation for solving 
problems. 

(2) The transition from arithmetic to algebra should be gradual 
and progressive. 

The chief particulars in which algebra is an extension of 
arithmetic should be presented one at a time. The order 
in which this is accomplished in this book may be seen by 
reference to the table of contents. 

(3) The treatment should be both topical and spiral. 

In this book, while the treatment of each new subject is 
thorough as far as it goes, no attempt is made to teach all about 
a subject on its first presentation. As new ideas are introduced 
there arises a necessity, as well as a pedagogic importance, 
for viewing each subject a second or third time in a manner 
more profound than is possible on first view. In Chapter I 
operations, signs, equations, and problems are introduced, and 
treated with reference to simple positive integers. Each of 

3 



4 PREFACE 

the following chapters is largely a review and extension of 
what has gone before. 
Among the special features are : 

(1) The method of treating zero and equality conditions. 

In some important particulars, as will be seen, this is a wide 
departure from the texts of the day, yet it has not been made 
different for the sake of novelty. See pages 141, 142, 143, 
144, 228, 229. 

(2) Simplicity and thoroughness throughout the hook. 

This will be noticeable especially in the important subjects 
of factoring, fractions, simple and quadratic equations, varia- 
tion, and the progressions. 

The matter on graphs, Chapter XVI, can be introduced as 
early as the teacher wishes. It may be advantageously taught 
in connection w^ith simple and quadratic equations involving 
two unknown numbers. 

The problems, as will be seen, are numerous and well graded, 

and have been selected largely with a view to indicating the 

utility of algebra in physics and geometry, and in the common 

concerns of life. 

J. W. NICHOLSON. 
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PART ONE — PRIMARY ALGEBRA 

I. POSITIVE SIMPLE INTEGERS 

INDUCTION 

1. 1. How many 2'8 are 2, 2 and 2, 2, 2 ? 

2. How many x^s are x^ x^ x and z, x, x? 

3. How many as are 7a a^ a^ a, a, a, a, a 
plus 8 a? 7a+3a=? a^ a^ a 

4. How many J's are 5 6 ^^ ^i ^^ ^» ^ 
less 36? 66 -36 = ? ^, ^, ^ 

5. How many cs are 2 c^ c^ c 
times 3 {?? 3 X 2 c = ? c, c, c 

6. How many cT s are J of d, rf, rf, ei 
12i? 12i + 4= ? rf, rf, d, d 

7. How many times does ^^ ^i ^i d 
12icontain4i? 12rf-i-4i=? 

Find the values of the following : 

8. 12^-1-9^; 15a + 6a; 256 + 6; 18y + 7y. 

9. 12^-9^; 15a- 6a; 256-6; 18y-7y. 

10. 2x8^; 3xl2a; 206x4; 40y x 5. 

11. Jof 8^; ^of 12a; 206-8-4; 40y-^5. 

12. lO^-t-2^; 30a-*-6a; 546-i-96; 56y-!-8y. 

The signs +, — , x, -s- stand for the same operations 
in algebra as in arithmetic. 

■ 7 



8 POSITIVK SIMPLE INTEGERS 

ADDITION AND SUBTRACTION 

2. Addition is the operation of uniting two or more 
numbers into one number. 

The addends are the numbers added, and the sum is 
the result of addition. 

The sign of addition is + . The name of this sign is 
plus, but it is often read and. 

The sign of equality is = , which is read equals. 
Read : 9 a; + 3 x = 12 or. Point out the addends ; the sum. 

3. Subtraction is the operation of finding an addend 
wlien the sum and the other addend are given. 

The minuend is the given sum ; the subtrahend is the 
given addend ; and the difference is the required addend. 

The sign of subtraction is — . The name of this sign 
is minus, but it is often read less. 

Thus, 13 — 8 = 5, because 8 + 5 = 13. Here 13 is the minuend, 
8 the subtrahend, and 5 the difference. 

Note. When we speak of the difference between two nunjbers, 
the first number named is the minuend and the other is the sub- 
trahend. 

Thus, the difference between 11 and 7 is 11 — 7, or 4. 

Find the sum and difference of : 

1. 20 and 8; 9icand6a;; 12a and 8a; Gn-dudn,. 

2. 13 and 9 ; 8 y and 3 y ; 18c? and 6c; 9x and x. 

Find the values of : 

3. 14 + 6 21 a — 7 a 30^-9^ a; + a; y — y. 

4. 25—8 16c — 9c? 17c?-f-7<? a-\-a z — z. 

5. 42 — 5 19 a; + 6 a; Z^y — by n — n c-^-c. 



ADDITION AND SUBTRACTION 9 

EXERCISES IN ADDITION AND SUBTRACTION 

4. 1. If a stands for, or represents, 5, what number 
is represented bya-|-6? a — 3? S + a? 9 — a? 

2. If 6 = 7, what is the numerical value of 6 + 9 ? 
6-5? 12 + 6? 13-6? 

3. How jnuch more than 8 is 8-1-3? S + x? 

4. How much less than 9i8 9 — 6? 9 — y? 

5. How much more than c is c + 6? c -\- n? 

6. How much less than mism — 4? m — b? 

7. What is the sum of a and 3 ? a and n ? 

8. What is the difference between c and 6 ? a and 6? 

9. James has x dollars and John has 3 dollars more 
than James. How many dollars has John ? 

10. Frank had y apples, and gave 6 of them to his 
sister. How many apples had he left ? 

11. What number is 1 more than the number n? 2 
less than the number m ? 

12. Ann has 5 roses and Ann and Lucy together have 
c roses. How many roses has Lucy ? 

13. Frank paid $ 3 for a hat and x dollars for a gun. 
How much more did the gun cost than the hat? 

14. Henry jumped 9 feet and Walter x feet. How 
much did Walter beat Henry ? 

15. A father is x years old and his son is y years old. 
How many years older is the father than the son ? 

16. In a certain school there are 7 x boys and 9 x girls. 
How many students are there in the school ? 

17. A farmer had 15 y sheep. After selling 8y sheep, 
how many had he left ? 



10 POSITIVE SIMPLE INTEGERS 

MULTIPLICATION 

5. 1. How many a;'s are 3x-f 3a;+ 3x-f 3a;? 

2. How many x's are 4 times 3 a;? 

Mttltiplicatioii is the operation of finding the sum of 
equal numbers, or the operation of taking one number as 
many times as there are ones in another number. 

The multiplicand is the number taken or multiplied; 
the multiplier is the number that shows how many times 
the multiplicand is taken ; and the product is the result 
of multiplication. 

The sign of multiplication is x , which is read " times " 
or ^^mvltiplied hy^^ according as it is written after or 
before the multiplier. 

Thus, 5 X a is read " 5 times a " or " 5 multiplied by a," according 
as 5 or a is considered the multiplier. 

6. An abstract number is a number that is not applied 
to any particular thing ; as 3, 10, a, w, x. 

Quantities like 912, h yards, etc., are called concrete numbers. 

The multiplier is always an abstract number. 

A product like 5 x a is usually written 5 a. In this 
product 5 and a are called factors, 5 being the numerical 
factor and a the literal factor. 

7. The coefficient of a literal factor is the number that 
shows how many times the factor is taken as an addend. 

Thus, in 4 n, 4 is the coefficient of n, because 4 n means 4 x n or 
n -^^ n -^^ n -^^ n. 

When no coefficient is written, 1 is understood. 

1. In 8 a; + 7 y -f 25, what is the coefficient of a;? of y ? zl 

2. What are the factors of 5 w? 8^? 29 y? 



MULTIPLICATION AND DIVISION 11 

DIVISION 

a How much is I of 12 a ? Why ? 

How many times does 12 a contain 3a? Why ? 

Division is the operation of finding a factor when the 
product and the other factor are given. 

The dividend is the given product, the divisor is the 
given factor, and the quotient is the required factor. 

The sign of division is -4-, which is read divided hy. 

Thus, (a) 12 a; -=- 4 X = 3, because 3 x 4 ar = 12 x. 

(J) 12 X -^ 4 = 3 X, because 3 x x 4 = 12 x. 

(a) may be read, 12 x contaius 4x, 3 times; aud {h) may be read, 
I of 12 X is 3 X. 

Hence, by division we find how many times one num- 
ber is contained in another, and also one of the equal 
parts of a number. 

Division is also indicated by writing the dividend above 
the divisor with a horizontal line between them. 

Thus, ^ = 12 - 3 = 4. 

Note. At present, a quotient in the form of - is to be considered 

h 

an integer. That is, a is supposed to be divisible by 6. 

Find the values of : 

1. 15 X 4 24 a -^ 6 | of 28 w 16 a: -f- 8 a:. 

2. 18-*- 6 256x4 \oib\y 39y^3y. 

3. 3ajx7 36(?-f-9 | of 45 c? 35n^7w. 

4. 8ic^4 40yx6 |of42a 726-i-86. 

g 18 25^ 48a 42£ 100 6 91a? 143 y 
'3 5 a; 8 a 6 (? 25 7 11 y * 



12 POSITIVE SIMPLE INTEGERS 

EXERCISES IN MULTIPLICATION AND DIVISION 

9. 1. If a stands for 5, what number is represented by 
5a? 7a? 20-!-a? 

2. If J = 6, what is the numerical value of J x 8? 

J-i-3? h 

2 

3. How many times greater is 8 a than a ? 

4. How many times greater is 7 <? than 7 ? 

5. One number is x and another is 6 times as great. 
Find the greater number. 

6. If a pen costs a cents, how much will 5 pens cost? 

7. If a pear costs 3^, how much will n pears cost? 

8. If a horse walks 6 mi. per hour, how far will it 
walk in x hours? 

9. If cheese is worth 5 x cents a pound, how much will 
9 lb. cost? 

10. What will be the cost of 8 pigs at 3 a; dollars each ? 

11. What will be the cost of 4 y pigs at f 6 each ? 

12. If 8 yd. of cloth cost 24 y cents, how much will 1 yd. 
cost? 

13. A lady bought n pounds of butter for 24 n cents. 
What was the price per pound ? 

14. A boy sold 5 x birds and 3 x squirrels, receiving 9 ^ 
each for the birds and 12 ^ each for the squirrels. How 
much did he receive for all ? 

15. One number is x and another is 3 more than twice 
as much. Find the greater number. 

16. A buggy cost 3 a dollars and a horse f 10 less than 
4 times as much. Find the cost of the horse. 
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LAWS OF SIGNS OF OPERATIONS 

10. 1. How many ones are 7 x 4 or 7 fours? 

2. How many ones are ^^ or 12 sixths? 

3. Change 6x3 and 20 -j- 4 to ones. 

4. Find 7 4- 4 or the sum of 7 ones and 4 ones. 

5. Find 7 — 4 or the difference between 7 ones and 
4 ones. 

6. Find 6 X 3 + 5 or the sum of 6 threes and 5 ones. 

7. Find 10 -f- 2 — 3, or the difference between 10 halves 
and 3 ones. 

When numbers are connected by the signs -f , — <» x, -f-, 
the' operations indicated hy x and -f- must be performed 
before the operations indicated hy -\- and — . 

Reduce to single numbers or find the values of: 

8. 7x44-3 12x2-6 13-f3x5 11-2x4. 

9. 6^24-5 35-^5-4 74-I8-1-6 20-9 + 3. 

Find the values of the following, supposing x to stand 
for 2 and y for 3 : 

10. 7a;4-5 14y-6 12a:4-3y 9a:-2y. 

11. 12^2 25-24 120^15 24^21. 
y y X y X y 

U. In expressions lik^ these, when we make x = 2 and 
y = 3, we are said to substitute 2 for x and 3 for y. 

Find the value of : 

12. 6 a 4- 3 J, when 4 is substituted for a and 3 for J. 

12 

13. 5w , when 3 is substituted for n and 4 for c, 

c 



14 POSITIVE SIMPLE INTEGERS 

NUMERICAL VALUES 

12. 1. May x stand for, or represent, any integer? 

2. If X stands for, or represents, 2, what number does 
3a; represent? 7a;? 5a;H-8? 9a;-ll? 12-i-a;H-7? 

When 2 is substituted for x, the value of 12-^x4-7, 
namely 13, is called the numerical value of 12 -*- a; -f 7 for 
a;=2. 

3. If a; = 3, what is the numerical value of 5 a;? 
10a;-7? 30-^a:-5? ??-l^? 

X X 

4. If a:= 12, what is the value of — ? — ? — ? 

3 4 6 

Find, in two ways, the values of the following when 6 
is substituted for x : 

5. a; -f 3 a;. 6. 3 a; -f 7 a;. 7. 2 a; + 8 a; + 12 a;. 

^o ^ 0^ ^^ ^ ,^2;, 2a;. 3a; 
8. 2 a; . 9. 10. -H . 

2 32 232 

11. Find the value ofSa; — 12a;H-20a; when a; = 3. 

12. Find the value of -r- + -rr- -f —r- when x = 12. 

4 3 4 

13. Find the sum of 5 a; and 8 x when x = 5. 

14. Find the difference of 9 a; and 3 x when a; = 8. 

15. Find the product of 5 a; by 9 when a; = 8. 

16. Find the quotient of 7 a; by 3 when a; = 9. 

17. Show that 3 a; + i^ = 165 when a; = 30. 

18. Verify 2 a; + 8 a; = 5 a; + 10, for a; = 2. 

19. Verify 9 a; -11 = 6 a; +16, for a; = 9. 

20. Verify7a;-18=32-3a;, fora; = 5. 
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INTRODUCTION OF EQUATIONS 

13. 1. If 8 a; is 40, what is the value of a:? Why ? 

2. li 9z = 63, what is the value oi x? 
Ans. 7. Because 9 ar = 63 is verified for x = 7. 

3. If 8 a; = 72, what is the value of a? ? Why ? 

4. If 6 a: = 24, what is the value of a; ? Why ? 

5. If a: 4- 3 a; = 16, what is the value of a: ? 

First Solution. Substitute for x the numbers 1, 2, 3, etc., until 
a number is found that satisfies the equation. 

Second Solution, a: -f 3 a? = 4 a: ; then 4 x = 16. Therefore, a: = J 
of 16, which is 4. 

Note. The student should use the first method of solution until 
he thoroughly understands what he is required to find, viz. : the num- 
ber which, when substituted for x, will give the two members of the equation 
the same numerical value. 

6. Given a; -f 5 a; = 36. Find the value of x. 

7. Given 2 a: + 5 a; = 84. Find the value of x. 

8. Given 9 a; — 4 a; = 35. Find the value of x. 

' Find the value of x in the following : 

9. a; +2 a; + 5 a; = 48. 10. 12 a; — 5 a; =21. 
U. a: + 2 a; + 6 a; = 72. 12. 14 a; -f 6 a; = 80. 
13. a;+3a;-f 8a; = 84. . 14. 20 a: — 3 a: =51. 

Let X be found in the following by trial substitutions : 

15. 3a; + 7 = 2a:+9. 16. 7a;- 3 = 4 a: -f 9. 

17. 5a?— 2 = 3a;4-4. 18. 11 — a; =2 a;— 1. 

«^ 2a; . r 5a; . j #wv 3 , r^ -n , -a; 

19. -- + 5 = -— +4. 20. --a;4-9 = ll H--. 

o o 4 ^ 

Can you find a shorter method of solving Ex. 15-20 ? 



16 POSITIVE SIMPLE INTEGERS 

PROBLEMS 

1. One number is 3 times another number. If x stands 
for the less number, what will stand for the greater? 
What will stand for their sum? If their sum is 36, what 
equation may we write? Find from this equation the 
value of a:, then of Zx, What, therf, are the numbers? 
Prove it. 

2. One number is 5 times another number, and the sum 
of the numbers is 42. Find the numbers. 

Let X = the less number, then 5 x = the greater, etc. 

3. One number is 8 times another number, and the sum 
of the numbers is 45. Find the numbers. 

4. The sum of two numbers is 35, and one of the num- 
bers is 4 times the other. Find the numbers. 

5. The sum of two numbers is 72, and one of the num- 
bers is 11 times the other. Find the numbers. 

6. Mary has 2 times as many pins as Lucy, and they 
together have 48. How many has each? 

Let a; =, or stand for, the number of pins Lucy has; 

then 2a: =, or stands for, the number of pins Mary has, 

and a; H- 2a; =, or stands for, the number of pins they together have. 

But 48 is the number of pins they together have. 

.-. a: + 2 a; = 48 ; 

or 3a: = 48. 

Then x = 16, 

and 2 a: = 32. 

Therefore, Lucy has 16 pins and Mary 32 pins. 

Note. The symbol .•. stands for therefore, and is so read. 

7. Henry has 3 times as many apples as Frank, and 
they together have 32. How many has each? 
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8. A father is 5 times as old as his son, and the sum 
of their ages is 48 yr. Find their ages. 

9. A horse and saddle are together worth If 165, and 
the horse is worth 10 times as much as the saddle. Find 
the value of each. 

10. A lady bought an equal amount of flour and rice. 
She paid 4 ^ a pound for the flour, 7 ^ a pound for the 
rice, and the amount of her bill was f 1.65. How many 
pounds of each did she buy ? 

11. A farmer sold twice as many pigs as calves. He 
received $5 each for the pigs, $8 each for the calves, and 
$126 for all. How many of each did he sell ? 

12. A man has f 76 in two-dollar bills and five-dollar 
bills, and he has 7 times as many two-dollar bills as 
five-dollar bills. How many has he of each ? 

13. Two men, who are 495 mi. apart, are traveling 
toward each other. If one goes 30 mi. a day, and the 
other 25 mi. a day, in how many days will they meet ? 

14. A grocer sold 8 lb. of cofiFee and 3 lb. of sugar for 
$1.40, asking 4 times as much for a pound of coffee as for 
a pound of sugar. Find the price per pound of each. 

15. A farmer sold a number of sheep for $300, J of 
them at $4 each, ^ of them at $5 each, and ^ of them at 
$8 each. How many sheep did he sell ? 

Hint. Let 6 a; = the number of sheep he sold. 

16. B is twice as old as A, C is three times as old as B, 
and the sum of their ages is 72 yr. Find the age of 
each. 

17. Divide $48 among A, B, and C so that B ^all have 
3 times as much as A, and C as much as A and B together. 

KICHOLSON*S ALO. — 2 



18 POSITIVE SIMPLE INTEGERS 

18. John has f 7 mora than Henry, and both together 
have $25. How much has each? 

Let X = the number of dollars Henry has; 

then ar + 7 = the number of dollars John has, 

and a? + X + 7 = the number of dollars both have. 

But 25 = the number of dollars both have. 

Therefore, x + ar + 7 = 25, 

or 2x + 7 = 25. 

Whence, x = 9, the number of dollars Henry has, 

and X + 7 = 16, the number of dollars John has. 

19. One number is 12 more than another number, and 
the sum of the numbers is 32. Find the numbers. 

20. The difference between two numbers is 5, and the 
sum of the numbers is 31. Find the numbers. 

21. The sum of two consecutive integers is 35. Find 
the integers. 

Hint. Let x and x + 1 stand for the integers. 

22. The sum of three consecutive integers is 33. Find 
the integers. 

23. Divide 19 roses between Lucy and Ann so that 
Ann shall have 3 less than Lucy. 

24. Frank has 5 more than twice as many marbles as 
Ben, and both together have 32 marbles. How many has 
each? 

25. C is 6 yr. older than B, B is 3 yr. older than A, and 
the sum of their ages is 78 yr. Find their ages. 

26. Divide 36 into two parts such that the greater part 
shall be 8 less than 3 times the less part. 

27. A boy paid f 1.70 for three books, paying 10^ more 
for the second than for the first, and 15 ^ more for the 
third than for the second. Find the cost of each. 



II. POSITIVE AND NEGATIVE SIMPLE INTEGERS 

INDUCTION 

14 1. A gain of $5 and a gain of $3 is equivalent to a 
gain of how many dollars ? 

2. A gain of $5 and a loss of $3 is equivalent to a gain 
of how many dollars ? 

3. A loss of $5 and a gain of $3 is equivalent to a loss 
of how many dollars ? 

4. A loss of $5 and a loss of $3 is equivalent to a loss 
of how many dollars ? 

5. Denoting a gain by the sign + and a loss by the sign 
— , the above questions and their answers may be written, 
respectively: 

" + 15 and + $3 = ? Am. + *8. 

-f $5 and - #3 = ? Ans. + *2. 

- $5 and + 13 = ? An8. - f 2. 

- $6 and - *3 = ? Ans. - |8. 

6. A boy goes 7 mi. north from the schoolhouse, and 
then goes south 2 mi. How far, and in what direction, 
is he then from the schoolhouse ? 

North 7 mi. plus south 2 mi. = ? 

Denoting north by + and south by — , read the following, 
and giviB the equivalents both as to distance and direction: 

7. -h 15 mi. plus H- 3 mi. 8. — 12 mi. plus + 8 mi. 
9. H- 13 mi. plus — 6 mi. 10. — 14 mi. plus — 6 mi. 

15. A positive number is one whose sign is + • . 

16. A negative number is one whose sign is — . 

When no sign is written before a number, the sign H- is 
understood. 

19 



20 POSITIVE AND NEGATIVE SIMPLE INTEGERS 

ADDITION 

17. How many cents are 6^ — 4/ + 9^ — 7/? 

First. 6^-4^ = 2^ 2f-h9f = llfy 11^-7^ =4^. 

Second. There are Id all 15 positive f*s and 11 negative f*a, and 
in whatever order we unite the given numbers of units the 11 nega- 
tive units will finally cancel 11 of the positive units, and leave 4 posi- 
tive units, or + 4^. 

Thus, 6^ -4^ =2^; 9^-7^ = 2^; 2^H-2^ = 4^ 

This process of uniting numbers according to their 
signs is called algebraic addition. 

Hereafter, addition will be understood to have this 
meaning. 

IS. The signs -f and — are not only signs of operations, 
but they are also signs of opposite qualities or directions. 

Find the sums of the following, and check the results 
by taking the given numbers in diflferent orders : 

1. 2x + x-^6x. 2. 10 a; — 6 a; -f 23 a;— 15 a;. 

3. 3y + 7y-y. 4. 34y-f 8y- 16y-12y. 

5. 8 a — 5 a -fa. 6. 25 a — 9 a— 28 a 4-11 «• 

7. J- 8 6 -f 3 J. 8. 41 J- 5i- 13 J- 18 J. 

9. The sum of a and + J is a -h ? 

10. The sum of a and — 6 is a — ? 

11. a; -f y is the sum of x and ? 

12. a — ( is the sum of a and ? 

Find the sum of : 

13. 5a; -f 6 14. 8 a- 9 15. 15 J -f 2 

3a;-4 4a + 6 -9J + 4 

2a;-f7 -7a + 3 -6J-9 
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19. Expressions like a, — 6 6, 5a;H-7, etc., are called 
algebraic numbers, or simply numbers. 

In an algebraic number like 7a; — 3y4-8, 7a;, —3 y, 
and + 8 are the terms. An algebraic number having 
more than one term is a sum, of which the terms are the 
addends. 

20. Two algebraic numbers are said to be like when 
their literal factors are the same ; as 6 a and 9 a, — 7 a; 
and H-3a;. 

2L The absolute value of an algebraic number is its 
value without reference to its sign. 

Thus, the absolate value of — 6 is 6 ; of — 4 x, 4 x. 

22. We may now give the rule for algebraic addition : 

To add two like numbers having the same sign, add their abso- 
lute values and give the s^im the common sign of the addends. 

To add ttco like numbers having different signs, subtra^A their 
absolute values and give the difference the sign of tlie greater 
addend. 

To add unlike numbers, lorite them one after the other, giving 
each its proper sign. 

Find the sum of : 

1. 8, 4, and — 3. 2. 6a; — 8y H-6and 3a;H- 5y — 6. 

3. a, 6, and — c, 4. 9aH-6iH-c and 3 a — 9 J -h c. 

5. c, — rf, and a;.- 6. 7 e — 9d— 8 and 4 d -f 6 — 3 c. 

7. 6a;-8y-f 9, 3a;+2y- 5, 4a;H-6y-4. 

a 9a-f76-(?, 4aH-66-(?, c — 7a — 9J. 

9. 6w-6r + 8«, 6?i-7«, 4r-5« + 3. 

10. 4 c -f 7 (/, - 3 d + 5 ^, 6 e - 7/, 6/- ^c, 

11. 3a-.66-f 7c-8rf,5J-4c + 8d-3a. 
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ADDITION PROBLEMS 

23. 1. A boy paid 2 x dollars for a vest, 4 x dollars for 
trousers, and 5 x dollars for a coat. How much did he 
pay for all ? how much if a; = 2 ? 

2. A farmer sold, 8 y pecks of corn, 11 y pecks of 
wheat, and 15 y pecks of oats. How many pecks did he 
sell in all ? how many if y = 10 ? 

3. A man went north 75 x yards, then south 43 x yards, 
then south 58 x yards. How far, and in what direction, 
was he then from the starting point ? 

4. What is the answer to problem 3 if 2: = 25 ? 

5. If n is an even integer, what is the next odd inte- 
ger ? the next even integer ? 

6. What are the answers to problem 5 if n = 12 ? 

7. A boy rode m miles one day, n miles the next, and 
15 miles the next. How far did he ride in all? 

8. What is the answer to problem 7 if w = 20 and 
n = 18 ? 

9. Ada earned a cents Monday, h cents Tuesday, and 
spent 35^ Wednesday ? How much did she then have ? 

10. What is the answer to problem 9 if a = 75 and 
6 = 65? 

11. John weighs x pounds, Henry 10 pounds more than 
John, and James 6 pounds more than Henry. How many 
pounds do they all weigh together? 

12. What is the answer to problem 11 if a; = 90 ? 

13. The second of three numbers is 5 more than the 
first and the third is 8 more than the second. If the first 
is a;, what is the sum of the three ? 
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SUBTRACTION 

24. How much is 16 less 9 ? Why ? 

Which is the minuend ? the subtrahend ? difference ? 

The difference between one number (called the minuend) 
and another (called the subtrahend) is the number which 
added to the subtrahend will give the minuend. 

Thus, 11 - 4 = 7, because 4 + 7 = 11. 

25. Subtraction is the process of finding the difference 
between two numbers, or of taking one number from 
another. 

26. Law of signs in subtraction. 

By the definition of difference, § 24, we have 

(a) The difference between + 5 and -f 3 is + 2, be- 
cause H- 2 added to + 3 is -f 6. 

(6) The difference between -f 5 and — 3 is H- 8, because 
+ 8 added to — 3 is -f 5. 

({?) The difference between — 6 and + 3 is — 8, because 
— 8 added to + 3 is — 5. 

(rf) The difference between — 5 and — 3 is — 2, be- 
cause — 2 added to — 3 is — 5. 

Note that in each case the correct result can be obtained 
by changing the sign of the subtrahend^ and then adding 
it to the minuend. 

Thus, + 5 less -f 3 = + 5 plus - 3 = + 2 

-f 5 less - 3 = H- 5 plus + 3 = + 8 

- 5 less + 3 = - 5 plus - 3 = - 8 

— 5 less — 3 = — 5 plus -f 3 = — 2. 

The principle and process are illustrated in what fol- 
lows on the next page. 
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A B C D E F G 

\ ^1 1 1 ^1 1 1 i 1 1 1 1 1 1 

-6 -5 -4 -8 -2 -1 +1 +2 +3 +4 -l-S +6 

27. The signs H- and — denote opposite qualities or 
directions. Hence, if distances laid off from to the right 
ai*e positive, then distances laid off from to the left are 
negative. 

Now note carefully that the difference between two 
algebraic numbers, as -f 5 and -f 2, is the number of units 
of distance between them on the scale, 3, and is + or — 
according as the minuend is on the right or left of the 
subtrahend. Tlius : 

1. + 6 less + 2 = + 6 plus — 2 = + ^^ because 6^ is 4 units to the 
right of "E, 

2. + 5 less — 3 = + 5 plus + 3 = + 8, because F is 8 units to the 
right of C 

3.-4 less + 2 = — 4 plus — 2 = — 6, because JB is 6 units to the 
left of E. 

4.-6 less — 1 = - 6 plus + 1 = — 5, because ^4 is 5 units to the 
left of D, 

Subtract the following and check the results by think- 
ing of the minuend, subtrahend, and remainder as distances 
on the above scale. 



1. 


+ 11 


2. 


+ 7 


3. 


-13 


4. 


-9 




+ 5 




-flO 




- 8 




+ 6 


5. 


— 6a; 


6. 


+ 5y 


7. 


-10a 


8. 


+ 85 




-12a; 


10. 


-8^ 
+ 16ic 


11. 


+ 6a 
- 9(? 


12. 


+ 12J 


9. 


+ 15w 


-VIA 




+ 8w 




- Ix 




-17r? 


• 


+ 18<i 
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In the following consider + ias meaning above zero, — as meaning 
below zero, and explain the* results by means of a thermometer. 

Find the difference : 

1. Between 4- 9° and 4- 3° ; between 4- 3** and - 8^. 

2. Between - 5° and -h 4° ; between - 6° and - 9"*. 

In these and similar problems what is meant by a posi- 
tive answer? a negative answer? 

3. The difference between 8 and 4- 5 is 8 — ? 

4. The difference between a and 4- 6 is a — ? 

5. The difference between 9 and — 6 is 9 4- ? 

6. The difference between a and — 6 is a 4- ? 

7. a; — y is the difference between x and ? 

8. a; 4- y is the difference between x and ? 

9. What is the difference between 8 and 4- a? 

10. What is the difference between 6 and — a? 

Find the difference : 

11. Between 8 x and 11 x ; between 4- 3 y and — 6 y. 

12. Between 17 x and 9 x ; between — 5 a and 4- 8 a. 

13. Between 6 a 4- 7 6 - 5 and 3 a - 2 6 — 9. 

6a + 76-5 6a + 76-5 

' ~3a + 2ft + 9 3a-26-9 

3a + 96 + 4, Ans. 3a + 96 + 4, Ans. 

In both solutions the terms of the subtrahend are written under 
like terms of the minuend. 

In the first solution we changed the signs of the subtrahend and 
proceeded as in addition. In the second solution we simply con- 
ceived the signs of the subtrahend to be changed, and proceeded as in 
addition. The latter method is preferable. 
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14. From 8a-26-7(? take 3a — 26-4 c. 

15. From 9a?-|-7y — 92 take 6a?— 2y— 9 2. 

16. From 3a+6(?-f-5rf take 6a^Sc-\'Sd. 

17. From 7/1— 5 jt>— 18 take 3/1 — 9 jt> -his. 

18. From the sum of 6 re 4- 4 and 3 re — 2 take their 
difference. 

19. How much more is 6 a -f 3 J than 4 a — 2 J? 

20. How much more is 7 a? -f- 15 than 7 a; — 15? 

PARENTHESES 

2a Find the value of (6 a; ^^ 2 y) + (3 a; - 7 y). 

This means the sum oiQx + 2y and 3 a: — 7. 
Hence, it may be written 6a: + 2y + 3x — 7 y* 

Parentheses preceded by -{- , or by no sign, can be removed 
without changing the sign of any term, inside. 

Find the value of (6 a: + 2 y) - (3 a; - 7 y). 

This means the difference between 6x -\- 2y and Zx — 1 y. 
Hence, it may be written 6a; + 2y — 3x + 7y. 

Parentheses preceded by the sign — can be removed by (hang- 
ing t/ie sign of every term inside. 

Find the value of : 

1. (i2^+y) + (ir-y). 2. (3a-h2 6-h5)-|-(a-36 + l). 

3- (^4-y)-(a:-y). 4. (5a-4 6-7)-(4a-hJ-6). 

5. (6-h^) + (5-a;). 6. (8 <? +5 c?-3)- (3 <?-c?-3). 

7. (5-3)-(3-5). 8. (6a:-7y-2)-(8a;4-y4-5). 

9. -|-(5a;-7a;-f-4). 10. - (6 a + 3 6- 8 a- 5 64-3). 

11. _(i4_i2-3). 12. -(10-17 + 15-21-6). 

13. -(+4); -(-6); +(+3); +(-1); -(-1). 
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SUBTRACTION PROBLEMS 

29. 1. A boy sold a pony for $70 and gained $3. 
How much did the pony cost ? How much would it 
have cost if the gain had been a dollars ? 

2. The sum of two numbers is 25. What is the second 
number if the first is 16 ? if the first is m ? 

3. Tlie greatest of three consecutive integers is 15. 
What are the other two ? What are the other two if the 
greatest is w ? 

4. Mary bought a hat for f 5, a bag for f 2, and gave 
in payment a lO-doUar bill. How much change was due 
her ? How much if the cost of the hat was a dollars ? 

5. A merchant bought a gun for f 18 and a shot pouch 
for $4, and sold the two for $35. How much did he 
gain ? How much would he have gained if the gun had 
cost m dollars and the shot pouch n dollars? 

6. Ann had c cents and gave 25^ for a doll. How 
many cents had she left ? 

7. Ned paid b dollars for a book and g dollars for a 
gun. How much more did the gun cost than the book ? 

8. A lady sold a cow for f 50 and gained a dollars. 
How much would she have gained if she had sold the 
cow for m dollars? 

9. James and John each bought a peck of berries, 
James paying 40 ^ and John n cents. James sold his for 
m cents and John his for 75^. How much more did 
James gain than John? 

10. A man paid f 25 for e cords of wood and sold it 
for $6 a cord. How much did he gain ? 
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MULTIPLICATION 

30. How much is 6 x 52r? 

Which is the multiplicand? the multiplier? the product? 

What does the multiplier show? 

The muliplier shows also, by its sign, hoio the mnUiplicand is to 
be taken, whether additively or subtractively, 

3L Law of signs in multiplication. 

1. Find +3 x + 2. 

H-3x + 2 = H-(3x+2)=+( + 2 + 2 + 2)= + ( + 6) = +6. 

2. Find h- 3 x - 2. 

+ 3x-2 = -h(3x-2)=-h(-2~2-2)=+(-6) = -6. 

3. Find - 3 x + 2. 

-3x + 2 = -(3x +2)= -( + 2+ 2 + 2)= -( + 6) = -6. 

4. Find - 3 x - 2. 

-3x-2=-(3x-2) = -(-2-2-2)=-(-6)= +6. 

Thatis, ^3x + 2 = + 6, +3x-2 = -6, 
-3x + 2 = -6,-3x-2 = + 6. 

From which we infer : 

Like signs in mtiUiplication give -f-. 
Unlike signs in multiplication give — . 

Or, for short, we may say : 

4- mtUtiplied by -{- is +; + multiplied by — is — ; — multi- 
plied by — is -\- \ — multiplied by -f- is — . 



1. Multiply -h 6 by 4- 3 ; _ 8 by + 4 

2. Multiply - 5 by - 4 ; + 7 by - 3 

3. Multiply — 6by-h«; — J by— 6 



4- 9 by —X. 
- y by 4-5. 
-I- 4 by - <?. 
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4. Multiply + 8 by +6 

5. Multiply 4- 9 by — 4 

6. Multiply - 7 by 4-6 

7. Multiply - 8 by - 9 



+ 7 a; by -h 3. 
-h 6 y by - 5. 

— 8 a by -f- 6. 

- 5 6 by - 7. 



32. If the sign of the multiplicand indicates a certain 
direction or quality^ the product will have the same or the 
opposite direction or quality according as the sign of the 
multiplier is 4- or — . 

Explain the following on the supposition that -|- before 
the multiplicand means north and — Bouth : 

1. Multiply 4- 5 miles by 4- 3 ; 4- 6 a; miles by 4- 2. 

2. Multiply 4- 8 miles by — 4 ; 4- 7 y miles by — 5. 

3. Multiply — 6 rods by 4- 9 ; — 5 w rods by 4- 4. 

4. Multiply — 9 rods by — 4 ; — 8 a rods by — 7. 

Explain the following on the supposition that 4- before 
the multiplicand means gain and — Iobb. 

Find the value of : 



5. 4- 12/^ X 4- 5. 




6. -I-I15X-4. 


7. -25/^x4-3. 




8, -I50X-6. 


9. 4-6^x-5'. 




10. — 8 w cents x — 4. 


u. — 3 <? cents x - 


-7. 


12, + 9 a? cents x 4- 7. 



Explain the following on the supposition that 4- before 
the multiplicand \ne'M\^ forward and — backward: 

13. 4- 9 ft. X — 5. 14. 4- 6 a rods x 4- 7. 

15. — 8 yd. X 4- 6. 16. —In rods x — 4. 

A positive multiplier preserves the quality of the multi- 
plicand, and a negative multiplier reverses it. 
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THE DISTRIBUTIVE LAW OF MULTIPLICATION 

33. Find the product of a -{■ b — c hy S. 

1 time fl + 6 — c= a+ b — c 

1 time a-\-b — c= a+ 6— c 

1 time a + 6 — c = a+ b— c 

3 times a + 6-c = 3a + 36-3c 

This is usually written : 

3x(a-|-6-(?)or3(a-hi-0 = 3a + 3J-3(?. 
The product of an algebraic sum by a number is equal to the 
algebraic sum of the products of the addends by the number. 

Find the values of : 

1. 6 x(2aH-36-2(?). 2. 5 (3a;- 2y + 10). 

3. 4 x(5a-2a;-6y). 4. 7 (8(?H- 5rf- 3a;). 

5. (3a;--4y-6)x-3. 6. (9a- 3w-h'7) x - 8. 

7. (5a-h36- 7)x-4. 8. (66-6/- 8) x - 5. 

9. 3(6rc— 2rc-|-4a;). 

This may be solved in two ways, viz. : 

(1) 5x- 2x + 4a:=7a?; 3x7ar = 21a:. 

(2) 3(5a;-2x + 4a:) =15a?-6x + 12a; = 21a:. 

Find the following in two ways, and see that the results 
are the same : 

10. 4(9 + 6-6). 11. (8a;-3a;-2a;)x-5. 

12. 5(8-3-2). 13. (7a+4a-|-3a)x-6. 

14. a(6-h8-4). .15. (9J-86-66)x + 7. 

16. 6(7-6-9). 17. (6(?-9(?-f-3<?)x-4. 

18. 5(10a;-4-h72;-8-12a;H-5). 

19. 6(15a4-7-18a + 64-7a-3). 

20. 7(9a-36 + 5-3a-46-l). 
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MULTIPLICATION PROBLEMS 

34. 1. One number is 3 times another. If the less is 
a;, what is the sum of the two numbers ? 

2. The first of three numbers is x; the second is 4 
times the first, and the third is 7 times the second. Find 
the sum of the three numbers. 

3. A farmer sold m hogs at $7 each and n sheep at 
$8 each. How much did he receive for all? 

4. A dealer bought 5 horses at m dollars each and 
7 mules at n dollars each. How much more did the 
horses cost than the mules? 

5. The less of two numbers is x and the greater is 5 
more than 3 times the less. Find the sum of the numbers. 

6. A farmer has m sheep and 3 times as many hogs 
less 12. How many has he in all? 

7. Find the cost of 8 m clocks at f 6 each. 

8. A man earns $25 per week. If his expenses are n 
dollars per week, how much money will he save in 4 weeks ? 

9. A farmer sold 40 pigs. For n of them he received 
$8 each, and for the remainder |i2 each. How much did 
he receive for all ? 

10. From a bolt of cloth containing 40 yards there 
were sold m yards, and then 5 yards more. What was 
the value of the remainder at 8^ a yard? 

11. How far will a horse walk in 7 hours at the rate 
of 6 mi. per hour? in w hours at 5 mi. per hour? 

12. A boy starts on his bicycle to go 100 mi. After 
going X hours at 8 mi. per hour, then y hours at 7 mi. per 
hour, how many miles will he still have to go ? 



32 POSITIVE AND NEGATIVE SIMPLE INTEGERS 

DIVISION 

35. How much is 20 divided by 4 ? Why ? 
Which is the dividend? the divisor? the quotient? 

The quotient is the number which multiplied by the 
divisor will give the dividend. 

Thus, 12 -^ 3 = 4, because 3 x 4 = 12. 

Again, 20 c h- 4 c = 5, because 5 x 4 c = 20 c. 

When we take one of the equal parts of a number the operation is 
called partition, and when we find how many times one number is con- 
tained in another the operation is called measuring. 

Division includes both of these operations. 

Since 20 <? h- 4 c = 5, the cs are said to cancel each other. 

1. Divide 18 by 6; 27 by 3 ; 6ar by 6 ; 11a: by a:. 

2. Divide 35 by 5; 42 by 7 ; 8ar by 4; 12rc by 2x. 

3. Divide 45 by 9 ; 9aby3; 66by2; 24chySc. 

4. Divide 4 a by 2; 8 6 by 4; Ichyc, 56y by 8y. 



5. How many times does 36 x contain 4 a;? 

6. How many times does 54 a contain 9a? 

7. How many times does 30 n contain 6 w ? 

8. How many times does 72 e contain 9 « ? 



9. How much is J of 20 x? ^ of 30 a ? 

10. How much is n c -^c? 25 n-i-n? 

11. How much is | of 40/1? | of 63 J? 

12. How much is32n^2w? 84y-^3y? 
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36. Law of signs in division. 

By the definition of quotient, § 35, we have 

(a) 4- 18 -*- + 6 = -h 3, because -h 3 x -h 6 = 4- 18. (1) 

(b) -h 18 -i- - 6 = - 3, because - 3 x - 6 = + 18. (2) 

(c) _- 18 -*- 4- 6 = - 3, because - 3 x + 6 = - 18. (3) 
(i) _ 18 -i- - 6 = -h 3, because + 3 x - G = - 18. (4) 

From (1) and (4) we infer : Like signs in division give 4- • 
From (2) and (3) we infer: Unlike signs in division 
give — . 

Or, for short, we may say : 4- -J- 4- *'« 4- ; 4- -s — t« — ; — f- 
+ IS — ; 5- — IS 4-- 

Note that the law of signs in division is the same as the law of 
signs in multiplication. 

1. Divide 4- 20 a; by 4- 4 ; 4-96a; by 4-6a:. 

2. Divide 4- 28 y by - 7 ; -42a by -3a. 

3. Divide 4- 50 a by — 5 ; 4- T6 (? by - 4(?. 

4. Divide - 72 <? by 4- 8 ; -98yby-h7y. 

5. Find 21-*- -3; -39-^-3; -156y-*-13. 

6. Find68^H-4; - 8c-^ 4-4; 425a:-h - 17. 

Division is also indicated by writing the dividend above the divi- 
sor with a line between, the sign of the quotient being written before 
the dividing line. 

Thus, the quotient of + a by — 6 is — -. 

b 

7. Divide -^ a hy -{• n; — 5 bhy +7 c; — 3 by — 5. 

8. Divide — c hy — d; -|- 9 a: by — 5 y; — 6 by 4- 7. 

9. Divide 4- iz^ by — y ; — 3 <? by 4- 8 a;; H- 2 by — 9. 

10. How much i8 4-13 7i-i — 17 e? — |of4-5c? 

11. How much is -18 6-^ -23a:? 4- -of -6 a;? 

c 

NICHOLSON ^8 ALO. — 3 
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THE DISTRIBUTIVE LAW IN DIVISION 

37. By the distributive law of multiplication (§ 33), 

(3 a + 2 6 - 4 <?) X 5 = 15 a -h 10 6 - 20 (?. 
Hence, (15 a -hlO b-20c)-^5=Sa + 2b-4c. 

To divide an algebraic number of more than 07ie term by a 
number, divide each term by the number and take the algebraic 
sum of the quotients. 

Divide 12 a;- 9 y + 15 by -3. - 3 )12a: - 9y + 15 

— 4a: + 3y— 5 Ans, 
Find the following : 

1. (16 a; -20)-?- 4- 4. 2. (42 «- 14 6 + 105)- +7. 

3. (24a-30)---6. 4. (78 (?- 45 d~ 87a:)-^ +3. 

5. (40 <? - 35) -- + 5. 6. (152 - 96 ir- 272) ^-8. 

7. (28 a: -21) --7. 8. (54 6H-27(?-702)--h9. 



9. 1 of (26 y- 14). 10. |of (45a;-65y-h85). 
11. }of (56ir + 84). 12. | of (64 a- 368 - 8 (?). 



Find the following in two ways and see that the results 
are the same : 

13. ^ of (16 <? - 12 - 28 (? + 40). 

(1) J of (16c- 12 -28c + 40) = 4c - 3 - 7c + 10 = - 3c + 7. 

(2) Jof (16c- 12 -28 c + 40) = Jof (- 12 c + 28) = - 3c + 7. 

14. Jof<12-184-27). 15. (25rc-60rc-175a:)-5-+5a;. 

16. 1 of (30-42-24). 17. (78(?-h42<?-384c)-!--6^. 

18. Jof (9(?-|-6c-3(j). 19. (96a-504-156a)-f--12. 

20. (16 a; - 24 - 12 y +- 36 - 40 re - 32 y +- 64) -f- -h 4. 

21. (42 a + 28 i - 84 -h 56 6 + 63 - 70 a - 7 6) -^ - 7. 
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DIVISION PROBLEMS 

1. If 4 pears cost n cents, how much does 1 pear cost ? 

2. What is the quotient of a divided by n ? 

3. How many pens at 2 cents each can be bought for 
m cents ? 

4. Charles has a marbles, Frank has h marbles, and 
Thomas J as many as Charles and Frank together. How 
many has Thomas ? 

5. Three boys weigh a pounds, h pounds, and c pounds 
respectively. Find the average of their weights. 

6. Robert swam m feet and Gordon swam \ farther 
than Robert. How many feet did both swim together ? 

7. How many days will it take a man to earn 40 dol- 
lars, if he receives a dollars per day ? 

8. The sum of two numbers is «, and one of the num- 
bers is X. Find ^ of the other number. 

9. In a class of 10 boys, the average age of 4 of the 
boys is m years and of the remainder n years. Find the 
average age of the class. 

10. A grocer mixed two kinds of coffee, taking 12 lb. 
worth a cents per pound and 8 lb. worth b cents per 
pound. Find the value of one pound of the mixture. 

11. A boy is reading a book of 360 pages, and has read 
n pages. How many pages must he read per day to 
finish the book in 8 more days ? 

12. A lady bought a piano for $ 500, agreeing to pay 
for it in monthly payments of m dollars each. If she has 
made 10 payments, how many more payments will she 
have to make ? 
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EQUATIONS OF ONE UNKNOWN NUMBER 

38. The numerical value of 13 — 4 is 9. The numerical 
value of 6 + 3 is also 9. Therefore we may write 

13-4 = 6 + 3, 
which is called an equation. 

An equation is a statement that the two members have 
the same numerical value. 

That which precedes the sign of equality is called the 
first member of the equation; and that which follows the 
sign of equality, the second member. 

Compare the two members of the following equations : 

1. 16-5=7 + 4. 2. 33 + 10 = 24 + 19. 

3. 11 + 6 = 9 + 8. 4. 33 + 24 = 79-22. 

What must be the value of x in order tliat the require- 
ment may be met in the following : 

5. 8 + a; = 13. Since 8 -f 5 = 13, a: must equal 5. 

6. 6 + a; = 14. 7. 13 — a; =9. 8. 7 + a; = 15. 

In an equation like 9 + a; = 16, there are two numbers 
whose value are known, 9 and 16, and there is one num- 
ber whose value is unknown, x. 

39. Unknown numbers are letters used to represent 
numbers whose values are to be found. 

To solve an equation is to find the value of the unknown 
number. ♦ 

Let the student solve the following by substituting 1, 
2, 3, etc., for x until the right value is found. 

9. 3a; + 24=79-2a:. 10. 24 a;- 49 = 19a:- 14. 

11. 7a; + l = 8a:+19. 12. lla;+ 10 = 8a;+ 19. 
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40. The direct solution of equations depends on a few 
principles which will now be illustrated. 

Take the equation 16 - 4 = 10 + 2. 

(a) 16-4 = 10 + 2 (^) 16-4 = 10 + 2 

4-2 4-2 -2 -2 

16-2=10 4-4 16-6 = 10 

(<?) 16-4 = 10+2 (d) 16-4 = 10 + 2 

x2 x2 -^-2 ^2 

32 - 8 = 20 + 4 8-2= 5 + 1 

In (a) 2 is added to both members. Note that the 
sums are equal. 

In (6) 2 is subtracted from both members. Note that 
the remainders are equal. 

In (c) both members are multiplied by 2. Note that 
the products are equal. 

In ((i) both members are divided bj'^ 2. Note tliat the 
quotients are equal. 

AXIOMS 

41. I. If the same mimher or eqval numbers are added to, or 
subtracted from, both members of an equation, the results ivill be^ 
equal. 

42. II. If both members of an equation are multiplied or 
divided by the same number or by equal numbers, the results will 
be equal. 

It follows from II that the signs of all the terms of an 
equation may be changed without destroying the equality, 
since changing the signs of all the terms of the equation 
is equivalent to multiplying both members by — 1. 
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43. 1. Solve the equation 5x= — 20. 

Divide both members by 5, § 42. The result is x = — 4, >4n«. 

2. Solve the equation 9a: — 2a: = 13-1-8. 

Unite like terms. The result is 7 a: = 21. 

Divide both members by 7. The result is a: = 3, Ans, 

To verify or check this solution we must substitute 3 for x in the 
first equation and see that the two members have the same numerical 
value. 

Thus, substituting 3 for x in 9 a: — 2 a: = 13 + 8, we have 9x3 — 
2 X 3 = 27 - 6 = 21, and 13 + 8 = 21. Therefore the solution is correct. 

Solve, and check, the following : 

1. 6a: = 42. 2. 6x + 2x = U-^6. 

3. 5 a; = 45. 4. 8a;— 3 a; =42 -I- 8. 

5. 8ar = 64n. 6. 9a;-f-5a;= 32-4. 

7. 4 a; = 88 w. 8. 7a;-f- 3a;= 52 -|- 8. 

9. 7a;=— 35a. 10. 5a; - 4ir= 13 -f-4. 

11. 9a;=-72J. 12. 7a;-|- 5a; = 85- 1. 

13. 6a;=13-hll. 14. 5a:-h4a;= 33a-|-12a. 

15. 5 a; = 14 -f- 16. 16. 8a;— 5a; = 19 a -|- 14a. 

17. 8a:=52-12. 18. 4a;-h3a; = 556-13J. 

19. 3a;=32-41. 20. 6a;-h 9a; - 2a; = 41 - 15. 

21. 6a; = 15-57. 22. 7a;- 8a;-h6a;= 17 -42. 

23. 5 a; -I- 3 a; = 24. 24. 6 a: -h 5 a; + 4 a: = 29 + 31. 

25. 6a;-2a; = 32. 26. 9a;- 2a;- 3a:= 63 - 19. 

27. 9a;-4a; = 50. 28. 4a;- 7a;- 5a; = 43 -h 13. 

29. 3a;-9a;=36. 30. 5a;- 8a; = 25 - 41 - 11. 

31. a;- 12a; = 77. 32. 9a;- 3a; = 17 -h 52- 27. 
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TRANSPOSITION 

44. Transposing is transferring a term from one member 
of an equation to the other. 

Find the value ofrcinOa;— 7 = 4a;-h3. 

In solving an equation we desire to 
(1) 9a; — 7 = 4aj + 3 get all the x's in the first member and 

+ 7 - + 7 all the known terms in the second 

(2)9ar =4x-h3 + 7 member. 

ix ix By adding + 7 to both members of 

(3) 9x— 4x=3 + 7 equation (1) we get equation (2), § 41; 

(4) 6 a: = 10, and by subtracting 4 x from both mem- 

(5) X = 2. hers of equation (2) we get equation 

(3), § 41. 
By these processes 7 is transposed from the first to the second 
member, and 4 x from the second to the first member, each having 
its original sign changed. 

45. Any term may be transposed from one member to the other y 
provided its sign is changed from + to — or from — to -j-. 

Solve, and check, the following : 

1. 2a;-h 11 = 15. 2. 9ir + 5 = 5a: + 23 + 2a;. 

3. 3a;- 10 = 14. 4. 4a;-6a;-8 = 8-h3~3a;. 

5. 5 a; - 12 = 18. 6. 9 a; + 15 = 26 -h 2 a; -f- 3. 

7. 4 a; +13 =37. 8. 4a; + 5 - 3a; = 17 - 2a;. 

9. 7 a; -15 = 20. 10. 8a; - 3 + 2a; = 6 a; 4- 21. 

11. 4 a; = 35 -3 a;. 12. 3 a; - 19 = 21 - 10 a; 4- 12, 

13. 5a; = 60-h2a;. 14. 6a;-5-30 = 10-5a;-4a;. 

15. 8 a; = 471 + 6 a;. 16. 8a; + 30 + 10 + 16= - 6 a;. 

17. 7 a; = 4 a; + 9 a. 18. 26 — 5 a; + 26 = 5 a; - 49. 

19. 9a; = a; + 24 J. 20. 17 - 2 a; + 3 a; = 14 a; - 22. 
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EQUATIONS OF TWO UNKNOWN NUMBERS 

46. In the equation 5 a; 4- 2 y = 16 substitute 2 for x and 
3 for y. Does it give to both members the same numerical 
value ? 

If it does, then a; = 2 and y = 3 are said to satisfy the 
equation. 

Show that the equation 3a;— 2y=2 is satisfied for 
a; = 2, y = 2 ; a; = 4, y = 5 ; a: = 6, y = 8; a; = 8, y = 11. 

In the two equations 2 a; — y = 3, (1) 

and a;-i-3y = 19, (2) 

(a) Show that a: =2 and y=l will satisfy (1) but not (2). 

(S) Show that a; = 10 and y = 3 will satisfy (2) but not (1) . 

((?) Show that a:= 4 and y = 5 will satisfy both (1) and (2). 

The values of x and y that satisfy both equations may 
be found thus: 



Multiply (1) by 3, 


6a:-3y= 9. 


§42 


Write (2) beneath, 


a: + 3y = 19. 




Add, 


Ix =28. 


§41 




.'. a; = 4. 


§42 


Again, multiply (2) by 2, 


2x4- 6y = 38. 


§42 


Write (1) beneath, 


"Ix- y= 3. 




Subtract, 


7y = 35. 


§41 




. •. y = 5. 


§42 



47. Simultaneous equations, like (1) and (2), are such 
as can be satisfied for the same values of the unknown 
numbers x and y. 

48. To solve simultaneous equations is to find the values 
of the unknown numbers that will satisfy the equations. 
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Solve the equations | ^ o i n' ^nx 

^ {zx— oi/=l2. (2) 

In what follows (1), (2), (3), etc., mean and are called, respectively, 
equation one, equation two, equation three, etc. 

To find the value of x we must combine (1) and (2) so as to elimi- 
nate, or get rid of, y. The combinations are made by the principles 
stated on- page 37. 

To make the coefficient of y numerically the same in both equations 
we may multiply (1) by the coefficient of y in (2), and (2) by the 
coefiicient of y in (1). Thus: 

' Multiplying (1) by 3 gives 15 a: + 12 y = 21. § 42 (3) 

Multiplying (2) by 4 gives 8 x - 12 y = 48. (4) 

Adding (3) and (4) gives 2Sx =69. § 41 

.-. x = 3, § 42 

49. This process is called elimination by addition, be- 
cause we get rid of y by adding the equations. 

Again, to find the value of y we may eliminate x from (1) and (2). 
To do so we may multiply (1) by the coefiicient of x in (2), and (2) 
by the coefiicient of x in (1). Thus : 

Multiplying (1) by 2 gives 10 x -f 8 y = 14. § 42 (5) 

Multiplying (2) by 5 gives 10 « - 15 y = 60. (6) 

Subtracting (6) from (5) gives 23 y = - 46. § 41 

.-. y = - 2. 

50. This process is called elimination by subtraction, be- 
cause we get rid of x by subtracting one equation from 
another. 

Having found the value of one of the unknown numbers, it is gen- 
erally much easier to find the value of the other by substitution. 
Thus, substituting 3 for x in (1), we have 

15 -f 4 y = 7 ; whence, 4 ^ = — 8, and y = — 2. 
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Find the values of x and y in the following : 

2a;-3y = 
5a;-f 2y: 



l5a:— 2y = l. 



■•{ 



7, 
27. 



^ (Bx-2t/= 7, 
l5y-2x = 10. 



■•{ 



3a;-2y = 18, 



3a;4-2y = 19, 



t2a;-3y = 4. 



'■{ 



5a; + 4y = 160, 
3a: + 5y = 135. 



5 a; — 4 y = 8, 



l7a; + 3y=:80. 



r5a; + 9y = 60, 
l7a;-h4y = 41. 



9. 



'3a: + 8y = 31, 
.9a: + 2y = 49. 



[ 6a;— 13y = — 1, 
l6a;-12y = -2. 



-1 



a; + 3y=ll, 
3z+y = 17. 



12. 



'a: + 4y = 22, 
4a:-y = 37. 



^^ r4a:-3y = 24, 
l3a;-2y = 19. 



(5x 
Ida.- 



6a: + 3y = 46, 
+ 2y = 29. 



r4a;+7y = 29a, 
l5a: + 9y=37a. 

r5a:— 9y = 41S, 
^^' l7a;-8y=626. 



"•{ 



2a; + y = 32w, 
x + 2 5^ = 40 w. 



rlla; + 5y = — 43tf, 
ll2z-7y = -22c?. 
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PROBLEMS INVOLVING EQUATIONS OF TWO UNKNOWN 

NUMBERS 

1. The sum of two numbers is 34, and their difference 
is 12. Find the numbers. 

Hint. Let x and y = the numbers, then x + y = 34, x — y = 12. 

2. The sum of two numbers is 28, and the sum of the 
greater and 3 times the less is 46. Find the numbers. 

3. The difference of two numbers is 8, and the sum of 
2 times the greater and 5 times the less is 65. Find the 
numbers. 

4. A boy has 23 oranges and apples. If he sells the 
oranges for 5^ each and the apples for 3^ each, he will 
receive 97^ for all. How many of each has he ? 

5. If 4 pigs and 5 sheep cost $60, and 3 pigs and 2 
sheep cost $31 at the same price, what is the price per 
head of the pigs and the sheep ? 

6. If 6 lb. of sugar and 7 lb. of coffee cost $1.35, and 
5 lb. of sugar and 8 lb. of coffee cost $1.45 at the same rate, 
what is the price per pound of the sugar and the coffee ? 

7. In 6 hr. John rides 18 mi. farther than Frank rides 
in 5 hr., and in 8 hr. Frank rides 24 mi. farther than John 
rides in 3 hr. How many miles does each ride per hour ? 

8. If 2 times A's money is added to 3 times B's money, 
the sum is $ 93, but if 5 times A's is added to 4 times B's, 
the sum is $159. How much money has each ? 

9. A horse and buggy together cost $243, and the 
horse cost $ 18 more than twice as much as the buggy. 
Find the cost of each. 

10. Find two numbers such that if each is added to 5 
times the other, the sums will be 43 and 47, respectively. 
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Note. If 3 is the tens* digit of a number, and 7 the units' digit, 
the number is 37 or 3 x 10 + 7. In like manner, if x is the tens' digit 
and y the units' digit, the number is lOx + ^. 

11. The sum of the two digits of a number is 11, and if 
63 is added to the number, the digits will be reversed. 
Find the number. 

Let X = the tens* digit, 

and y •=■ the units' digit. 

Then lOx -f y = the number. 

Hence, x -f y = 11, (1) 

and lOx + y + 63= lOy + a:. (2) 

From (2) 9a;-9y = - 63, 

or X - y= -7. (3) 

(l) + (3), 2x = i. .\x = 2. 

(l)-(3), 2y = lS, .'.y=9. 

Therefore, the number is 29. 

Check. 2 + 9 = 11, and 29 + 63 = 92. 

12. The sum of the two digits of a number is 7, and 
when 45 is added to the number, the digits are reversed. 
Find the number. 

13. A number, formed of two digits, is equal to 7 times 
the sum of the digits, and when 18 is subtracted from the 
number, the digits are reversed. Find the number. 

14. There are two numbers such that the tens' digit of 
the first is the units' digit of the second and the tens' 
digit of the second is the units' digit of the first. Find 
the two numbers if their sum is 121 and their difiference 
45. 

J.5. There is a certain number whose digits may be 
reversed by the addition of 27 to the number. Find the 
number if the sum of its digits is 9. 
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DEFINITIONS 

51. Algebra, like arithmetic, treats of numbers. 

In arithmetic numbers are represented by figures ; and 
in algebra numbers are represented by both figures and 
letters. 

Hence, in algebra, letters are called numbers; and are 
always to be considered abstract numbers. 

52. An indicated operation is to be regarded as an 
operation performed. 

Tbu8, a + 6 is the sum of a and b in the same sense that 13 is the 
sum of 10 and 3. 

Therefore, any combination of figures and letters is a number ; as 
•6 m, a + 3 6, a X 6 X c, (a — n) -s- y. 

Numbers are often called quantities. 

53. The factors of a number are the numbers whose 
product is the given number. 

Thus, 5, a, and h are factors of 5 x a x 6, and m and a — b are 
factors of m X (« — 6). 

54. When no sign is written between numbers, the sign 
X is understood. 

Thus, 5ab means 5 x a x 6, and n(x -f y) means n x (x + y). 

55. A power is the result of multiplying a number by 
itself one or more times. 

When a number is used twice as a factor, the product is 
the second power or the square of the number; when a 
number is used three times as a factor, the product is its 
third power or cube ; when used four times as a factor, the 
product is its fourth power, etc. 

Thus, 9 is the square of 3 ; 125 is the cube of 5 ; 16 is the fourth 
power of 2. 

45 
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56. A power is indicated by a small figure or letter, 
called an exponent, written a little above and at the right 
of the number, showing how many times the number is 
taken as a factor. 

Thus, a* means ax ax ax a, and (a + by means (a + 6) x (a + b) 
X (a + 6). 

a^ is read " a square," or " a second power " ; a^ is read 
" a cube," or " a third power " ; a* is read " a fourth," or 
" a fourth power." 

When no exponent is written, the exponent 1 is under- 
stood. 

Thus, 2 is the first power of 2 ; a=: a^; x=:x\ etc. 

A coefficient is the result of addition, and an exponent 
is the result of multiplication. 

Thus, a + a + a = 3a, and ax ax a = €fi. 

The number 5 a%^(?d is usually read, "5a cube, h fifth 
power, c square, d," and its meaning is5xaxaxax& 
xJxJxJxJxcxcxd. 

Read, and write the meaning of : 

1. TaJ^A 2. 3a« + 562. 3. ba^-\-^h-^^c. 

4. %7?yzK 5. 7(j8-6a?y. 6. 3a:8-5y2+62. 

7. 5 ffif^x, 8. <Ac* + nfi}^. 9. 8 n* — 3 wx — xy\ 

57. In combinations like the above the order of preced- 
ence of the indicated operations is: 

Power operations are to be performed first; next, the 

multiplications and divisions (if any); last, the additions 

eiud suhtractions ; unless parentheses or other symbols of 

aggi'egation indicate that certain parts are to be considered 

as one part. See §§ 28 and 71. 

Thus, 5x2«-4(6-2) + (6« + 4)^10 = 5x8-4x4 + 40^10 

= 40-16 + 4 = 28. 
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5& A monomial is a number in which the figures and 
letters are not separated by the signs + or — . 
Thus, 8 a, 7 a^, 5 x*y*2^ are monomials. 

59. A polynomial is a number in which two or more 
monomials are connected by the signs -f or — . 

The monomials are called the term's of the polynomial. 

60. A binomial is a polynomial of two terms. 

Thus, 6 a% + h^c is a binomial, the two terms being 6 a% and 6'c. 

61. A trinomial is a polynomial of three terms. 

Thus, 5a— 66 + yi8a trinomial, the three terms being 5 a, — 6 6, 
and y, 

62. To reduce a number is to change its form or terms 
without changing its value or size. 

63. To reduce a monomial is to reduce it to the least 
possible number of factors. 

Thus, 5 X 4 X 3 = 20 X 3 = 60; and a^l^a% - aaabbaab = a^b^. 

64. To reduce a polynomial is to reduce it to the least 
possible number of terms, expressed in their simplest 
forms. • 

4 X 33 - 5 X 2* -f 12 ^ 4 = 4 X 9 - 5 X 16 + 3 = 36 - 80 + 3= -41. 
3a; + 4y-5x + 3y-6 = 3ar-5a; + 4y + 3y-6 = -2a;+7y-6. 

Reduce the following : 

1. 6x3x5. 2. 5x4 + 3x8x2- 32. 

3. 23x2x7. 4. 4x38-24-*.6-5x2*. 

5. 5x2^x32. 6. 2x3x4 + (8 + 32-2)-*.5. 

7. 4x5x62. 8. 8 + (9 + 5)(8-3)-58. 

9. 2* X 38x10. 10. 4*- 38 + 22-4x3x2. 

11, 4(10-32). 12. (6x8-4x32)-^(52-32-22). 

13. 52(8-6)8. 14. (58 + 28)-(5 + 2)-42-3. 
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65. Finding the numerical values of algebraic numbers. 

If a = 3, J = 2, c = 1, d = 0, find the numbers repre- 
sented by the following : 

1. a2-h6. 2. 6a8-6a2. 3, (^a^^^^(^a^c). 

4. 66 -A 5. 7a(S8-e?8). 6. (a8-c3)-!-(a-tf). 

7. a6(? + rf. 8. a2 4- 5 bed. 9. (a* -<?*)-*- (a^ -f c2), 

10. ac^bd. 11. (a* -(?*)-*- J. 12. (a«-S«) -!-(«» -63). 

iQ 3a + g . 66 + rf ,. 4a + 6 ..564-2g 

a c a 

,^ 7a -c 6 6-(? ,^ a*-c* 6*-d* 

15. • 16. h — . 

a a — c b — d 

Write the following as polynomials and then find 
their numerical values : 

17. The sum of a and five times b square. 

18. Two times a, less 4 times c cube. 

19. The product of a^b^ a — c, and b — d. 

20. The sum of a cube and | of the sum of a, 6, and c. 

21. Three times the sum of a and 6, increased by two 
times the difference between e and df. 

22. The sum of the cubes of a. 6, and d. 

23. Six more than a square, divided by <?, minus 
b square. 

24. The difference between the square of the sum of a 
and c, and the sum of the squares of a and c. 

25. The difference between the cube of the sum of a 
and e, and the sum of the cubes of a and c. 

26. Interpret (a — tf)^— (a^ — c^), and find its value. 

27. Interpret (a* — 6*) h- (a^ — 6^), and find its value. 
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66. The terms of a polynomial preceded by the sign + 
are called positive terms, and tlie terms preceded by the 
sign — are called negative terms. The sign -f before the 
first term is omitted. 

67. Like or similar terms are terms that contain the 
same literal factors. 

Thus, + 7 a^ and — 5 a^ are like terms, so are 8 a* (6 — c)^ and 
-7a8(6-c)2. 

68. Unlike or dissimilar terms are terms that do not 
contain the same literal factors. 

Thus, 3 aVf and 5 ab^, and 3 a;^(x + y)* and 5 a:' (a: + y)' are unlike 
terras. 

69. The degree of a term is the sum of the exponents 

of its literal factors. 

Thus, Sx, iy are of the first degree ; 3 a:*, 4 ab are of the second 
degi'ee ; 3 a:*, 2 a% 5 abc are of the third degree. 

70. A polynomial is said to be homogeneous when all 
its terms are of the same degree. 

71. The symbols of aggregation are the parenthesis ( ), 
brace }}, bracket [],and vinculum . They are 
used to indicate that all the terms within them are to be 
treated as one part, or that the operations indicated within 
come before those without. 



Thus, 8 x(5 + 2)= 8 X 7=56; 12-5-2 =12-32=12-9 = 3. 

72. A polynomial is arranged according to the powers of 

some letter when the exponents of that letter, reckoning 
from left to right, either ascend or descend in the order 
of magnitude. 

Thus, a:'— 3a:2^ + 3a:y2+y' is arranged according to the descending 
powers of X and the ascending powers of y» 

NICHOLSON'S ALG. — 4 
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ADDITION 

73. Adding monomials. 

Find the sum of 8 a^J^^, — 9 cfilf^c^ and 5 a%^c. 

2 '^^^ number aHl^c may be represented by y. The re- 

g 2 quired sum, then, is 8y — 9y + 5y, or 4y. Replacing 
„ « y by a^b^c, we have 4 aH>^, 
— . g Consider a^V: a single quantity, and proceed as on 

page 20. 

Find the sum of : 

1. 6 cfic^ 8 c?c^ — 10 a\ + 9 a^c^ —4 a'c, a^c. 

2. 8 a;y^ — 9 xy^^ 4 iry^, — 12 a;y^, rcy®, 6 x^. 

3. 6 a^^ - 12 A^ 2^s?, 15 a:^^ - 8 a^z^, 3 a^^aa. 

4. 6 aJ V, - 7 aJV, - 6 oAV, + 4 aSV, aiV. 

5. 6 (aJ)2, 6 (a6)2, - 4(a6)2, - 8 (aA)2, (a6)2, 3 (a6)2. 

6. 8(a;--y), -3(a:-y), ll(a;-y), (a:-y), -5(a:-y). 

Reduce to the simplest form : 

7. 9 aJ + 3 aA — 7 aA — aJ -h 6 aft 4- 4 aft — 8 aJ. 

8. 5 a^c? - 8 a2^ - 6 a^c + a^^? + 1 2 a2^ __ 3 a^c + 4 a^c. 

9. 14 mn 4- 8 mn — 3 wn — mn + 5 tww — 18 mn. 

10. 16 aa:^^ — 9 aa^y + 4 a2^y — 7 aa:^^ _ 3 ^2^2^ _ ^a^y^ 

11. 7 Cl/Z^ + 5 6?y2|2 _ 8 cyz^ — 10 ct/z^ + cy22. 

12. 5 a^(^ - 8 a2ftc3 - 10 a2ft^ + 9 a^(^ + 7 a2ftA 

13. -25a;3y3_i.2a:3y3_38a;3y8_i0a;8y3_a;8^. 

14. 6 (a2- 6) 4- 16 (a2 - ft) - 25 (a2 - ft) 4- 14 (a2- ft). 

15. 4(a4-ft)24-6(a4-ft)2-9(a4-ft)^-7(a4-ft)2. 

16. 12 (a 4- ft + O + 14 (« 4- ft 4- O - 9 (« + * + 0- 

17. 25(a;-f «/4-2)-40(a;4-y4-25)- 15(z4-y4-2). 

18. 20(6a:-7y)4-30(6a;-7y)-24(6a; -7y). 
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74. Adding polynomials. 

Find the sum of 3a;y — 5y2— 8, j6a;y -f 9y2_j-6^ and 
4 a:y — 8 ^ + 5. 

The addition is more conveniently made by «'„""« 

writing the terms in columns, so that like terms ^ r. \ ^ 

4 arv — 8 v* H- 5 
shall stand in the same column. fl ^ 

\Zxy- 4y2+3 

Find the sum of : 

1. 6a26 + 3a6-5Ja, 7a26-8a6 + 462, a^j ^^j^ j3. 

2. 5aa+6a-7, 9a2-3a-f 5, 8-4a-7a2. 

3. ipS^ar^^a;-!, 3-2a;-4a;8^ 2ar^+3a:-2. 

, 5. 2a2 - 5 aa: -f 6 a:2, 7 aa; - 8a^^+ 3 a2, Oar' - 5 a2 - 2ac. 

6. 3a:8-4a; + 7, 2ar^ + 6a:-10, 9a:8-42r' + 8. 

7. 6 a3 + 5 a2 -f 3 a, a2 + a + 1, 5 - 2 a - 4 a2 _ 6 a3. 

8. 2 aftcrf + 3 Ja; + ^9 2 6a? — 3 w, 6 abed — 8 6a;. 

9. a:8 - 2 + 3ar^ - a;, 4ar^ + 8 - 2 a:8, 6a; - 7ar2 - 6, a:8- 5a;. 

10. a6 4- a<? — 6, 3 «{? -H 8 — 3 aft, 10 — 5 aft — 2 ac. 

11. 15 aa;8 - 6 ay8 4- 5 a2?, 20 aj^- 16 aa;^- 12 a^jS, 24aa:3 
— 8 a2^ — 4 a^. 

Reduce to the simplest form: 

12. 6a? - 3a;y + 8y2 + 6 a;y - 8a;2 _ 6y2 ^- 9a;2 __ 3^^ ^5 

13. a8-3a2-f 6-f 5a-2a3-7 + 6a2 + a3 + 4-7a. 

14. a^tf - ac2 + 1 -f a; - 3 ac2 _ 8 4- 6 a2(? 4- 7 - 5 a; 4- 4 ac2. 

15. 6(a-f ft)-7((?-a;)4-13-f 8((?-a;)-4(a4-ft)-12. 

16. 7(a — a;) — 6aa;4-164-3(a-a:)-f 8aa;— 10 — 6(a — a;). 

17. 6(a;4-y) -5a;2y2_ 2ar' - 8(a;4-y)4- 6ar'-3y2^ 
4(a; 4- y) — 4 «/2 — (a; 4. y) — So?. 
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SUBTRACTION 

75. From 16 a:^^ — 5 xy^ subtract 15 a?^ + 4 xy^ — 6 y. 

For convenience we write the subtrahend 16 x^y — 5 xy^ 

under the minuend so that like terms shall 15 x^y A- 4 xy^ — 6 y 
stand in the same column. x^y — 9 xy^ + 6 y 

Subtract as on page 25. 

1. 2. 3. 4. 

From 9ar^/ 6 o^J -8^ar^ - 10 m2/i 

take 6 -r^^ — 5 a^h 7 c^o? — 6 ni^n 

5. From 5 a;^ — 8 a: -f 7 subtract 3 a? — 5 a; — 2. 

6. From 8 a2 -f 3 aft - 5 i2 subtract 5 a^ + 7 aJ - 6 62. 

7. From 6a:2y_5 2;y2— 4 2;y + 6 subtract 4a:2^3^^_|_g^ 

8. From a:8 + 3a:2__6a;^4 subtract 4 a;^ __ g ^ _ 3^ 

9. From 4 a -h 3 6 + 2 c subtract 2 a + 6 — 2 c. 

10. From 4a3+(ja2-3a-|-l take 3 a^ + 3 a + 1. 

11. From aS - 3 a26 + 3 aft^ _ J8 take a^ft + oi^. 

12. From aV + 3 aa; 4- y take (i^a:^ _ 5 ^^ _ y, 

13. From 6 aa; + 7(a - ft) take 3 aa; - 5(a - ft). 

14. From 8(a 4- ft) - T(a: - y) take 3(a + ft) + 2(a:-y). 

15. From 3a2+3aft + 2aft2-8 take 2 a^- aft + aft2-7. 

16. The minuend is 6 a:^ _ 3 ^.y 4. g and the subtrahend 
is — 4 a:2 _ 5 2:y — 2. Find the difference. 

17. The minuend is 3 a + ft and the difference is 2 a-c?. 
Find the subtrahend. 

18. What number must be added to 3a?— 8a: + 5 to 
give 5a;2__.lla; — 3? 

19. Find3a2 + 6aft-a;-(2aa-2aft + y). 
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MULTIPLICATION 

76. Multiplying a monomial by a monomial. 

Multiply Qcfil^c by - ^a^hx. 

6 a»6^ X - 3 a^x = +6 a%^ 

6 X - 3 a*aW^bcx = - 3 a%x 



— 18 aaaaabbbcx = — 18 a^b^cx — 18 a^b^cx 

To the product of the coefficients annex ecLch literal factor* tuith 
an exponent equal to the sum of the exponents of that factor in 
both the multiplicand and multiplier, observing the law Qf signs 
(§ 31). 

Note. The literal factors may be written in any order in the 
product, but for the sake of uniformity they are usually written in 
alphabetical order. 

1. Multiply + 5 a^ft by +2 ab. 

2. Multiply -f 4 a^y'^ by — 6 x^yz. 

3. Multiply - 8 a^bc^ by + 5 ab^x. 

4. Multiply - 6 (^cPn by - 7 d^rAc. 

Find the following: 

5. 4 a2 X 3 ao. 6. 9 a%^ x 8 a^b^d. 

7. Sa^ X-2x^y. 8. 7 x^y^z x - 3 x'^i/^. 

9. 5 a* X — 4 a%. 10. 6 a (a — x^ x 2 a (a — a;). 
11. - a8(i2 x - a*d. 12. 2a^(a-byx-'63^(ia-b/. 
13. - ar^y x 3 afiz, 14. 3 M^n x - 8 cd!hfi2/. 
15. 8 a%2 X 5 aV. 16. 4 m^ (n + 3)2 x 7 m (n + 3). 

17. Multiply - 8 a(a; + y)2 by - 6 a^ (a: + y)^. 

18. Multiply + 6 a2 (« - *)^ by -5b^(a- by. 

19. Multiply — 7 a(? (w + a;) by 7 a% (n + a;). 

20. Find 3 3?y x 2 ofit/^z x 5 ay*2. 

21. Find 2 (a + a^)2 X 3 (a -f a;)^ x 4 (a + ^)^ 
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77. Multiplying a polynomial by a monomial. 

Multiply 3 a2 - 4 aJ + 62 by 2ab. 

Q 2 _ J . , .2 According to the distributive law of mul- 

Q , tiplication (§ 33), we multiply each term of the 

6 a% — 8 %2 I 9 A8 nmltiplicand by the multiplier, aud take the 

algebraic sum of the products. 
Multiply : 

1. a^^+8a;by 5a:. 2. Sa^y-exf+Sy^hy-'Sxf. 

3. a8-5a2by-2a. 4. 4 aH^ + 5 ab^-'2b^hy 2a^ly^. 

5. 3a?-4y by -3a:. 6. 3 n*-4 wV+ wV by 4 wV. 

7. 4a:-5yby-4y. 8. 5 (^ - 2 c^d - 9 ccP hy - (?cP. 

9. a^y + y^ by a?y. 10. 6 w* — 4 w^ + 8 by 7 a^w*. 

Find the value of : 

11. (2^-ixy)x-2?. 12. (4a:2_3^y_6y2)x2a?y. 

13. ^2^ -{- S a^y) X - 2?. 14. (ar^/-2a;y4"4)x -4a:y. 

15. (a6-5a8)x2a2. le. (^cfi-h 2a^-i-6l^)xSab^. 

Find the product of : 

17. -a:8-4ar^y + 3y2 and -a?. 

18. 3a2j-_5a62_-8J8 and 2a2J8. 

19. aa - 8 ai2 + 6 6* and 5 aJ2. 

20. ah +(iX'\'Xy and a6a:y. 

21. a^y^ — 3?t/^ -{- xt^ and a:y*. 

22. 6 7w2 — 8 mw — w2 and 2 ww. 

23. Sah^-Sx^y-h^y^ and -4ay2. 

24. a?* + ic* + a? -h a: and — 5 a:^ 

25. 6 a2 - 3 (j2 ^ 2 e2 and - ace. 

26. 5(a + iZJ)^+3(a + ic)* and 4(a + a?). 

27. 3 (?(a - 6) - 4 a (a - 6)2 and - 2 ac(a - J)2. 
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78. Multiplying a polynomial by a polynomial. 
1. Multiply m -\- n hy m-i-n. 

m -\- n 
m 4- « 



m times m -{- n = m^ -\- mn 

n times m-^-n — mn-\- n^ 

(m 4- n) times m + n = m^ + 2 mn + n^ 

Multiply each term of the multiplicand by each term of the mul- 
tiplier, and add the partial products, 

2. Multiply 2 a2- 3 ai + 4 62 by 3 a- 2 6. 

3a - 26 

6a»- 9a26 + 12a62 

- 4fl^+ 6a6g-86« 
6a«-13a26 + l8o62_8j8 

Multiply : 

1. a-\-hhy a-\-b, 2. a::^ ^ 2 y by aj^ — 2 y. 

3. a+Jbya — J. 4. a? — 3 ary by a; 4- 4 y. 

5. 2 a + <? by 3 a — (?. 6. a:^ -h aJ^ by a? + a;. 

7. 4a;— 2yby4a;+3y. 8. a? + a;4-lbya;— 1. 

Find the value of : 

9. (a;8_^2a?+4a; + 8)x(a:-2). 

10. (y8-2y24.4y-8)x(i^ + 2). 

11. (3a:2y__5a,y2^8y8)x(2a:y-y2). 

12. (a3-3a2J+3a62__j3>)x(a2 + 2a6-|-62). 

Find the product of : 

13. €? + V^ and a2 — J2 14. ^ _j- j ^ ^ and a + J — <?. 

15. a^ + a2 and a^ — cfi. 16. 2 a + a; — y and a — 2 a;. 

17. 3a^ + l and 3a?-l. 18. 3a;-|-2y-6and2a;-6y. 

19. 5 + a?and6-a:8. 20. a;* + 4a:2^i6and a?- 4. 
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79. Finding the square of the sum of two numbers. 

Find (a + by; (2x-h3)2. 

2i: + 3 
2x + S 



a 


+ 


b 


a 


+ 


b 


a^ 


^ + 


ab 




+ 


a6 + //» 


a^ 


-\-2ab + b'^ 



4 a:2 4- 12 x 4- d 



T7ie square of the sum of two numbers is the sum of their 
squares j^us twice their product. 

Write the values of the following by the above rule : 

1. (a + c)(a-]-c). 2. (2:4-1)^. 3. (2x + 4y. 

4. (b + x)(^b-{-x). 5. (a 4- 6)2. 6. (2 a; + 3)3. 

7. (a: + y)(2: + y). 8. (y + 7)2. 9. (3y + 2)2. 

10. (a;4-2)(a; + 2). 11. (a + w)2. 12. (4a-\-by. 

13. (a; + 5)(a;-f 5). 14. (c' + y)^. 15. (nz-]-dy. 



16. Square of 2 a: + 3 y. 17. (5 x^y + 2 xi/^y. 

18. Square of 3 a: + 4 y. 19. (3 ab + f5 ac^. 

20. Square oi a^-i-^ x. 21. (2cx + S x^t/y. 

22. Square of a^ -f 2 a. 23. (4 a^ + 5 abcy. 

24. Square of 5 a + 3 6. 25. (3 a^x + 10 at/^, 

26. Square of 24 or (20 + 4)2. 

27. S22 or (30 4- 2)2. 28. 452 ^j, (40 ^ 5^2, 

29. 182 or (10 + 8)2. 30. 542 or (50 + 4)2. 

31. 622 or (60 + 2)2. 32. 832 or (80 + 3)2. 
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80. Finding the square of the difference of two numbers. 
Find (a - 6)2 ; (3 i^ _ 2 xy^. 



a -6 


3x2- 2xy 


a -b 


3X2- Oxy 


a^-ab 


9x*- 6x«^ 


-ab +6^ 


- 6x8/7 + 4x2^2 


a2_2afe + 6'^ 


9 X* - 12 xH + 4 x2m2 



Tlie square of the difference of tivo numbers is the sum of their 
squares minus twice their product. 

Write the values of the following by the above rule : 
1. {a-x){a-x). 2. (a;- 3)2. 3. (2a;- 5)2. 

4. (b^y^(J)^y^. 5. (^ - 7)2. 6. (4 a; - 3)2. 

7. (7i-r)(n-r). 8. (5-y)2. 9. (5y-6)2. 

10. (a;-6)(a;-6). 11. (a-w)2. 12. (3 a -6)2. 

13. (a;--8)(a:-8). 14. (a: - 9)2. 15. (8-3a:)2. 



16. Square of 3 a; - 2 y. 17. (4 a26 - 3 a62)2. 

18. Square of 4 a — 3 6. 19. (5 xy^ — 10 yz)^- 

20. Square of a:2 _ 5 ^.^ 21. (5 aJ — 6 acxy^, 

22. Square of a2 — 3 a. 23. (3 aa; — 2 x^yY, 

24. Square of 5 a — 3 6. 25. (a2a; — 12 aa;2^2. 

26. Square of 28 or (30 - 2)2. 

27. 162 or (20 - 4)2. 28. 592 or (60 - 1)2. 

29. 372 or (40 - 3)2. 30. 882 or (90 - 2)2. 

31. 482 or (50 - 2)2. 32. 992 or (100 - 1)2. 
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81. Finding the product of the sttm and difference of 
two nnmbers. 

Find (a + 6) (a -6); (2xa + 3a;y)(2a?- 3a;y). 

a -fft 2x«-f 3ry 

a —b 2 a:^ -- 8 z.y 

a^+ab ix* + Qx*y 

77ie product of the sum and difference of two numbers is the 
difference of their squares. 

Find the values of the following by the above rule : 

1- (^ + y)(a^-y)- 2. (3a; + 2y)(3a:-2y). 

3. (a;+5)(a;-5). 4. (5a + 46)(5a-4 J). 

5. (a + 7)(a— 7). 6. (w2;+ 5y)(na;--5y). 

7. (6 + 5)(6-6). 8. (jx?-{-Qx)(a?-Qx). 

9. (8 — <?)(8 + <?)• 10. (9a-hwy)(9a— my). 



11. (a?4-8)(aj2-8). 12. (3a:2y+4^y2)(3aJJy_4a;y2). 

13. (a8 + 7)(a8_7). 14. (5a^+36(?2)(5a^_3Jc2). 

15. (5 + a*)(5-a*)- 16. (4w2a:-8ny«)(4w«a;4-8ny»). 

17. (6-(j6)(6-|-c6). 18. (12a^-10(?6)(12a^+10c6). 

Find the following in like manner and check by arith- 
metic : 

19. (10 + 6)(10-6). 20. (30 4-7)(30-7). 

21. (124-4)(12-4). 22. (70 + 3)(70-3). 

23. (20 + 5)(20-6). 24. (80 + 4)(80-4). 

25. (15+4X15-4). 26. (100 + 8)(100-8). 

27. (50 + 6)(50-6). 28. (100 + 3)(100-3). 
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82. Finding the product of two binomials of the form 

(x + a)(x + 6). 

Find (a; + 6) (a: +3); (a;- 7)(a;-|- 2) ; (a;-4)(rc-6). 

ar+6 X -1 x-4 

a: + 3 X + 2 x- 5 

x^-f6a; x^ — 7 X x^ — 4a; 

+ 3x4-18 -f 2x- 14 - 5 X 4- 20 

x2 + 9x + 18 x2-5x-14 x2-9x + 20 

How many terms has each of these products? 

What is the first term of each product ? 

In the first product the coefficient of a? (-1-9) is the 
algebraic sum of the second terms ( + 6, + 3) of the bino- 
mials. See whether this is true of the other products. 

In the first product the last term (+ 18) is the product 
of the second terms (+6, +3) of the binomials. See 
whether this is true of the other products. 

Hence, to multiply a; + 8 by a; — 5, we take for the first 
term a?, for the second, (+8 plus —5) a;, or + 3 a;, and 
for the third, -h 8 x ■- 5, — 40, which gives a? + 3 a; — 40. 

Find, in this manner, the following : 

(a:+10)(a;-12). 
(a; — 2 a)(a; -1-4 a). 
(a;-15)(a;-20). 
(a: + 5 w)(a; — 7 n). 
(a;-h30)(a;-20). 
(a;-|-7c?)(a; — 4<?). 
(a; — 9a)(a:-|- 6 a). 
(a;-h6 6)(a: + 7 6). 
(a;— 9c)(a; — 5(?). 



1. 


(a; + 4)(a:+7). 


2. 


3. 


(a;-3)(a; + 8). 


4. 


5. 


(a; + 5)(a;-9). 


6. 


7. 


(a.-3)(a:-7). 


8. 


9. 


(a;-h8)(a;-6). 


10. 


11. 


(a;-9)(a;-h4). 


12. 


13. 


(a; + 5)(a:+7). 


14. 


15. 


(a;-9)(a;-8). 


16. 


17. 


(^ + 6)(a:-7). 


18. 
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DIVISION 

83. Dividing a monomial by a monomial. 

Divide — 15 (fh<? by 5 d?bc. 

-15-4-5=- 3 5a«6c )-l5 fl'^ftc» 

a^^a^=z a\ because a^y.a^ = a'^ — a^* 

h -i-h =1, because 1 x ft = ft 
c* -i- c =c\ because c^x c = c*. 
Hence, the quotient is — 3 a^c^. 

Divide the coefficient of the dividend by the coefficient of the 
divisor, observing the law of signs. To this quotient annex each 
literal factor of the dividend with an expoyient equal to the expo- 
nent of that factor in the dividend minus its ea^ponent in th€ 
divisor. 

1. Divide 36 cflb^c by 9 abc, 

2. Divide 42 a^h^x by - 6 a%(?. 

3. Divide — 20 a^yz by 4 ofiy. 

4. Divide — 35 (Pofiy by — 5 ctA. 

Find the following : 

5. 12 a^c-^ Sac. 6. - 21 aPy'^sfi -h 1 a^y^z. 

7. 24 a Va? -f- 8 a^tf . 8. 12a^b'^cd-i- 9 a%*c. 

9. 28 a%^ -^ - 4 a8j. lo. - 8 a%^<^x -f- - 4 ahc\ 

11. 8 a^^c^x -t- a^^e, 12. 4S c^a^yh ^ 6 s^yz. 

13. Divide 18 a\a - 6)* by 6 a(a - 6)2. 

14. Divide 27 c8(a - xy by 9 c(a - re)*. 

15. Divide m\x + 2)8 by m\x + 2y. 

16. Divide 8 a\c - dy by 2 a8((? - dy. 

17. Divide 7 a^Ca: - 7)« by 7 a2(a: - 7)2. 
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84. Dividing a polynomial by a monomial. 

Divide 15 a^JV - 18 a^JV ^ 27 a^fts^ by 3 a%h?. 

3 a%h^ )\^ a%h^ - 18 a^h^s* + 27 (i^<^j:« 

According to § 37, we divide each term of the dividend by the 
divisor and take the algebraic sum of the quotients. 

Divide : 

1. a? + 6xhy X. 2. 3 a^i/ — 6 a^y^ + 9 xy^ by 3 xy, 

3. a^-8a% by a^ 4. 8a^b^'{"la%^-2a%'^ hy2aW. 

5. 4 y^— 6 yh by 2 y^. 6. 5 rfix — 3 n^j? — n^x^ by — rfix. 

7. a^— aw^ by — an. 8. a:^^^ — ofiy — a;^ by a;y. 

Find the value of : 
9. (27a:S-45a;3)^9a:2, 10. (-2^6 _^ 2 2;5_ ^) ^ _ ^4, 

11. (24 ^ — 6 y*) -^ — 6 y^. 12. (a^xy^ — ad^y'^ + a^x^y) -j- axy . 
13. (6 a;8- 2 xfi) -h - 2 a:3. 14. (54 aW-^lZb a^W) -$- 9 a*62. 

Find the quotient of : 

15. 2f^^-^x^y-Zx^y^hy --a^. 

16. Xy — a:2y2 _ 5 gfiyZ by __ ^y, 

17. 6 a:^/ - 9 a:4y3 _|_ 3 ^^4 by 3 x^y\ 

18. 32:8-6a:S + 9a:7-12a:»by 3a;2, 

19. i2x^-U3^-h2Sx^-'7 X by 7 a;. 

20. 6(a -I- a:)* - 10(a + x^ by 5(a + xy. 

21. (j2(a - 6)2 + (?4(a - 6)S by c^Ca - by. 

22. 9 3?Ca 4-2)8-6 3?(i^ + 2)» by 3 a:2(a + 2)3. 

23. 15 a(x - 7)8 - 10 a(ix - 7)« by 5 a(x - 7)^ 
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85. Dividing a polynomial by a polynomiaL 

1. Divide dx-^ 20 + s^hy b + x. 

ar« -f a: -f 20 |^_Hh_5 
z^ -\- 6x a;+ 4 

4a; + 20 

4a:-f-20 

Arrange both dividend and divisor in descending powers of x. 

The first term of the dividend, x^, divided by the first term of the 
divisor, Xf gives x, the first term of the quotient. 

Multiplying the divisor, x + 5, by x, and subtracting the product, 
x^ + bXy from the dividend, leaves the remainder 4 x + 20. 

The first term of this remainder, 4 x, divided by the first term of the 
divisor, x, gives 4, the second term of the quotient. 

Multiplying the divisor, x -f 5, by 4, and subtracting the product, 
4 X + 20, from the remainder, leaves 0. Therefore, x + 4 is the 
quotient. 

Write the divisor at the right of tJie dividend, arranging the 
terms of each according to the ascending or descending powers of 
one of the letters. 

Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient. 

Multiply the divisor by this term of the quotient, subtraxst the 
product from the dividend, and to the remainder aniiex one or 
more terms for a new dividend. 

Divide the new dividend as before, and continue to divide until 
there is no remainder; or until tJie first term of the divisor is not 
contained in the first term of the dividend. 

2. Divide6a?-7a:-20by 3rc + 4. 

6x2-7x-20 [3x_+4 
6 x^ -f 8 X 2x-5 

~ 15 X - 20 

-15X--20 Ans. 2x-5. 
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3. Divide a? + 27 by a: + 3, 



x8 + 27 |ar-f-3 

a*-\-Sx^ . xg -3x4-9 

-3x2 + 27 

- 3 x2 - 9 X 



+ 9 X + 27 

+ 9 X + 27 Ans, x2-3x^9. 

Note. Arrange each remainder in the same order as the dividend 
and divisor; 

Divide : 

1. a?-10a: + 21bya:-3. 2. a^-4bya? + 2. 

3. a^i-12a;+32by rc-4. 4. a^~-9hy x-3. 

5. a?- 11a; — 42 by a: +3, 6. a^ — a^ by x -\- a. 

7. a^ + lOa;— 75 by a;-5. 8. a^ -|- 8 by a; -h 2. 

9. a^^+15a:-76by a;-4. 10. a:3_8bya;-2. 

11. a:2 _ 20 a; - 69 by a; + 3. 12. a:* - 1 by a: - 1. 

Find the value of the following: 

13. (6a;2_i3a;-28)-5-(2a:-7). 

14. (6a^^ + 36a;-|-25)-h(3a;-f-5). 

15. (8ar2 + 38a: + 42)-f-(2a;+6). 

16. (8a;2+i0a:-33)-f.(2a;-3). 

17. (9ar^-12a;-60)-^(3a:-|-6). 

18. (aV - 2 aa; - 24) -r-(aa: + 4). 

19. (n^a^ + 2 wa; - 35) -i- (nx - 6), 

20. (a^a^ + S aJ^x - iO) -h (ah^ -h Sy 

21. (w2a;2-3wa;-18)-^-(7la;-6). 

22. ia^2^ - 4 aV - 21) -5- (aV - 7). 
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Divide 36 + a^ - 132^^ by 6 + ic2^ 5a;. 

Arrange the terms in descending powers of x. 

X* - 13 x2 + 36 |x2 + 5x + 6 
X* + 5x« + 6x2 a:2-5x + 6 



-5x« 
-5x8 


- 19x2 
-25x2 


+ 36 
-30x 






+ 6x2 
+ 6x2 


+ 30 X 
+ 30 X 


+ 36 
+ 36 



Divide : 

1. 2a?-ar^+3a;-9by 2a;-3. 

2. ir^ — 6a? — a; + 14 by a: — 2. 

4. Ga?-13a? + 4by 2a:2_33._2. 

5. a:*+4a^*-|-16bya:2^2a:-|-4. 

6. 8a8 + 12a2 + 6a + l by 2a-hl. 

7.0* + ah^ + a:* by a^ 4- aa: 4- a;^. 

8. 4a*-9a24.6a-l by 2a2-|.3a__i. 

9. a8-6a*-+6a2-l by a8+2a2_a_l. 

10. a^ — P — e^ — 2he hy a — b — c. 

11. a^-\-h^-^c^—S ahc hy a-\-b-\- e. 

12. as-17a3 + 12a2+52a-48by a24-a-2. 

13. a:3 + 64by a; + 4. 14. 04 + 27 o^ by 4 -|- 3a. 
15. a:^ + 32 by a; + 2. 16. 16 - 81 a:* by 2 + 3 a. 
17. a:*-81 bya;~3. 18. 8- 125 6?^ by 2 - 5c?. 
19. 16-a4by2-^a. 20. 216a:3_ i by 6a;- 1. 
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FACTORING 



86. Factoring is the process of expressing a number in 
terms of its prime factors. 

87. A prime number is one that has no factors except 
itself and 1. 

Factors that are prime numbers are called prime factors. 

Letters, for the present, are supposed to represent in- 
tegers; and, until .some numerical value is assigned to 
them, they are regarded and treated as prime numbers. 

A factor of two or more numbers is called a common 
factor of them. 

88. Monomials, except when their coefficients are not 
prime numbers, are expressed in terms of their factors. 

Thus, the prime factors of 35 a%c^ are 5, 7, a, a, 6, c, c, c. 

Hence, the factors of monomials may be found by in- 
spection. 

89. Polynomials all of whose terms have a common 
factor. 

1. Factor 6 c?<^ — 9 a^c, 

3 gV ) 6 q^s - 9 a^c 
2c2-3a 

The greatest factor common to both terms is 3 aV. Dividing the 
given polynomial by 3 a^c gives the quotient 2 c^ — 3 a. 

.-. 6a2c8 - 9 a% = 3 a?c(2 c^ - 3 a). 

2. Factor 3a2(c?4-rf) + 4aa:((?-f c?). 

The greatest factor common to both terms is a(c + (/). Dividing 
the given polynomial by this common factor gives the quotient 
3 a + 4 a;. 

.-. 3 a2 (c -f- </) + 4 aa: (c + flf) = a (c + rf) (3 a + 4 x), 
Nicholson's alg. — 5 
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Factor : 

1. 2a-\-2c. 2. a^ — ae. 3. 6 a^c — 8aA 

4. ab + be. 5. ax-\-a^. 6. 4 a^ -|- 2 ah;. 

7. 3c? + 18. 8. 3a2-a. 9. nlflx-n^bt/. 

10. a-\-abc. 11. 2^-]-aa^. 12. (^2^-\-c^2?. 



13. 4a8+8a2 + 12a. 14. a2^ - aV + a V + at?*. 

15. 3a?-f-9a:8-6a^. 16. 6 a^y + 12xt/^ - 18 a^y^. 

17. 27i8-47i* + 8w^ 18. 24 w* - 40 ?n8 - 56 ?n6. 

19. 7 ar^ - 712?* - na;. 20. a*6 - a^i^ + ^2j3 __ ^4, 



21. a(<? + 6) +7i(<?+6). 22. 2a(a:-|-2) +4<?(a;+2). 
23. a (b — x^ + c (b — x^. 24. 3 c? (a — a?) + 5 6 (a — re). 
25. w(a; + 2) — a(a:-|-2). 26. 4a(n + 3) — 6 J(n + 3). 
27. a(x — i/)—b(x—t/). 28. 9c(a; — 4) — 6a;(a;— 4). 

29. a(^x+ i/}-b(x+i/)-]-c(x-hi/). 

30. a;(a — 6) +y(a -S) — 3(a — 6). 

90. Polynomials some of whose terms have a common 
factor. 

1. Factor ax + ai/ -^ bx + by, 

ax -\' ay ■\- hx •\- hy = (ax + ay) + (hx -f by) 

= a{x-\-y) ■\-h{x-\-y) 
= (a + h){x-Vy). 

We group the terms ax and ay because they have the common fac- 
tor a, and we group bx and by because they have the common factor b. 
We might also have grouped them thus : 

ax -\- ay -{■ bx ■\- by = (ax 4- bx) + (ay -f by) 

= x(a-\-b)+y(a-\-b) 
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2. Factor ax + ay — bx— by. 

ax-{- ay — bx — by = (ax + ay) — (bx + by) 

= a(x + y) -b(x-\-y) 
= (a-b)(x+y). 

The signs of the last two terms, —bx — by, must be changed when 
put within a parenthesis preceded by the sign — . 

3. Factor a;3 _ a^^ ^ 3 a; - 3. 

x8 - a;2 4. 3 a; _ 3 = (a^j _ a;2) ^ (3 a: _ 3) 

= x\x - 1) + 3 (a: - 1) 
= (ara + 3)(x-l). 

4. Factor 6 a:8 - 8 ar» - 15 a; + 20. 

6a:8 - 8a;2 - 15a: + 20 = 6 x8 - 15a; - 8ar2 + 20 

= (6ar8-15a:)-(8x2-20)' 
= 3x(2x2-5)-4(2x2-5) 
= (3a;-4)(2a:2~5). 

Factor the following: 

1. ax — ay -{-bx — by. 2. Qfi-\-2x^-\-&x + 12. 

3. ax — ay — bx-^- by. 4. 2^ — iafl -{• 5x — 20. 

5. ac—Sa-h2c-6. 6. a?-S3?-6x + 18. 

7. ax + ^a-2x-8. 8. 2^ + ^a? -Zx-12. 

9. wa;-3w-32; + 9. 10. a:3__5^ _ 7^ + 35. 

11. a::^ — aa; + wa; — aw. 12. a:* — 62:^+ 5a;— 30. 

13. a^^ + 6 a; + 8. 

a:2 + 6a: + 8=x2 + 2a: + 4a: + 8 

= a: (a; + 2) + 4(a: + 2) = (a: -f 4) (ar + 2). 

Separate the middle terra, 6 a:, into two parts, 2 a: and 4 a:, such 
that the product of their coefficients shall be the last term. 

14. a^ + Tx+12. 15. x^-\-9x-\-20. 16. ar^+lla; + 30. 
17. a:2_9.^ + i4. 18. a;2_8a:+12. 19. x^-18x-\-i2. 
20. a:2^8a; + 45. 21. a^-lx + 10. 22. a? -15a: + 56. 
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SQUARE ROOT AND CUBE ROOT 

91. If a number is the product of two equal factors, one 

of the factors is called the square root of the number. 

Thus, since x^ = x x. x, x is the square root of x^. Again, since 
(a + xy = (a + x)(a + a:), a + a; is the square root of (a + x)^, 

1. Name the square roots of the following: 9, 26, 64, c?^ 

Since 6 a^b^d^z x 6 a^b^e^x :=:: 36 a%^(^2?, 6M^(^x is the 
square root of 36 a%^<^2^. 

To extract the square root of a monomial, extract the square 
root of the coefficient, and divide the exponent of each literal 
factor by 2, 

Find the square root of : 

2. 9 a:* 49a6J2 ^s^io 16(a + J)* 64 a8(a + *)^ 

3. 16 a8 81 wV ny 25(a;+y/ 36 6*(a; + yy 

92. If a number is the product of three equal factors, 
one of the factors is called the cube root of the number. 

Thus, since a'* = a x a x a, a is the cube root of a*. Again, since 
(a + hY = (a + b){a + h)(a -\- b)f a -\- is the cube root of (a + 6)*. 

4. Name the cube roots of : 8; 27; 125; a^; a^; 64 a;®; 
(a — xy ; (a + oy. 

Since 27 a%^ = 3 a^j x 3 a'^J x 3 a% 3 a% is the cube root 
of 27 a%^. 

To extract the cube root of a monomial, extract the cube root 
of the coefficient, and divide the exponent of each literal factor 
by 3. 

Find the cube root of: 

5. 21 2^ 216 a^^ a^i? 64(a + 6)« \2ba\x-2y 

6. 8 a» 343 ofiy^ a^y^ 512 (a; + yy ' 729 7?(ia - 6)«2 
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93. Factoring the difference of two squares. 

Since o? — V^ divided by a -f 6 gives a — 6, the factors of 
c? — h^ are a-\-b and a—h. 

To find the factors of the difference of two squares, take the 
sum of the square roots of the terms for one factor, and' the dif- 
ference of the square roots of the terms fin* the other factor, 

1. Factor 9 a* - 26 a^. 

The square root of 9 a* is 3 a^, and the square root of 25 x^ is 5 x*. 
Therefore, by the rule, 

9a* - 25a:« = (3a2 -f 5x«)(3a2 ^ 5a:«). 

2. Factor (a + 6)2 - <?. 

The square root of (a + i)^ is a + ft, and the square root of c^ is c. 
(a + 6)*- c2 =(a + 6 + c)(a + 6 - c). 

Factor : 

1. X* - a\ 2. a?^ 64. 3. 25a2 - 16 h\ 

4. a2-A 5. y2_26. 6. 7i2^~49y2. 

7. a* -9. 8. 2«-36. 9. (^a^y^-m\ 

10. l-?n2. 11. 9-^^. 12. a*c2-a2c*. 

13. a:* — 81. 

a:* - 81 =(a;2 -^ 9)(x2 + 9) = (x2 + 9)(a: + 3)(a: ~ 3). 

14. a* -16. 15. a:* -625. 16. a;8-256. 
17. l-lUa^V^<?. 18. (a:-y)2-422. 
19. 49a2_64a«6«. 20. (a + 6)2 -9 A 
21. 16(?*-81c2a:8. 22. (a - a:)2 - w2a^*. 
23. (2 a; + 3)2 -26. 24. ^2- (a +2 6)2. 
25. (3a;-2)2-4a:2. 26. a2-(6-3c?)2. 
27. (4 a; +10)2-1. 28. l-4(a + a:)2. 
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94. Factoring the difference of two cubes. 

Since a^ — l^ divided by a — 6 gives a^ -f aft + 6^ the 
factors of a^ — ft^ are a — 6 and a' -f aft -|- 6^. 

To find the factors of tJts difference of two cubes, take the 
difference of the cube roots of the terms for one factor y and the 
sum of the squares of the cube roots of the terms plus their product 
for the other factor. 

Factor 8afi — rfij^. 

The cube root of 8 a:' is 2 z^, and the cube root of n'x* is nar*. There- 
fore, by the rule, 

8 x8 - n«x» = (2 z2 _ nx«) (4 ar* + 2 nx* + n^x'). 

The second factor may be found by dividing Sx^ — n'x* by the first 
factor. 

Factor : 
1. ofi-aK 2. a;8-64. 3. 27a:8-512/. 

4. a» - b\ 5. 27 - n\ 6. 64 «» - 729 b^ 

7. c3-8. 8. m^-x^. 9. 8a^y8- 12528. 

10. 1 - /. 11. as^s - 1. 12. 216 - 343 A 

95. Factoring the sum of two cubes. 

Since a^ -|- J^ divided by a + 6 gives a^ — ab -{- b^^ the 
factors of a^ + J® are a -f J and a^ — aJ + J^. 

To find the factors of the sum of two cubes, take the sum of the 
cube roots of the terms for one factor, and the sum of the squares 
of the cube roots of the terms minus their product for the other 
factor. 

Factor 27 + 8 a;». 

The cube root of 27 is 3 and the cube root of 8 a:* is 2 a:*. There- 
fore, by the rule, 

27 +-8a:9 = (3 + 2a:«)(9 - 6a:8 + 4a:«). 
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The second factor may be found by dividing 27 4- 8 x* by the first 
factor. 

Factor : 

1. cfi + S, 2. 2:8-1-27. 3. 64 n8 -1-125 2:8. 

4. 3?+l. 5. 64-|-a8.- 6. 27 a6 + 512^3. 

7. (fi + a^.- 8. a:» + m8. 9. 8a:8/+72928. 

10. 8 + y«. 11. l-fc8j8. 12. 343 + 216 a8. 

96. Factoring a trinomial that is a perfect square. 

Since (a -f- J)(a -f- J) = a^ + 2 aJ -h 62, 

and (a - J)(a - 6) = a2 - 2aJ + J^ 

the square root of a^ -|- 2 oJ -h J^ is a -|- J, and 

the square root of a^ — 2 a6 -|- 6^ is a — 6. 

Now to find these square roots we may proceed thus : 

1. To find the first term of the rooty take the square root of 
the first term of the trinomial. 

2. To find the second term of the root, divide the middle term 
of the trinomial by twice the first tei^m of the root. 

Check. . The square of the second term of the root 
must be equal to the third term of the trinomial, other- 
wise the trinomial is not a perfect square. 

Note. This method of factoring trinomials of this character 
prepares the student for the process of " completing the square," and 
extracting square roots of polynomials in general. 

Factor 9a?-12xt/^-\-4t/^. 

The square root of 9 ar^ is 3 x, and — 12 xy^ -=- 2 x 3 x = — 2y^ ; and 
since the square of — 2 y^ jg 4 ^4^ ^^ have 

9x2- 12x3/2 + 4/= (3x- 2y2)(3x_2y2). 
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Factor : 

1. 2?+ 10a; -1-25. 2. 9a?4- 30a:-f 25. 

3. a?-12a:4-36. 4. 42^-'24x + 36. 

5. y24-16y-h64. 6. wV-6wa;-h9. 

7. a^-^lia + id. 8. a4 + 4aV-h4(?*. 

9. x^ — ixy^iy^. 10. a:* - 24 2:2 ^ 144^ 

11. 4aa-hl2a62 + 96*.- 12. w*+6w%a+9^6. 

13. 9 n* - 24 c2w2 -h 16 (?*. 14. a«-12a3+36. 

97. Factoring a trinomial that is the product of two 
binomials having a common term. 

Factoring trinomials of this form is done by reversing 
the rule of § 82. Note that : 

(a: -h 5)(a; + 2) = 2:2 ^ 7 a- ^. 10, 
(a: -h 6)(a; - 2) = a;2 ^ 3 2; _ 10, 
(a;-6)(a;-h2) = r*-3a:-10, 
(a;-5)(a;-2) = a;2_7^^10. 

1. The last term of the trinomial, -f 10, or — 10, is the 
product of the last terms of the factors. 

2. The coefficient of a;, viz. -f 7, +3, — 3, — 7, is the 
algebraic sum of the last terms of the factors. 

3. When the product, 10, is -f , the last terms of 
the factors have the same sign, the sign of the middle 
term. 

4. When the product, 10, is — , the last terms of the 
factors have different signs, the greater having the same 
sign as the middle term of the trinomial. 
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1. Factor ic2 _ 7 a- + 12. 

Since 12 is + and 7 is — , the last terms of the factors have the 
same sign, — . 

Now the two numbers whose sum is 7 and whose product is 12, are 

4 and 3. ... x^ - 7a: + 12 = (x - 3)(x - 4).. 

2. Factor ir2 _ 5 a; - 24. 

Since 24 is — , the last terms of the factors have opposite signs, the 
greater being — because 5 is — . 

Now the two numbers whose difference is 5 and product is 24 are 

8 and 3. . a^a _ 5^; _ 24 = (a; - S)(x + 3). 

Factor : 
1. a^-\-Sx+2. 2. a^-10x+2i. 

3. 3^-5x + i. 4. ir24.i2a;-45. 

5. rc2+6a; + 8. 6. x^-lQx-hQS. 

7. o^-Sx-hQ' 8. ir2_2aj-120. 

9. r* + 2a;--8. 10. ir2^3a,_io8. 

11. a;2_3^_4, 12. a?-5aj-300. 

13. a^^+7a:-8. 14. x^-20x'\-15. 

15. y2_y_20. 16. w2+ 18^+72. 

17. y2^_y_42. 18. n2-3n-180. 

19. y2_y_i2. 20. a2-20a-f91. 

21. y2^.y_7^, 22. a2 + 2a-143. 

23. y2^4y + 4. 24. Ir^ - U - S20. 

25. y2^6y4-9. 26. 62^56-150. 

27. «24-22-|-l. 28. 22_1925+78. 

29. 2?8-.2-90. 30. z2_82-240. 
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MISCELLANEOUS EXAMPLES 

Factor : 

1. ^--c?. 2. a?-f6a;4-9. 

3. ic2-9. 4. a? -8 a? + 16. 

5. m^-V^n\ 6. y2 ^ 10 ay + 25 a^. 

7. a^ — w%:*. 8. 22 — 2 w^y^ + w^y^. 



9. 6aa-9a6. 10. a?-fl0a; + 21. 

11. 4a;2y^8a;y2. 12. y2-12y+35. 

13. a8-fl25a:8. 14. ^-1x-^Z. 

15. 216 -wV. 16. ya4-y-72. 



17. 0^-62. 18. a*-4a2y-12y2. 

19. 77i« + w8. 20. a:^ + 9 aa:^ -f 14 a2. 

21. 16a^-25y2. 22. yS + 3 Jy*- 40 J2. 

23. (a + 6)2-r*. 24. «io - 12 (?2S -f 36 A 



25. (2^8 + r*)2 - (a; + 3)2. 26. (a:8 - ar2)2 _ (a; - 1)2. 
27. (a:2 + a;)2 - (a; - 1)2. 28. (a2 - 2 a)2 - (2 a -|- 3)2. 



29. a:8+3a^^-4a:-12. 30. y^- ay2-f 2y - 2 a. 
31. a^ -f a^y — anx — any, 32. 3 a:^ — 2 a^ + 15 a; — 10. 



33. a^-(a; + 3)3. 34. a^-il-c-\-^\ 

35. (a-h2)8 + a8. 36. (a;2 4. 4 a; + 4)2 _ (2 a;)2. 
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COMMON DIVISORS OR FACTORS 

98. 1. Name two divisors of 10 ; of 16 ; of 36. 

2. Name two factors of 21; of 33; of 61. 

3. Name a common divisor of 16 and 21. What is the 
greatest common divisor of 18 and 24 ? 

4. Is a: a common factor of 3 a:^ and 2 0^? Is 2^? 

5. Is a? of a higher degree than x? 

6. Name the factor of highest degree that is common 
to a^i/^z and ^yh?. Is that factor an exact divisor of 
a%*2 and a^y^T^l 

7. Are 6 a?y and %xh^ exactly divisible by xy'i by a^yl 
by 2a%? Of what degree is rry? ofiyf 

99. A common factor of two or more numbers is an 
exact divisor of each of them. 

100* The highest common factor of two or more numbers 
is the number of highest degree and largest numerical 
coeflBcient that will exactly divide each of them. 

" Highest common factor " is denoted by H. C. F. 

Thus, the common factors of 3 xh/^ and 9 x^y are 3, x, y, a:^, 3 a:, 3 y, 
3x2, xy, 3xy, x^y, and Zx^y with sign 4- or — . But ^x^y is the 
H. C. F. because it has the highest degree and the largest numerical 
coefficient. Usually the H. C. F. is considered as positive in sign. 

When two numbers have no common factor, they are 
said to be prime to each other. 

Note. In arithmetic the highest common factor is usually called 
the greatest common divisor ; and there is no objection to using the 
latter name here, since all letters and combinations of letters are at 
present supposed to represent integei^s. 

lOL Principle. Tlie highest common factor of two or more 
numbers is equal to the product of all their common prime factors, 
numerical and literal. 
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102. Finding the H. C. F. of two or more numbers. 

1. Find the H. C. F. of 30 c^l^c and 12 aWd. 

80 aSb^ = 5x2x3 aaaabbc = (2 x 3 x aaabb)(6 ac). 
12 a«W = 2x2x3 aaabbbd = (2 x 3 x aaabb)(2 bd). 
.-. the H. C. F. = 2 X 3 aaabh = 6 a«6». 

2. Find the H. C. F. of 6(a:a_ 3a._4) and8(a:a_i). 

6(a;2-3a:-4) =2 X 3(x-4)(ar+ 1) = 2(x + l)x 3 (x - 4). 
8 (a:« - 1) = 2 X 4 (a: + l)(a: - 1) = 2 (ar + 1) x 4 (a: - 1). 
.-. theH.C.F. = 2(x + l). 

8, Find the H. C. F. of 4a?-. 12a: -f 9 and 4a?- 6a:. 

4 z2 - 12 X + 9 = (2 X - 3)(2 x - 3). 

4 z2 __ 6 z = 2 X (2 X - 3). 
.-. the H. C. F. = 2 X - 3. 

4. Find the H. C. F. of a?- 2a?- 24a: and 8a?+8a: 
-86. 

a:« ^ 2 x2 - 24 X = x{x^ - 2 x - 24). 

= x(x-6)(x + 4). 
3 x2 + 3 X - 36 = 3 (x2 4- X - 1 2) . 

= 3 (x - 3)(x 4- 4). 
.-. the H. C. F. = X + 4. 

5. Find the H. C. F. of a?- 2a:- 35, a?- 9a: + 14, and 
a? -49. 

a:« _ 2 X - 35 = (x - 7)(x + 5). 
xa - 9 X + 14 = (x - 7)(x - 2). 
a:2-49 = (x-7)(x + 7). 

.-. the H. C. F. = X - 7. 

To find the H, C. F, of two or more numbers, factor each of the 
given numbers. 

Find the product of all the common factors, taking each factor 
the least number of times it occurs in any of the given numbers. 
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Find the H. C. F. of: 

1. 2 aVfi and 3 a%\ 2. 20 a?y and 15 2^y. 

3. 3 7?y^ and Qa?f. 4. 16 a% and 30 ab\ 

5. 4 c?*a:5 and 2 cSrc^. 6. a;^ - 1 and aj2 - a; - 2. 

7. (a:-f l)2andir2_i, g. aj2- 4 and ir^^^^ 2. 

9. ir^ 4- 8 and jr^ — 4. 10. a;^ — 9 and t^^x — Q. 



11. a;2^2a:-3anda?-6a;-24. 

12. 2:2_3a;_4anda? + 2a;-24. 

13. a:2 _ 4 ^_ 5 and a;^ + 2 a: — 35. 

14. r* + 7 aj - 8 and r* + 3 a; - 40. 



15. ar*+3a;y-28y2anda:2_2a;y-63y2. 

16. a?-- ^ixy — 96 y^ and a;2+ 3 a;y — 40 y^. 

17. a4-5a2i2 4-4J4anda2+9a6-10 62. 

18. («*-8a262_9j4anda2+6a6~27J2. 

19. (?*-6(?2a;4.9aj2andc?* + c2a;-12a:2. 



20. a2_^^^2^5^^^4^^ anda2-9a(?-10(?2. 

21. aa; •— 3 a, a^ — 7 aj + 12, and aofi -^-b ax — 24: a. 

22. aj2— 8a;+15, aj2— 4a;— 5, and aj2 — 3aj-10. 

23. a:2^3^_i8, a^_4a;4-3, anda;2-f 2a;-15. 



24. a8-3a2_4^4_l2anda3+2a2-9a-18. 

25. a3 - 62 _ ^25 + ^ J and a* - aJ^ + J4 _ ^3j. 

26. 39(a« - 6«), 65(a3 -|- J3), 91(^2 - ah + J^). 

27. a^-t?*, a8+a2c_ac2-c3^ a*-2a2c2 + (j4. 

28. 5a8 + 4063, 7a3 + 28a2J + 28a62, 3a4-12a262. 



78 INTEGERS OF HIGHER DEGREES 

COMMON MULTIPLES 

103. 1. Name two numbers that are divisible by 6, 8, 
and 12. 

2. Name the least number that is divisible by both 
6 and 9. 

3. Are Qofiy and 4a?y* exact divisors of 24a^y*? of 
12 a?f ? Of what degree is 24 a^/ ? 12 ar^y* ? 

4. Name the number of lowest degree that 6 a^h^c and 
15 cfiJfix will exactly divide. 

5. Name the number of lowest degree and least numer- 
ical coefficient ihaX 9 x^y^z and 12 ofi^^s? will exactly divide. 

104. A multiple of a number is any number that the 
given number will exactly divide. 

Thus, 6 a*62 is a multiple of ab, 2a%, %a%\ etc. 

105. A common multiple of two or more numbers is any 
number that the given numbers will exactly divide. 

Thus, 24 a%^ is ft common multiple of 3 a% and 4 ah\ 

106. The lowest common multiple of two or more num- 
bers is the number of lowest degree and least numerical 
coefficient that is exactly divisible by each of the given 
numbers. 

Thus, 12 aPh^ is the lowest common multiple of 3 a% and 4 ah^, 

" Lowest common multiple " is denoted by L. C. M . 

Note. In arithmetic the lowest common multiple is usually 
called the least common multiple. Either name may be used when 
all letters and combinations of letters stand for integers. 

107. Principle. The lowest common multiple of two or more 
numbers is equal to the product of all their different prime factors, 
taking each factor the greatest number of times it occurs in any 
of the given numbers. 
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10& Finding the L. C. M. of two or more numbers. 

1. Find the L. C. M. of 12 a%c, 18 ah\ and 30 oJA 

12 a%c = 2x2x3xa2x6xc. 

18 aft* = 2 X 3 X 3 X a X 2>». 

30 a&c2 = 2 X 3x5xaxftxc2. 

The different prime factors are 2, 3, 5, a, 6, c. 
Now taking each of these factors the greatest number of times it 
occurs in any of the given numbers, we have >• 

The L. CM. = 2x2x3x3x 5 x a^ x 6« x c^ = 180 a^ft'c^. 

2. Find the L. CM. of 2x2- 10a:- 28 and 3a? -f 9a; 
-210. 

2 a:2 _ 10 a: - 28 = 2 (a:2 - 5 X - 14) 

= 2(x4-2)(a:-7). 
3a;24.9a:_ 210 = 3(x24.3x-70) 

= 3(x + 10)(ar-7). 
.-. the L. C. M. = 6 (x + 2) {x - 7) (x + 10). 

To find the L, C. M. of two or more numbers, factor each of 
the given numbers. 

Find the pi'oduct of aU the different prime factors, taking each 
factor the greatest number of times it occurs in any of the given 
numbers. 

Note that the L. C. M. of two numbers is equal to their 
product divided by their H. C. F. 

Thus, the L. C. M. of 18 and 24 = Aiii-?^ = 72. 

6 

Find the L.C.M. of: 

1. 3 a%(fi and 6 a^J^. 2. a? — 1 and a? '\'X, 

3. 4 a^lflc and 9 JV. 4. a^^-l and a^ + «. 

5. , nh^yifi and n3^. 6. a^ — 1* and (a + 1)^. 

7. a^b^cd and V^c^d. 8. a^— 8 and a^ — 4. 

9. 9 7^y;fi and 6 a^y^. 10. a:^ + 8 and a? + 2 a;. 
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Find the L. C. M. of: 

1. 2:2 _ 2a:- 15 and a?+ 2a;- 35. 

2. y2+3y-28andy2_3y_70, 

3. 22- 42- 12 and 28 + 2^-48. 

4. a2 + Ca-16 anda2_3a_88. 

5. 62 _ 6 J - 40 and 62 + 8 6 + 16. 

^. 2:24.82:4- 16 and a^ + C a; + 8. 

7. a^ — ay — Q y2 ^^d 2 a2 _ 5 ^y _ 3^2^ 



8. ar^ + 2a:y-99y2and 2ar8-6a:y-108y2. 

9. a;2_7^y_60y2and 3 a:2 _ 9 ^^ _ 324 y2^ 

10. a^*-h8a:y+16y2and 5a:2_5^y _l()()y2^ 

11. a2^5aJ-5062and 4a2-8aJ-320J2. 

12. a:2^8a:y + 15y2anda:2_2a:y- 35y2. 

13. a2 - 62, a2 -h 2 a6 4- h\ and a^ 4- al. 



14. 3a:2_48, a^_2a:-24, and7ar84-56a;4-112. 

15. aa:2_9^^ ^^4^_21, and 4a:2^28a:-120. 

16. 6a:2_j3, a^*_3j^_4j2^anda:2_9j^_lQj2. 

17. 16a^5-l, 16a:2_8a:4-l, and 20a:-5. 

18. a2 - 9, a2 _ 4 a - 21, and a2 4- 6 a 4- 9. 



19. a2 _ J2 ^ ^^ __ 6{? and a6 — ac? 4- 62 ~ (?2^ 

20. 4a4-«a;4- 16 — a:2 and a2_a:2^4^^4^^ 

21. (a: + l)(a:4-2), (a; 4- 1) (2: - 5), (a: 4- 2)2, 3 a:- 15, 

22. (a: - 3) (a; 4- 4), (a; 4- 4) (a: - 6), 2^4- 4a:2^ 2a: 4- 8. 

23. (a:4-5)(a:4-3),a:2 + 9^+ 18, 354.3^.^3^^9 



IV. FRACTIONS 

DEFINITIONS 

# 

109. A fraction is an indicated quotient, the dividend 
being written over the divisor with a line between them. 

Thus, a -^ b, when written t> is a fraction. 

110. The numerator is the dividend, and the denomi- 
nator is the divisor. The terms of a fraction are the 
numerator and denominator. 

Note. In arithmetic a fraction is generally defined and treated 
as a part of a unit, but for the more general purposes of algebra it is 
usually and more conveniently regarded as a quotient. Thus, in 
arithmetic f is defined as 3 of the 5 equal parts of a unit or { of a 
unit, but in algebra we consider it to be 1 of the 5 equal parts of 3 
units or i of 3' units. Having thus defined it, we must deduce the 
principles and rules of fractions accordingly. 

FUNDAMENTAL PRINCIPLES 

111. Evidently, 2 a is contained in 12 a the same num- 
ber of times that 2 is contained in 12. 

rp, , . 12a 12a^a 12 
That IS, — — = -r = -TT-. 

za za-i-a 1 

Again, 4 is evidently contained in 12 the same number 
of times that 4/i is contained in 12 n, 

rp, . . 12 12xn 12w 

That IS, — = — = - — . 

4 4 X w 4n 

From the above we infer : 

Dividing or multiplying both terms of a fraction by the same 
integer does not alter the value of the fraction, 
Nicholson's A LO. — 6 81 
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REDUCTION 

112. Reducing a fraction is changing its terms or form 
without altering its value. 

113. Reducing fractions to their lowest terms. 

A fraction is in its lowest terms when the numerator 
and denominator have no common factor. 

Canceling a common factor in both terms is equivalent 
to dividing both terms by that factor. Hence, 

Factor the terms and cancel all common factors, 

9 a?— 2 a:— 15 
Reduce to lowest terms — -; — 

12 ar^ - 9 

9 ^3x3^3. a:g - 2 a; - 16 ^ (x 4- 3)(x -6) ^ a: - 5 
12 3x4 4' x2_9 (z+3)(x-3) x-3* 

Reduce to lowest terms : 

18 2 ^^^^^ a ^2 rrfin^ra^ 

*^" ' 20aJ2* ^- 56 mh^y ' 

*^^' 36 a:/ l^c^Nfif 

^ 6 g^S - 8 al? ^ a:2_2a:-120 

2a8J-4a2J* * a:2_3^_108* 

g 9 a^.y + 6 a:ay2 ^^ a8+3a-180 

6<j%-3ar*y ' a^ + Sa-lSO" 

^ 9ar'-4yg ^^ (^+j^)2_^2 

9 «* + 6 a;^^ ' aa; + ay + ae 

a:^ 4- a; — 6 na -f w J — w<? 

a^+5a a^^-f 10a:-f 21 

a2-a~30 a?-f2a;-35 
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114. Reducing fractions to integers or mixed numbers. 

1. Reduce -^ and -^ to integers or mixed numbers, 
y = 28 -5- 7 = 4, an integer ; J^^ = 3i -*- 8 = 3 J, a mixed number. 

/k2_9 a?4-6ir-l-7 

2. Reduce and — — — -2-— to intesfers or mixed 

X— S a; 4- 2 

numbers. 

Performing the indicated divisions, we obtain, 

2.2 _ 9 

(a) = X 4- 3, an integer. 

X — o 

(h) x^ 4- 6 x + 7 ^ 3. _,_ 4 L_, a mixed number. 

^^ x + 2 x + 2 

Divide the numerator by the denominator. 

Note. If there is a remainder, its division by the denominator 
must be indicated, and the fraction, thus formed, must be annexed, 
with its proper sign, to the integral part of the quotient. 

Reduce to integers or mixed numbers : 

4. ^. 5. 

^ aj2 + 11 a: 4- 30 



9. 



11. 



13. 



15. 



x + Q 


!F»-3aj-180 


x+12 


x"- 4 a;- 100 


x-\l 


2ai« + 3a; + l 


2a; + l 


12 a^ 



X 


x+l 


x^+-2x 

X+-1 


6, _-. 

x + 2 





a^-6a^-plla;-6 


0. 


a?-.3a:-|-2 


10. 




12 


0fl'{-0fi-\-l X'+l 


XA. 


x^-+l 


14. 


3a4J^5a.^8 
a? -1-2 


Ifi. 


8a8-fl25 



a;-|-3 2a-f-6 
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115. Reducing integers or mixed numbers to fractions. 

An integer or a mixed number is reduced to a fraction 
by reversing the preceding rule. 

Thus, since ^ = 4t, to reduce 4 to thirds we multiply 4 by 3, and 
write the product over 3, ^. 

Again, since ^ = 2f , to. reduce 2f to fifths we multiply 2 by 5, add 
8 to the product, and write the sum over 5. 

1. Reduce a + - to a fractional form. 

e 

a multiplied by c plus b = ac -^b] ^^ ^ . Aru, 

c 

X" 5 

2. Reduce 2 a: +3 to a fractional form. 

X 

x(2x-|-3)-(.T-5)=2a;2 + 3a;-a;4-5 = 2x«4-2a:-|-5; 

X 

Note that — before the fraction changes the signs in the numerator- 

Multiply the entire part by the denominator of the fraction; 
add to this product tJie numerator if the sign of the fraction is 
4-, or subtrojct from it the numera;tor if the sign ia — ; write the 
result over the denominator. 

Reduce to fractional forms: 

1. 6f 2. 5x + l. 3. 3x + ^^^. 

* z 4 

4. 7 — 4. 5. ba; — — . 6. ox -^ — . 

* 7 7 

7. a + -. 8- 4a-f— . 9. Ic . 

X a X 

10. Sx-] 7". U. a + x-i- — — — 

x-f 1 a — X 

r 4a + 7 ,, , 2ac+€^ 

12. 5 a — - ;-:;. 13. a-fc ; . 

2a+o a+ c 
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116. Reducing dissimilar to similar fractions. 

Similar fractions are fractions that have the same 
denominator. 

Dissimilar fractions are fractions that have not the 
same denominator. 

1. Reduce |, |^, and ^ to similar fractions. 

Since multiplying both terms of a fraction by 3 _ 8x6 _ 18 
the same number does not alter its value, we mul- 4 4x6 24 
tiply the terms by such numbers as will make the 6 _ 5x4 __ 20 
denominators the same. Thus, by multiplying 6 6x4 24 
both terms of } by 6, both terms of J by 4, and 7 _ 7x3 _ 21 
both terms of } by 3, the fractions are reduced to 8 8x3 24 
the same denominator, 24. 

Note that 24 is the lowest common multiple of the denominators 
4, 6, 8 ; and the multipliers 6, 4, 3 are the quotients of 24 by the de- 
nominators, respectively. Thus, 6 = 24 -4- 4, 4 = 24 -^ 6, 3 = 24 -5- 8. 

2. Reduce - — -— , - — -— , and - — ^V— to similar 
fractions. l + ^x 1-2^ l-4a? 

The L. C. M. of the denominators is 1 — 4 x^, which is to be the 
common denominator. 

The numerator are found thus : 

(a) l-4a:»-j- (1 + 2x) = l-2a:; 3 x (1 - 2 x) =3 - 6x, 1st 
numerator. 

(b) i-4a:»H-(l-2a:) = l+2a:; 2x x (1 + 2x) = 2x + ix^, 2d 
numerator. 

(c) l~4x2 + (l-4a:2)=l; 1 x (3 - a:) = 3 - ar, 3d numerator. 

Therefore the required fractions are 

3-6y 2a: + 4a:« 3-a? 
1-4x2' l_4a:» ' l-4x«* 

Find the lowest common multiple of the denominators of the 
fractions for the lowest common denominator. Divide this de- 
nominator by the denominator of each fraction, and multiply the 
terms of the fraction by the quotient. 
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Reduce to similar fractions having their lowest common 
denominator : 

1. fand^^. 2. -^and "* 



^ ^a^.bx ,567 

3. — -- and — ;-• 4. — , — , — • 

4 ah ac be 

5. 4 and A. 6. ^, ^, ^. 



ah ac 



y ax ay 



2x 12y 

^ x-\' y Sx 



10. 



a — 6' 


a + b 


4 


3 1 


a; + 2' 


a;-2' a; 


2a; 


6 



_3_ _5_ 

■ x + V x-i ' aJ»-l' a^ + x+1 

13. ^+2 3 5 



14. 



15. 



16. 



17. 



18. 



19. 



a;2_9' 2x4-6' 2x-6 
x-fl x-l 2 



a:^— X— 6' a^^-ha;— 12' x4-4 
X X S 



a^*+3x-f5^' a?4-5a;4-6' x + S 

X Sx 2 

3a;-h6' 4x-8' 12a^^-48' 

3 2 __1 

a a — J 1 



as^-ja' ^2_aj^j2' a2^^j 

ic--6 a? — 4 a:— 2 



2^84.6x4-8' a?+8x4-12' x24-10x4-24 
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ADDITION AND SUBTRACTION 

117. 1. Find the sum and difference of - and - • 

n n 

According to the distributive law in divisipn (§ 37), we have 

(a) - + - = (c + rf) -4- n = — ^— , 

n n n 

(*) £-f=(''-'^>^'»=^- 

n n n 

To add or subtract two similar fractions^ add or subtract, 
respectively, their 7iumerators, and write the sum or difference 
over their common denominator. 

2. Find the sum and difference of — ^ and — ^• 

ia So 

3 X _ 9bx 

Reduce the fractions to a common denominator. 

±M = 2.M. Then, the fractions being similar, we have 
Sb 12ab ^ 

^^ 4a Sb~ 12 ab 12 ab" 12 ab 

{K\ ^ _ ?_^ — 9 bx __ Say __ 9bx — 8 ay 

^^ 4a 4a"l2a6 12a6~ 12a^> 

To add or subtract dissimilar fractions, rediice the fractions 
to similar fractions, and then proceed according to the previous 
rule. 



1. 



f 



? + lV- 2. - + -. 3. -^4--g-. 

5 8 8 7^- -^ 5~ 

„ 3a 2a -26,46 ^ a-6 a-3 

7 11 15 9 8 12 

in 3 , 4 „ 5 3 ^^ a + 3 , a-2 

2a3a 6x 8a; 12x8x 
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Find the following : 

x-^-^ , X— 5 ^ a; — 5 X'\- 6 , x— S 

1. — i : — • 2. — — H 

3 4 4 6 8 

3 6 4 X 6a; 

3a;-y a^-4-2y 8a;-f 3y 

10 8 15 ' 

a + 26 3a-6 2g + 36 

56 66 106 

a^—bc P — ac (^—2 he 

be ac be 



8. -1,-A. + A. 9. -K-^^ * 



x4-l a; + 2 rc-f-S a;4-5 a;-f4 a;-f3 

10 _8 2_ _^ 2:4-3 a:-3 a;24.9 

9-a;2 3_a: 34-2;' ' a:-3 x+3 a?-9 

X + 3 a; + 4 



12. 



a?+5a;4.6 a;2^8a.^i5 



a;4- 2 a; 

13. » t -h 



0^-1 a^^x-2 x-i 
,^ 26 ^3 28 

14. — — - -|- 



a:2-7a:4-12 ^2 _ y ar*- 16 

15. ^-n ^n^p ^ p-^m 

mn np mp 

16. 4±£__1_+ 1 



a:* — 1 a:— 1 T^-k-x-^l 
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MULTIPLICATION AND DIVISION 

lia 1. Howmuchis f + T + f ? 3xf? nxf? 

bob b b 

2. Find, in lowest terms, 3 x -— ; n x -7. In what two 

ob nb 

ways, then, may a fraction be multiplied by an integer ? 

Multiplying the numerator or dividing the denominator of a 
fraction by an integer, multiplies the fraction by the integer, 

119. Since n times - = -j-, then ----*- n = -, 

b b b b 

and since n times -— = -, then - -s- n = -—. In what two 

bn b b bn 

ways, then, may a fraction be divided by an integer ? 

Dividing the numerator or multiplying the denominator of a 
fraction by an integer, divides the fraction by the integer. 

An integer may be written as a fraction by writing 1 

under it for a denominator. Thus, a = - . 

120. One fraction is the reciprocal of another when the 
numerator of either is the denominator of the other. 

Thus, the reciprocal of } is | ; of 8 or }, ] ; of 2} or |, j. 

121. To invert a fraction is to take its reciprocal. 

To multiply a number by - is to take - of the number 
or divide the number by n. 

Thus, 12 a X ^ is J of 12 a, or 12 a ^ 3, which is 4 a. 

Again, - x - is - of -, or - -4- n, which is ~. 
b n n b b bn 

To divide a fraction by an integer, multiply the fraction by the 
reciprocal of the integer. 



1 
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Find the following : 



7. 



9. 



a;3 4. 8 ^ ar + 2 ^^ a»-l g^-gg + l 



a:g-4 x^-2x'-U a:^ - 25 . a^ -}- H a? + 30 

^3 a^g-f 3a: + 2 ^ a:2-f 7a: + 12 
'ar^ + Saj + t) a:2 + 9a: + 20 

a2 + 7a + 12 . a2-5a-24 
a2 + 9 a -f 20 "^ a2 _ 3 ^ _ 40' 

a8_64 ^2- 4 a 4- 16 a- 4 
a3^64 a2 + 4a4-lt) ' a4-4* 

Invert divisor and multiply the three fractions. 

x^—y^a^-^b^ ^ x—y a^ — x^ ^ dhc'\'^ 

' a^^b^ x^-\-y^'^ a^rb ' a^-2 ax-^-a^'^ a^ - x^ ' 

a^--x-12a^--'2x-S ^ a^ -\- x 
a^-9 ar2~2a:-8'*"a: + 2' 

19. — :: ^ :r- X 



2-3^ + ^ c^-a^ t^^cx^-^ 



COMPLEX FRACTIONS 93 

124. Reducing complex to simple fractions. 

A complex fraction is a fraction that has a fraction in 
one or both of its terms. 

3 4 a+ 1 a 

Thus, 77, -=, => r» — r-j> *o<l - are complex fractions. 
357ftc+a £ ^ 

4 8c d 

1. Simplify ^i^. 

This fraction means (3} + 4^) -^ 5}. 

In general, to simplify a complex fraction is to solve a 
problem in division of fractions. 

The shortest way to reduce fractions like the above is 
to multiply both terms (§ 111) by the L. C. M. of the 
denominators of the fractions in both terms. 

Thus, multiplying both terms of the above fraction by 12, the 
L. C. M. of 3, 2, and 4, we have 

^5_t^, which is equal to ?^ or lU. 
69 69 * 

a-f- 6 a — b 

- o. 1.1. a—b a-f-A 
2- Simplify ^ + 1, j- 

a— b a-^-b 

The L. C. M. of the denominators a — b and a + 6 is (a — b)(a-\- b). 
Multiplying both terms of the given fraction by (a — 6) (a + b) 

S^^®^ (a^ + 2ab + b^ ) - (a^^2ab-hb^) 

(a2 + 2 a6 + b^+ («2 -2ab-h b^) 
_ a^ + 2ab + b^^a^ + 2ab- b^ 
"" a^ -\-2ab + b^ + a^ -2 ab + b^ 
^ iab 

2a^-\-2b^ 
_ 2ab 
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Reduce to simple fractions : 

?+^ ?+^ Sx+^ 

' 2 3 „ a b , 2 

3 4 e d * 3 

, 36 2^2 2 , 3 

a + — - + - -i + — 

. 4 aft - ao ae 

3 a i ab ae 

7. £+1. 8. i±i. 

1 1 a 

1 a 

X— 1 a — 1 



9. -. 10. 

a a — b . cy . 6 



6 a4-6 a:— 3 

. 3 40 a;+l,a;-l 
1 _ _.-!- 



11. ^ ^ . 12. X-l-X+1 

1^1 72 a; + l x-1 

£_8 a; + 2 y + 2 

13. _1_£-. 14. y^^ "1^. 

a; 7 . 6 1 1 



^-T+- 



8 4 X y + 2 a;4-2 
a; , 2x + 5 « , <? — 1 
15. -^^ - + ^ . 16. Ll±l 



3 x+2 c+1 



PROBLEMS 95 



FRACTION PROBLEMS 

1. Find the sum of ^ of a dollars and J of (a minus 6) 
dollars. 

2. A and B together own a lot of land. If B owns 

3 

- of it, what part of it does A own ? 

n 

3. Henry paid | of a dollar for a knife and ^ of a dollar 
for a ball. How much more did the knife cost than the ball ? 

4. Find the cost of 6 a; hats, at -— - dollars each. 

ox 

5. A man having n dollars paid out J of it, and then 
\ of the remainder. How much had he left ? 

6. A table costs a dollars, a desk b dollars, and a chair 
^ of the difference between the costs of the table and the 
desk. What was the cost of all ? 

5 

7. If — of a number is 30 a, what is the number ? 

n 

8. A man walked first \ oi a-^h miles and then ^ of 
a — 6 miles. How far did he walk all together ? 

9. How far is it from Lisbon to Trenton, if -4-^ 
miles is \ of the distance ? 

10. What is the cost of a coat, vest, and trousers, if the 
coat costs a dollars, the vest (a — 10) dollars, and the 
trousers | as much as the coat and vest together ? 

11. Express (he — ac-^ ab^ -i- abc as the sum of three 
fractions in their lowest terms. 

X 2 b 

12. Express o "~ q "^ 1 — ^^ * trinomial divided by a 

monomial. 
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13. A boy has x cents. If he spends 6^, and then gives 
his sister J of what he has left, how much will he have ? 

14. There are x trees in an orchard, of which J are 
apple trees, \ of the remainder pear trees, and all the rest 
peach trees. How many peach trees are there? 

15. Ann has x roses and Mary has a; + 5 roses. If 
Mary gives Ann \ of her roses, how many more roses will 
Ann then have than Mary ? 

16. Take the fraction |, and form a new fraction of it 
by adding x to both of its terms. How much greater is 
the new fraction than the old one ? 

17. Take the fraction r, and form a new fraction 

X -1-5 

of it by subtracting 3 from both its terms. How much 
less is the new fraction than the old one ? 

18. A has X dollars and B has y dollars. If A gives B 
J of his money, and B in turn gives A J of his money, 
how much will each have ? 

19. A and B together have $50, of which A has x 
dollars. If A gives J of what he has for a clock, and B 
gives J of what he has for a desk, how much more will the 
clock cost than the desk ? 

20. A man paid $4 each for x sheep. After 20 had 
died he sold J of the number left at $3 each, and the rest 
at tf 7 each. How much did he gain on the whole ? 

21. A father is now x years old, and his son's age is | 
of his father's. What part of the father's age was the 
son's age 15 years ago? 

22. If m hats cost n dollars, how much will x hats cost 
at the same rate ? 
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23. A man paid (rfi — 1) dollars for w -f- 1 pigs. What 
would be the cost, at the same rate, of w 4- 2 pigs ? 

24. A man works n weeks and a boy 6 weeks. If the 
man's wages are d dollars per week and the boy's \ as 
much, how much do both receive for the work ? 

25. A farmer has 60 sheep. If he sells n of them at 

f 5J each, and the remainder at f 6| each, how much will 

he receive for all of them ? 

9 

26. A lady bought a piano for n dollars, paying - dol- 

it 

lars cash, and agreeing to pay the remainder in n — 3 equal 
monthly payments. Find the monthly payment. 

4 

27. If the circumference of a wheel is 1 4- - feet, how 

X 

many times will the wheel revolve in rolling a distance 
of a; feet? 

X 

28. A merchant sold n caps for (rfi — 5 w) dollars. 
How many caps should he sell for (yfi— 25) dollars? 

29. A man had a tract of land containing a; — 4 acres. 

21 
After reserving — acres for himself, he divided the re- 

X 

mainder equally among his a; 4- 3 children. Find the 
number of acres each child received. 

Note. The minute hand of a clock moves 12 times as fast as the 
hour hand. 

30. When it is n minutes after 3 o'clock, n being less 
than 15, how many minute spaces is the hour hand ahead 
of the minute hand? 

31. When it is x minutes after 6 o'clock, x being more 
than 35, how many minute spaces is the minute hand 
ahead of the hour hand ? 

NICHOLSON'S ALG. — 7 
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32. A can do a piece of work in 4 days and B can do 
it in X days. 

(a) What part of the work can both together do in 
1 day? (6) How long will it take both to do the work? 
(a) Id 1 day A can do \ of the work, 

and in 1 day B can do - of the work. 

X 

11 :c4-4 
Then in one day A and B together can do - + - or "^ of the 

work, Ans, 

(6) If the work were divided into 4 x equal parts, A and B together 
could do x + 4 of the parts in one day ; hence they can do the entire 
work in as many days as 2 + 4 is contained times in 4x; that is, 

4 V 
— — - days, Ans, 

a: + 4 

33. Find the answers to problem 32 when x = 12. 
Hint. Substitute 12 for x in the preceding answers. 

34. A can do a piece of work in x days and B can do 
it in n days, (a) What part of the work can A and B 
together do in 1 day ? in 2 days ? in c days ? (6) In how 
many days can they together do the work? 

35. Find the answers to problem 34 when a; = 8, n = 24, 
and c = 4. 

36. A, B, C can do a piece of work in 4 a;, 6 x, 8 a; days, 
respectively, (a) What part of the work can they to- 
gether do in 3 days ? (6) In how many days can they 
together complete the work? 

37. A and B can do a piece of work in 6 a: and 8 x days, 
respectively. What part of the work will be done if A 
works at it 3 days and B 2 days ? 

38. A cistern can be filled by two pipes together in 
X hours, and by one of the pipes in 10 hours. What part 
of the cistern will the other pipe fill in 1 hour? 



V. FRACTIONAL EQUATIONS 
125. Solving fractional equations. 

1. Solve ?4.^±i = ?4.2. 

6 4 3 

Multiply by 12, the L. C. M. of the depominators. 
The result is 2 a: + 3x + 12 = 4x + 24. 

Transpose, 2x + 3ar-4ar = 24-12. 

Reduce, x = 12. 

An equation is cleared of fractions by multiplying both 
members by the L. C. M. of the denominators. 

2. Solve l^±l-.^^Jzl + ii = o. 

4 10 * 

Multiply by 20, 5(2 x + 1) - 2(4a: - 1) + 25 = 0. 

Reduce, lOx + 5-8x + 2+25 = 0. 

Transpose, lOx— 8a; = — 5 — 2 — 25. 

Combine, 2x= — 32. 

Divide by 2, a; = - 16. 

Note that in clearing the equation of fractions the — sign before 
the second fraction changes the sign of 4x from + to — , and the 
sign of - 1 from - to + (§ 28). 

Notes. 1. Instead of encouraging the pupils to say " clearing the 
equation of fractions," let them say " multiplying both members by 
the L.C.M. of the denominators," for this designates the operation 
they are performing and calls for the axiom on which it is based. 

2. Having treated of fractions, we may hereafter consider that 
letters may stand for either integers or fractions. 
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Solve and check : 



X 



1. 2a: + :^=14. 
8 



3. 


4a:-^ = 21. 
2 


5. 


T+r«- 


7. 


*' f=88. 
4 6 


9. 


8 3 



13. f|.l}-|. 
_ _ X 55 — 2 a; 

15. -=— ^ 



a. 2:r-ll = 16 + -. 

5 

6. |a: + 5a:=24-5. 
3 3 

8. 53 — - = 3 a: x, 

6 9 



10. ?a;-f-?a:-15 = 5. 
3 4 6 

12 5a;-5-14-^rr 

14. £±1=3 + ^:::-?. 

3 2 

i« ^ 3 a? . c 

"• r-4" = i2 + ^- 



,„ X 46-3a:- 
"• 5 8— 

19. 3a; -^^^ = 11. 



21. 14 + ^^-?= 15a;. 
4 

23. 12-^ + ^=2 
3 3 

,- 3a; 3a;-2 4 
25. — = - a;. 

4 6 3 



18. £±i_iiif^3^. 



20. 



22. 



3 4 

a;+3 7a;-5 _ 2a; + 3 
2 5 10 ' 

a: — 4 _ X— 1 _ a; — 26 

4 3 5 



24. 3a;-^±^ = 2-^^. 
5 3 

26. £iii+?i:^-£:i2^2 

2 4 3 3 
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Solve : 

2 3 4 10 . 15 

§£ + 2^_? = ^ 4 3 x-2 ^5 x+B 

"43 6 2* "4 3 44' 

, 3a:-l 2a;+l ^ 60-a: 3a;-.'> 3a; 

4 3 14 7 4 

5 ^ 7 3 ^ J^^j 19 

■ 2a; + l Sx+l' ' X 2x Sx iix' 

11a; 



9. 



a;— 1 a;+l a;*— 1 



,« 1 ^ 3 12 

10. - — - + 



a; — 2 a: + 2 a^ — 4 
11. ^+ ' ^' 



12. -K+ ' '^ 



13. 



a;+5 x-4: 7^-{-x-20 

7ar + l 2 a;-3 ^44 
x^Z 3(2:4-3) 15' 



14. :.^=.4^+ 2 



2a:+l 4ir2-l \-2x 

2/2a;-fl\ 3a;-l 



1 2/- 

15. |(-4-2)-?(. 



2 y 3 

16. ^(x + b') + l(2x-V) = \(x + \y 

17. ^(a:_l)-J(43-'5a:)=i(3a:-l). 

18. ^(3a:+l)-KS^-4)=i(38-73;). 

19. a;-|(a;-2) = J(x + 23)-|(10 + x). 
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PROBLEMS 

1. The sum of J and ^ of a certain number is 45. Find 
the number. 

Let X = the number. 

X 1 
Then - = - of the number, 

4 4 

X 1 
and - = - of the number. 

5 5 

Therefore, ?+- = 45. 

4 5 

Multiply by 20, 5 a: + 4 x = 900. 

Whence, a: = 100, Ans. 

Check, -4^ + 4^ = 25 -f 20 = 45. 

2. The sum of J and -^ of a certain number is 65. 
Find the number. 

3. John gave ^ of his money for a hat and ^ of it for a 
pair of shoes. The hat and shoes together cost $7. How 
much had he at first? 

4. The difference between |^ and ^^ of a certain num- 
ber is 7. Find the number. 

5. Find the length of a rope such that 10 ft. more 
than ^ of its length is equal to J of its length. 

6. Ben's age is \ of his mother's age, and the sum of 
their ages is 46 yr. Find their ages. 

7. If to J of a number you add ^ of it, the sum will 
be 5 more than f of the number. Find the number. 

8. After spending J and ^ of my money I had f 14 
left. How much had I at first? 

Hint. What I spent + what I had left = what I had at first. 

9. After spending J, J, and J of my money I had 11.40 
left. How much had I at first ? 
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10. Divide 42 into two parts so that f of the first part 
shall be equal to ^ of the second part. 

Let X = first part, 

then 42 — a: = second part. 

-— = r of first part, 
o o 

and — ^^^— = — of second part. 

2 2 ^ 

2x 42- X 

m ^^ 

• • _ — — ^— — . 

3 2 

Multiply by 6, 4 x = 126 - 3 a:. 

Whence, x = 18, first part, 

42 — 18 = 24, second part. 
Check. 18 + 24 = 42, and f of 18 = i of 24 (12 = 12). 

11. The sum of two numbers is 60, and ^ of the first is 
equal to ^ of the second. Find the numbers. 

12. A boy, on being asked his age, said, " ^ of my age is 
2 yr. more than J of my age." Find his age. 

13. If I multiply a certain number by 8, add 14 to the 
product, divide the ^um by 5, and subtract the number 
itself from the quotient, the remainder is 10. Find the 
number. 

14. What number is that which, if you multiply it by 
3, subtract 8 from the product, divide the remainder by 
5, and add 8 to the quotient, the sum will be the number 
itself? 

15. Walter gave ^ of his money for a pony, -^ of the 
remainder for a jumper, and had $63 left. How much 
had he at first ? 

16. The width of a rectangular field is -^ of its length, 
and the distance around the field is 234 rd. Find the 
length and width of the field. 
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17. A father is now twice as old as his son, and 15 
yr. ago the age of the son was ^ of the age of the father. 
Find their ages. 

I^et X = number of years in son's age, 

then 2x = number of years in father's age. 

a: — 15 = number of years in son's age 15 yr. ago, 
and 2 a: — 15 = number of years in father's age 15 yr. ago. 

... X - 15 = 2£2x-i5} 

7 ^ 

(1) x7, 7x~105 = 4ar-30. 
Whence, x = 25. .•. 25 yr. is son's age. 

2 X = 50. .*. 50 yr. is father's age. 

18. A's age is now ^ of B's age, but 20 years from now 
A's age will be ^ of B's age. Find their ages. 

19. The ages of A and B are now 24 yr. and 42 yr., 
respectively. In how many years will the age of A be 
I of the age of B ? 

20. Twelve years ago a man's age was ^ of what it will 
be in twelve more years. Find his present age. 

21. The sum of two numbers is 60, and the smaller 
is 12 more than ^ of the greater. Find the numbers. 

22. A has $30 and B has f 54. How much must B give 
A so that A shall then have | as much as B will have left ? 

23. A farmer sold some chickens and geese for i20|, 
and there were 20 more chickens than geese. He received 
$^ each for the chickens, and $^ each for the geese. How 
many of each did he sell ? 

24. Two numbers are to each other as 3 to 4. If 5 is 
subtracted from each, the smaller one will be ^ of the 
larger. Find the two numbers. 

Hint. Let 3 x and 4 x represent the numbers. 
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FRACTIONAL EQUATIONS OF TWO UNKNOWN NUMBERS 

. 1. Solve 5 + ^ = 13 and^-|^ = 2fora:andy. 

Multiply the Ist equation by 10, 5 x + 4 y = 130. (3) 

Multiply the 2d equation by 10, 8 a: - 3 y = 20. (4) 

Now solve (3) and (4) as on page 41. 

a: = 10, y = 20. 

First clear the equations of fractions, and then proceed according 
to the rules heretofore given. 

Solve the following : 



1. { 



^ + ^ = 8, 

2 3 ' 

3 2 



2. { 



X y 2, 

1-1 = 1 
X y Q 



3. < 



f 3 5^^ 
X y 16' 

X y 25 



4. { 



2 4 
4 8 



= 8, 



= 2. 



5. 



X 



4 6 
3 8 



7 

2' 

1 



6. 



x + S ^5 

y + S 6' 

a;-3 _2 
[y-S $' 



7. < 



2 3 

3 4 



7, 



= 6. 



8. 



X 



4 



±-2 = 5, 



X 

4 



2 
6 



?-2 = 4. 



9. 



7 6 



= 7, 



X 

3 



4 






10. < 



5a; 
14 



X 

8' 



6 

7' 

1 



11. K 



z+Zy-2 iy-x+S 

3 5 

3a;-y + 5 _ 2a;+5y + 3 

10 12 
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PROBLEMS 

1. A certain fraction is equal to |, and if 2 is added 
to each of its terms, it will then be equal to ^. Find the 
fraction. 

Let X = the numerator, y = the denominator. Then - = the frac- 

tion. Hence, - = -, and — -5-— = -:. Let the student solve these 

, . y 4 w + 2 5 

equations. ^ ^ 

2. The sum of two fractions is | and their difiference is 
J. Find the fractions if their denominators are 9 and 30. 

3. What fraction is that in which if the numerator is 
doubled and the denominator increased by 7, the value 
becomes ^; but if the denominator is doubled and the 
numerator is increased by 2, the value becomes J ? 

4. The sum of two numbers is 51, and if the greater is 
divided by the less, the quotient will be 5 and the re- 
mainder 3. Find the numbers. 

5. A father is now 24 yr. older than his son, and 6 
years hence the age of the son will be | of the age of the 
father. Find their present ages. 

6. A and B together have $200. If A gives B $10, 
then ^Y of A's money will be equal to ^ of B's. How 
much money has each ? 

7. A and B together can do a piece of work in 3 da. 
They can also do the work if A works 2 da. and B 6 da. 
Find the time it would take each alone to do the work. 

8. A and B together can do a piece of work in 6 da., 
and i of the work will be done if A works at it 1 da. 
and B 3 da. Find the time it will take each to do 
the work. 
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9. Five dry quarts and 10 liquid quarts equal 
15 liters, and 7 dry quarts and 4 liquid quarts equal 
11^ liters. How many liters are there in a dry quart, 
and how many in a liquid quart? 

10. The admission to an entertainment was f J for 
adults and f J for children. If the proceeds from 100 
tickets amounted to $40|, how many tickets of each kind 
were sold? 

11. A boy bought 55 oranges, some at 8 for 35 ^, and 
the remainder at 6 for 25^, and the cost of all was $2.35. 
How many oranges of each price did he buy ? 

12. The circumference of the hind wheel of a wagon 
is 55 in. more than that of the fore wheel, and the 
former makes as many revolutions in rolling 315 ft. as 
the latter does in rolling 238 ft. Find the number of 
inches in the circumference of each wheel. 

13. A and B can do a piece of work in 4 da., and they 
can also do the work if A works 3 da. and B 8 da. 
In what time can each alone do the work ? 

14. A grocer has two kinds of sugar, one worth 5^ and 
the other worth 6 ^ a pound. How rtiany pounds of each 
kind must be taken to form a mixture of 100 lb. worth 
5| ^ a pound ? 

15. A grocer bought a lot of corn at fj per bushel, 
and a lot of oats at $^ per bushel, paying f 64 for the 
whole. After reserving 10 bu. oats and 20 bu. corn for 
his own use, he sold the remainder of the oats at f | per 
bushel, and the remainder of the corn at $| per bushel, 
and received for both $76^. How many bushels of each 
did he buy ? 
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LITERAL EQUATIONS 

127. Literal equations are equations in which some or 
all of the given numbers are represented by letters. 
Find the value of z in ax — c = bx -{- d. 

Transpose, ax — bx = c -\- d. 

Factor, (a — b) x = c -\- d. 

Divide by a — ft, x = £-l!_ , Ans, 

a — b 

Solve : 
1. 2 2; =6 a. 2. cx = b<?, 3. nx = an-\-bn. 

4. 6 a: = 4 <?. 5. a^x = na^. 6. box =^ ab — be, 

7. (w + l)a^= w^ — 1. 8. a;4-aa:= 1 — 3a — 4^2. 

9. (a + J)a; = a2- J2, 10. ex- 5x= <^-^c-lQ. 



11. ax—b^^a^—bx, 12. aa; — 3 a = a^ -|-*2 a; — 14. 

13. ax-\-b^ = bx-\- a^, 14. aa; — 6a:=m — 2a:+ 3m. 

ax , e bx d 

15. -rr + -^-7: . 

2 3 3 4 

_ ^ X X . X 8 

17. T + - = 



a b e abc 



16. 


, e n w — 2 

a -f- = . 




XX X 


18. 


5x ax b c—b 
3 4 8 6 



19. aa;-2a: = a8-2a2 + 3a-6. 

20. oa: -f- 3 a; = a3 ^ g ^2 ^ 11 ^ _|^ 6. 

21. 5(?a?-f-l -a; =^ (9-23 6* + 15^2). 



22. abx --- e — ah, 23, p •\-ptx = a. 

^^ a: a; a; ^ ^_ 6 

24. _-j--4--r=l. 25. a = (?. 

a b e 1 — X 

n— ex «»2: — 2,a; + 3^ 

26. a — - = w. 27. = — = 1 

2 a b 
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128. Solving an equation for any letter it contains. 

In equations like x=a^'-6ab and y = n^'\- rn?^ the value 
of X is said to be expressed in term% of a and b; and of y, 
in termB of n and r. 

To solve an equation for any letter (or number) it may 
contain is to express the value of that letter in terms of 
all the other letters in the equation. 

cj 1 3 4- w 2 — ma ^ r 
Solve — — = 1 for a, 

5 4 

Multiply by 20, 12 + 4 n - 10 + 5 ma = 20. 

Reduce, 4 n + 5 ma = X8. 

Transpose, 5 ma = 1 8 — 4 n. 

Divide by 5 m, a = — ^^^^ — ^, Ans. 

5m 

After clearing of fractions and reducing, all terms must be trans- 
posed to the second member except the one which contains the letter 
whose value is required. 

Solve the following for the letters designated : 
1. 3a: + 5y = 12 for a;. 2. 9a;-f 7y = 25 for y. 

3. 4w-3n = 10forw. 4. 7a - 26 = 16 for J. 

5. — + — = a for X. ®' "c f- = o for y. 

7. 2 = — - — ■ — for c. 8. — - — = — - — for c. 

2-hc 3 4 

9. i- = 10 for b. 

2 3 

10. — ■ 1 = — T tor a^. 

a — n a-\-n c^ — r? 

3 3 
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' ELIMINATION BY COMPARISON 

). The equations 5 a; + 4 y = 7, (1) 

2a;-8y = 12 (2) 

were solved on page 41 by addition and subtraction. 

We will now solve them by another method called elimi- 
nation by comparison. 



Solve (1) for a:, 
Solve (2) for x, 

Equate these values of x, 

Solve (5) for y, 

Substitute — 2 for y in (1), 

In like manner solve : 

a; + 5 y = 11, 

3a;4-2y = 7. 

8 a; - 15 y = 36, 
21a;-20y = 172. 

'7a: 4- 11^ = 68, 
. 9 a; - 4 y = 33. 

15a: + 7y = 29, 
9a;+15y = 39. 



3. 



5. 



7. 



9. 



— **, 

X 



8 

X 



y 

15 

y 



9 
2 



11. 



2 a; + 6^ = (?, 
aa; + 3 y = (i. 



7-4y 
X = *t- 

5 
^_12 + 3y 
^ = — 2 • 

7-4y ^ l2-f 3y 
5 2 

y = - 2. 
a: = 3. 



(3) 
(4) 
(5) 



2. 



4. 



6. 



8. 



f2a:-3y=-5, 



100. 



10. 



5 a; + 2 y = 54. 

' 6 a; + 7 y = 44, 
.2a;-55y=- 

7a:-2y = l, 
3 a; + 5 y = 59. 

12 a: 4- 15^ = 126, 
.18a:+5y=84. 

5^_6^_31 
12* 



3a; 



y 



3 5 ^n 

a; 4y 8 



12. 



I aa; 4- Jy = 2 a, 

I cN> — Ifiy = a^ -f h^. 
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FORMULAS 

130. A formula is a rule expressed in algebraic symbols. 
- Formulas arise iu solving general problems ; that is, 
problems in which the known numbers are represented by 
letters. The answer to a problem of this character is a 
formula, and the interpretation of the formula is a rule by 
which all numerical problems of that kind may be solved. 

DISTANCE, TIME, AND RATE 

13L A body moving at the rate of r feet per second 
for t seconds goes d feet. Find d in terms of r and t. 

Since the body moves r feet in 1 second, in t seconds it will go t 
times r, or <r feet. 

But in t seconds the body goes d feet. 

.-. d=ir. (1) 

The interpretation of this formula is : 

The distance is equal to the rate multiplied by the time. 

Note. By distance in these formulas is meant the number of units 
of length in the distance, by time the number of units of time, and by 
rate the number of units of length passed over in a unit of time. 
The student should remember that every letter represents merely a 
number. 

Solve (1) for ^, and give its interpretation. 

Ans. i = -; time equals distance divided by rate. 

Solve (1) for r, and give its interpretation. 
Solve the following by the preceding formulas : 

1. How far will a horse walk in 4|^ hr. at the rate of 
6 mi. per hour ? 

2. In how many minutes will a bicyclist go 5280 yd. 
at the rate of 352 yd. per minute ? 

3. A train ran 147 mi. in 3J hr. Find its average rate. 



112 FRACTIONAL EQUATIONS 

Note. The formulas on the preceding page are to be employed in 
the solutions of the following problems. 

1. A starts from Atlanta and rides toward Savannah 
at the rate of 7 mi. per hour. Four hours afterwards 
B starts from the same place and follows the same road 
at the rate of 9 mi. per hour. How far from Atlanta 
will he overtake A ? 

Let X = the number of hours A travels. 

Then a: — 4 = the number of hours B travels, 

7 X = the number of miles A travels, § 131, 
and 9 (a: — 4) = the number of miles B travels, § 131. 

Distance traveled by A = distance traveled by B. 

.'.7x= 9 (a: -4), 
or 7ar = 9ar--36. 

.*. X = 18, the number of hours A travels. 
7 X 18 = 126, the number of miles A travels, Ans, 

2. A bicyclist who travels 8 mi. an hour is followed, 
after 3 hr., by a second bicyclist, who travels 12 mi. an 
hour. In how many hours will the second bicyclist over- 
take the first? 

3. A man walked from the base to the top of a moun- 
tain and then back the same way to the base in 6 hours. 
In going up his rate was IJ mi. per hour and in return- 
ing, 3 mi. per hour. How far was it to the top of the 
mountain? 

4. A train, whose rate is 30 mi. per hour, takes 1 hr. 
less time to run a certain distance than a train whose rate 
is 25 mi. per hour. Find the distance. 

5. A leaves Jackson for Clinton the same time that B 
leaves Clinton for Jackson. In how many hours will they 
meet, if A could travel the whole distance in 12 hr. and 
B could travel the whole distance in 8 hr. ? 
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HANDS OF A CLOCK 

Note. The following problems are solved by the formulas on 
page 111. Remember that the minute hand of a clock moves 12 
times as fast as the hour hand. 

In what follows, ^^ spaces " mean minute spaces. 

1. Find the time between 3 and 4 o'clock when the 
hands are together. 

At 3 o'clock the hour hand is 15 spaces ahead of the minute hand, 
and therefore has 15 spaces less to go. 

Let X = the number of spaces the minute hand goes over. 

Then x - 15 = the number of spaces the hour hand goes over. 
.-. 12(a:-15)=a:. 

.•. X = 16^. 
Hence, the time is 16]^ min. past 3 o'clock, or 3 : 16^. 

2. Find the time between 6 and 7 o'clock when the 
hands of a clock are together. 

3. Find the time between 4 and 5 o'clock when the 
hands of a clock point in opposite directions. 

Hint. The hour hand has 20 -f 30 spaces less to go than the min- 
ute hand. 

4. Find the time between 5 and 5: 30 o'clock when the 
hands of a clock will be perpendicular to each other. 

Hint. The hour hand has 25 — 15 spaces less to go than the min- 
ute hand. 

5. Find the time between 5: 30 and 6 o'clock when the 
hands of a clock will be perpendicular to each other. 

6. Find the time between 9 and 10 o'clock when the 
hands of a clock point in opposite directions. 

7. It is now between 10 and 11 o'clock, and the hands 
of a clock are perpendicular to each other. What time 
is it? 

Nicholson's alo. — 8 
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SUM AND DIFFERENCE 

132. The sum of two numbers is 8 and their difference 

is d. Find the numbers. 

Let X = the greater number, 

and y = the smaller number. 

Then x + y = .s (1) 

and X — y = d. (2) 

(l)+(2), 2x = s + d. (3) 

(l)-(2) 2y = s-d, (5) 

(5)-^2, / = ^- W 

Formulas (4) and (6), being true for whatever numbers 
8 and d stand for, are algebraic expressions of general 
rules for finding two numbers when their sum and differ- 
ence are known. They may be interpreted thus : 

To find the grecUer number, add the difference and sum and 
take half of the result. 

To find the smxiUer number, subtract the difference from the 
sum a7id take half of the result. 

Solve the following by the above formulas : 

1. The sum of two numbers is 43 and their difference 
is 17. Find the numbers, and verify them. 

2. James and John together have 215 apples and James 
has 27 more than John. How many has each ? 

3. In an election 30,275 votes were polled for two 
candidates A and B, and B was elected by a majority of 
597 votes. How many votes did each receive ? 

4. Find d in terms of 8 and a;, and interpret the result. 
Hint. Solve (4) for d. 



VI. POWERS AND ROOTS 

POWERS 

133. The product of equal numbers is a power of one 
of the equal numbers, § 66. 

134. A power is indicated by an exponent, § 66. 

Thus, 52 = 5 X 5 = 25, is the square or second power of 5. 
Again, 5^ = 5x5x5 = 125, is the cube or third power of 5. 

135. Finding the powers of monomials. 

Find the value of (- 2 a2j)3. of (- 2 My. 

(a) -2a%x-2a2&x-2a2j = -8a«5«. 

(6) -2 a26 X -2a26 X - 2a% X - 2a26 = + 16 ^8^4. 

Maise the numerical coefficient to the required poioer; multiply 
the exponent of each literal factor by the exponent of the power to 
which it is to he raised. 

All powers of a positive number are positive. 

All even powers of a negative number are positive, and all odd 
powers are negative. 

Find the values of : 
1. C^xt/y. 2. (-2a?y)4. 3. (-2a3J2)7. 

4. i5a^i/y. 5. (^-2a?i/y. 6. (^-^(^a^y. 

7. (jnMxy, 8. (- a26V)6. 9. (^^xy^y^. 

,r. /2a^\8 2a;2^2a:2 2^_^^ 

10. ( - — - J • 7r~it ^ ;r~5 ^ 



(: 



Zf) 3/ %f 3y8 21y^ 

To raise a fraction to a power, raise both terms to the required 
power. 



• [5^)' '^- [t£)' ^^- [--27)' 



11 

116 
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SQUARE ROOT 

136. The square root of an integer is one of the two 
equal factors of the integer. 

Name the square roots of the following : 

1, 4, 9, 16, 26, 36, 49, 64, 81, 100, 121, 144. 

137. A perfect square is a number that is the product 
of two equal integers or fractions ; and an imperfect 
square is a number that is not the product of two equal 
integers or fractious. 

Roots are indicated by the radical sign, V» ^ which the 
vinculum is att&ched, V", to show how far the effect 
extends. For all roots except square roots, a small figure, 
called the index, is written in the opening, to indicate the 
particular root to be extracted. 

Thus, V16 a*62, v'^T'^s, v^16 a^b% Vm^, etc. 

138. Finding the square roots of monomials. 

Find the square root of 49 cfib^j^, 

V49 = 7, V^ = a*, y/¥ = 6», >/^ = x. .-. V49 a^^x^ = 7 a*6»x. 

Extract the square root of the coefficient^ and divide the expo- 
nent of each literal factor by 2. 

Find the values of : 
1. V25a\ 2. V49 a*6V. 3. VUUfib^. 



4. V36T8. 5. VlUnY^' 6. VlOOc^^d^Y- 

7. Vm^. 8. V?n%iV. 9. Vl69l?V%*. 

10. Va2 (« -f xy. 11. V4 (a — xy^x -f t/y. 

12. V9(a-c)«. 13. Va2(w + a)8(a:-2/)2. 

14. ^n\x — yy. 15. -y/^Cx + ay^x—ay^. 
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139. Extracting the square roots of polynomials. 

Since the square of ^ -f o = t^ + 2 ^o-f-o^ (§ 79), the square- 
root oi fi + 2to-{-o^ is t-{- 0. 

Now we wish to determine how t + o may be found when 
t^-\'2to+o^ is known, whatever may be the values of t and o. 

t^+2to ■}■ 0^ I t + Evidently, the first term, /, of the root 

<^ is the square root of the first term, ^^ of 

2t -\-o 2to-\-o^ the given number. 

2to + o^ Subtracting t^ from the given number 

leaves the remainder, 2to -\-o^=(2t +o)o. 
Now 2 t, the doMe of the part of the root already found, is called the 
trial divisor. Dividing the first term of the remainder, 2 to, by the trial 
divisor, gives the quotient o, the second term of the root. Annexing 
or adding o to the trial divisor gives 2t-\-o, which is called the com- 
plete divisor, 'i'he product of 2 / + o by o = 2 to + o^^ which exhausts 
the remainder. 

Find the square root of 16 a? — 40 xy + 25 y^. 

16 x2 - 40a;y + 25 y^ | 4x-5y 
16x2 



Sx -5y 



-iOxy-\- 25 y^ 
- 40 xy + 25 y« 



In this example 4 x and —5y correspond to t and o in the typical 
example given above. 

The square root of the first term is 4 x, which is the first term of 
the root. The square of 4 a; subtracted from the given number leaves 
the remainder, — 40 xy + 25 y^. 

The double of 4x is 8 x, which is the trial divisor. Dividing— 40 xy by 
8 X gives the quotient, — 5 y, which is the second term of the square root. 

Annexing this new term, — 5y, to the trial divisor gives the com- 
plete divisor, 8 x — 5 y, which, when multiplied by — 5y, exhausts the 
remainder. 

Find the square roots of : 

1. 25 a;2 + 20 a:^/ -f 4 2/2. 2. 9 a2- 24 a6 + 16 52. 

3. 36a2-24aJ4-4 62. 4. a^x^ - ^ axby -\- i b^y\ 



118 POWERS AND ROOTS 

Find the square roots of : 
' 1. 2^5- 6x^4- 9y2. 2. a^-10acx'\-25c^. 

3. a^+SaJ-f 16 62. 4. IQar^-^^Oah^-h 25aK 

5. a?-12ca; + 36c2. e. 36 6* - 84 J^w + 49 w^. 

7. a* + 16 a2tf + 64 c2. s. 9 + 72 c^n + 144 <?*w2. 

9. a» - 10 aV + 25 (?*. 10. 169aV- 26aa^«+ 1. 

The same method will apply to numbers of more than three terms 
if the trial divisor is obtained at each stage of the process by doubling 
the part of the root already found for a trial divisor, and annexing 
or adding the new term of the root to the trial divisor for a complete 
divisor. 

11. Find the square root of 

4a*-12a36 + 29a2j2_30a68-f 256*. 

4a* - 12a% + 29a^^ - 30a^>« + 256* | 2a^-Sab+6b^ 
4 a* 



4aa-3a^» 



- 12 a% + 29 a^ 
-12a86+ 9a262 



4a2-6a6 + 562 



20 a%^ - 30 ab^ + 25 6* 
20 a262 - 30 a/;» + 25 6* 



The first two terms of the root are found as in the previous ex- 
amples. 

We now treat 2 a^ — 3 a6 as the first term of the root, and double it 
to obtain the next trial divisor, 4 a^ — 6 a6. Dividing the first term 
of the remainder, 20 a%^, by the first term of this new trial divisor, 
gives the third term of the root, 5 6^. Annexing + 5 6^ to the trial 
divisor already found, gives the new complete divisor, 4 a^— 6 aft + 5 6^. 
This, when multiplied by 5 b^, gives the product, 20 a^^- 30 a6«+ 25 b\ 
which subtracted from the last remainder leaves zero. Therefore, 
the square root required is 2 a^.— 3 aft + 5 ft^. 

If there were other terms, we should continue in like manner until 
all the terms of the root were found. 
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Find the square roots of : 

1. 4ic* + 4ic3 + 5a;2 4-2a; + l. 

3. 4y4-16^-f 2O2/2-82/ + I. 

4. 16a*-16a8-12a2-f 8a4-4. 

6. 9a^-2ia^-\-28x^-16x + 4. 

7. w6 + 4w^ + 4n*-f 2n34-4w2 + l. 

8. 9 a8 4- 30 a^a; + a4ic2 - 40 a2a;3 ^ 16 a;4. 

9. Sx^-2x^-x^-\-2x + l-]-x^. 

Arrange according to the descending powers of x. 

a;6 _ 2 x6 + 3 X* + 0a;8 - a;2 + 2 a: 4- 1 |a:8 - a:2 + X + 1 



x^ 



2x^-x^ 



- 2 a:« + 3 x* 

- 2 a:6 + x^ 



2x^-2x^-\- X 



2 X* + x8 - x2 

2 X* - 2 x» + x2 



2x«-2xa + 2x + l 



2x8-2x2+2x4-1 
2x«-2x-^+ 2x + l 



10. 4a^-f 17a:2_22a^-f 13a:4_24a;-4a:fi4-16. 

11. 12a2-4a-f 48a* + l-64aS-f 64a6-4a-32a8. 

12. 1 - 4 a; + 10 a;2 - 20 irs _|. 25 a:* - 24 ic^ 4- 16 2:6. 
a:2 -f 4 a; + 4 



13. 



a2_6a + 9 



4l 



14. 



15. 



/ xM- 4 X 4- 4 _ Vx^ 4-4x + 4 _ x + 2 
a2 - 6 a 4- 9 Va^ _ 6 a 4- 9 « - ^ 

a^ + 2a:34.3a;2 4.2a; + l 
a:* + 4 rr3 4. 6 a;2 + 4 a; + 1 
a^ -- 2 a;2y -f 2 a:2g2 _ 2 yg2 •+ y2 4, g4 
a;2 + 2a;y + y2_-2a?— 2t/ + l 
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140. Finding the square roots of arithmetical numbers. 

To extract the square root of an arithmetical num- 
ber we first determine how many digits or figures there 
will be in the root, and what the first digit will be, which 
we can do by inspection as follows. Note that each 
number is divided into periods of two figures each, begin- 
ning at the right. 

Since 729 lies between 400 and 900, its square root lies between 
20 and 30. Hence, there are two figures in the square root of 7'29, 
and the first figure, 2, is the square root of the greatest square con- 
tained in the first period, 7. 

Since 403,225 lies between 360,000 and 490,000, its square root lies 
between 600 and 700. Hence, there are three figures in the square 
root of 40'32'25, and the first figure, 6, is the square root of the 
greatest square contained in the first period, 40. 

Compare the number of periods in the following squares 
and the number of figures in the square roots : 



Number 

1 


Boot 
1 


Number 

I'OO 


Root 

10 


Number 

I'OO'OO 


Root 
100 


81 


9 


98' 01 


99 


99'80'01 


999 



There are as many figures in the square root of a perfect 
square as there are ^-figure periods in the number. 

The first figure of the root is the square root of the greatest 
square contained in the left-hand period. 

Note. The left-hand period may consist of only one figure. 

Give the first figure, and the number of figures in the 
square roots of : 

1. 6'25. 2. 5'76. 3. 30'25. 

4. 51'84. 5. 45'15'84. 6. 84'27'24. 

7. 1'76'89. 8. 17'30'56'00. 9. 52'27'29'00. 
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Find the square root of 6' 76. 

As there are two periods in 6' 76, there will be two 
figures in the square root of 676, and the tens' figure will 
be 2. 

Denoting the tens of the root, 20, by t and the ones by 

0, we have (^ + oy=fi-{- 2to -ho^= 676. 

Hence, the following operation is like the typical one 
given on page 117. t + o 

676 120 + 6 
400 
Trial divisor, 2 f = 40 2 76 

o = _6 
Complete divisor, 2t + o = 46 12 76 

Therefore, the square root of 676 = 20 + 6 = 26. 

In like manner find the square roots of : 

1. 256. 2. 1024. 3. 2916. 

4. 324. 5. 1296. 6. 7225. 

7. 625. 8. 2209. 9. 9216. 

Note. When some familiarity with the above process has been 
gained, the unnecessary ciphers may be omitted, as shown below in 
extracting the square roots of 3025 and 8649. 

30'25[55 86'49[93 

25 81 

105 



5 25 183 

5 25 



5 49 
5 49 



Find the square roots of : 

10. 6241. 11. 6561. 12. 5329, 

13. 4356. 14. 2916. 15. 9025. 

The square roots of larger numbers may be found in like manner 
by regarding, at any stage of the process, the part of the root already 
found as tens and the figure sought as ones. 
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Extract the square roots of 132,496 and 965.9664. 

13'24'96 |_364 9'65.96'64 | 31.08 

9 9 

66 



4 24 
3 96 



724 



28 96 
28 96 



61 " 


65 
61 


6208 


4 96 64 
4 96 64 



Notes. 1: Decimals are pointed off into periods by beginning with 
tenths and passing to the right, annexing a cipher if necessary to com- 
plete a whole number of decimal periods. 

2. If any dividend is less than the divisor, write a in the root, and 
also on the right of the divisor, and annex the next period to the 
dividend for a new dividend. 

3. If there is a remainder after all the periods have been used, 
annex periods of decimal 0*s, and extend the work to any desired 
degree of exactness. 

4. To find the square root of a fraction whose terms are perfect 
squares, extract the square roots of the numerator and denominator 
for the terms of the required root ; if the terms are not perfect squares, 
reduce the fraction to a decimal, and then extract. the square root. 

Find the square roots of : 



i. 15,625. 

4. 59,049. 

7. 46,656. 

10. 20,164. 

•13. 52,441. 

16. 18,769. 

19. 17,424. 

22. 20,449. 

Find the value of : 

25. V2. 26. V|. 

29. V3. 30. Vf. 



2. 522,729. 

5. 297,025. 

8. 117,649. 

11. 390,625. 

14. 537,289. 

17. 328,329. 

20. 315,844. 

23. 667,489. 



3. 


5,764,801. 


6. 


.000729. 


9. 


170.0416. 


12. 


7,728,400. 


15. 


.00021025. 


18. 


.00459684. 


21. 


36.8449. 


24. 


.00002209. 



27. VT442J. 



28. 



31. V2500^. 



V85,059|. 
32. V4900^9_. 



J 



VII. QUADRATIC EQUATIONS 
DEFINITIONS 

141. A quadratic equation of one unknown number is 
an equation of the form a? -{-m = (a pure quadratic) or 
Q!? + nx + r = (an affected quadratic), or one which may 
be reduced to one of these forms, /w, w, and r being known 
numbers and x an unknown number. 

Thus, a:^ — 9 = is a pure quadratic ; so also is (x + 4) (x — 4) = 0, 
since it may be reduced to a;^ — 16 = 0. 

Again, a:^ — 6 a: -f 7 = is an affected quadratic ; so also is (x + 7) 
(a; — 4) = 0, since it may be reduced to a:^ + 3 a: — 28 = 0. 

A pure quadratic in its simplest form has only two terms, one 
being the second power of the unknown number and the other a 
known number. 

An affected qus^ratie in its simplest form has only three terms, 
viz. : the second power of the unknown number, the first power of the 
unknown number multiplied by a known number, and a known 
number. 

142. A root of a quadratic equation is the number 
which when substituted for the unknown number will 
satisfy the equation. 

143. To solve a quadratic equation is to find its roots. 

144. Solving quadratic equations that are already fac- 
tored. 

Solve (a:-3)(a: + 5) = 0. 

(a) If a: — 3 = 0, the equation will be satisfied. .*. a: = 3. 

(b) If a: + 5 = 0, the equation will be satisfied. .•. a: = — 5. 
Proof. Substitute 3 for x, (3 - 3) (3 + 5) = x 8 = 0. 
Substitute - 5 for a:, (- 5 - 3)(- 5+ 5) = -8x0 = 0. 

123 
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Solve and verify the following: 

1. (a:4- 2)(ic-2) = 0. 

3. (a: — 5)(a;4-5) = 0. 

5. (a; 4- 8)(2: - 8) = 0. 

7. (a;-9)(a; + 9) = 0. 

9. (a:-l)(2:4-l) = 0. 

11. (a:-f a)(a;--a) =0. 12. (a: -f c) (a: — a) = 0. 

13. (x — n)(a:4- w) = 0. 14. (a:4- a)(a: + 6) = 0. 

15. (x-'C)(x-^c)=0. 16. (ar — w)(a:-f r) = 0. 

17. (ar-f 6)(ar-6) =0. 18. (a; — d)(aj — e) = 0. 



2. 


(a:-8)(a;4-3) = 0. 


4. 


(a;-5)(a:-5) = 0. 


6. 


(a; + 9)(a:-4) = 0. 


8. 


(x + 5)(a; + 7) = 0. 


10. 


(a;-8)(a: + 5) = 0. 



19. (2a:-5)(2a:-h5) = 0. 20. (8a;+ 2)(2 a; - 3) = 0. 

21. (2a:-hl)(2a;-l) = 0. 22. (6 a;- 3)(4a: + 2) = 0. 

23. (6a:4-4)(6a:-4) = 0. 24. (3a:+'4)(4a:- 3) = 0. 

25. (6a:-3)(5a;-h3) = 0. 26. (4a;- 6)(6a?- 5) = 0. 

In like manner, any equation may be solved when it 
is expressed in terms of its factors, and there will be as 
many roots as there are factors of the first degree. 

27. (ar-l)(a;-2)(a:-3) = 0. 

28. (a: + 5)(a:-4)(a:4-2) = 0. 

29. (ar-3)(a;4-3)(a:-6) = 0. 

30. (3a:-2)(2a:4-3)(a:-f 8) = 0. 

31. (4a;-8)(6a:+2)(8a:-12) = 0. 

32. (a:4-5)(2a:-3)(a;-9)(5a;-f 6) = 0. 

33. (a:-4)(a: + 4)(3a: + G)(7a:-8) = 0. 
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145. Solving quadratics by factoring. 

Solve ir2 __ 64 = and a:' - 3a; - 40 = 0. 

a:2 - 64 = (a: + S)(x - 8). x^ - 3 x - iO = (x - S)(x + 5). 

a: + 8 = 0. ,'. X = — S, x — 8 = 0. .•. a: = 8. 

a: — 8 = 0. .•. ar =• + 8, a; + 5 = 0.^ .•. a; = — 5. 

Solve: 

1. 2^2 _ 16 = 0. 2. x^-^2x-^S5 = 0. 

3. r^- 81 = 0. 4. a:2_ 8a; -f- 15 = 0. 

5. x2- 121 = 0. 6. a^2 + 9a; + 18 = 0. 

7. x2-49a2 = 0. 8. a;2_4a:- 45 = 0. 

9. a:2 _ 64 w* = 0. 10. ^2 ^ 7 a; _ 60 = 0. 



11. 4a;2-25a2 = 0. 12. r^ _ 3^^; - 70a2 = 0. 

13. 9x2-16^2 = 0. 14. ix^'\-4:bx-mP = 0. 

15. 25ir2_^2=o. 16. a;2- 8ca; -f 12(?2=0. 

17. 144a;2_i^o. 18. x^-\- 9dx -^20(P=0. 

19. 81 r^ - a2 ^ 0. 20. a?-mx -72m^=0. 

Any equation that can be expressed in terms of its 
simple factors may be solved in this manner. 

21. a;3-|.2a^2- 9a:- 18 = 0. 

aH» + 2a;« - 9ar - 18 = x^(x + 2)- d(x + 2) 

= (a:2~9)(x + 2) 

= (a: + 3)(x-3)(a: + 2) 
x + 3 = 0, a:--3 = 0, x + 2=0. .-. a:=:-3, a;=+3, a:=-2. 

22. a:8 - 3 a? - a: -f 3 = 0. 

23. a:8 + 5a:2_ 16a;- 80 = 0. 

24. 2a;8- 7a^2- 8a;+ 28 = 0. 
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146. The general solution of quadratic equations de- 
pends on extracting the square roots of numbers. Hence, 
the following facts about square roots should be carefully 
noted: 

(a) The square root of a number has the sign ± . 

This sign means " + or — ," or " -{- and — ," and is so 
read. 

Thus, the square root of 16 is ± 4, because + 4 x + 4 = 16 and 

- 4 X - 4 = 16. 

(6) The square root of an imperfect square cannot he found 
exactly. 

Thus, y/2 lies between 1.4142 and 1.4143 and also between — 1.4142 
and - 1.4143. 

It can, however, be determined approximately to any 
required degree of accuracy. 

(c) A negative number has no square root. 

Thus, — 25 has no square root, because + 5 x + 5 = + 25, and 

— 5 X — 5 = + 25. No sign multiplied by itself gives — . 

The indicated square root of a negative number is called 
an imaginary number. 

Thus, V— 9, V— 7, V— a, are imaginary numbers. 

(d) The square roots of the members of an equation are equal 
to each other. 



Thus, if 4x2 _ 36^ then VfF = V36, or 2a: = ± 6. 
Again, if (a: + 2)2 = a^ - 2 a6 + h% 

then V(x + 2)2 = Va2 _ 2ah-\-h'^\ 

that is, a: + 2 = ± (a — ft), 

which means x -\- 2 = ■}- a — b 

and a:-t-2= — a + ft. 
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147. Solving pure quadratic equations. 

Solve the equation 2Qfl — ^ = '^-{-l. 



f.2 



Given equation, 2a:2 — 8 = — + 7. (1) 

3 

Multiply (1) by 3, 6 ar^ - 24 = a:^ + 21. (2) 

Transpose, 6 ar^ - a:2 = 24 + 21. (3) 

Reduce (3), . 5 ar^ = 45. (4) 

Divide (4) by 5, x^ = 9. 

Extract the square root, a; = ± 3. 

Find both values of a; in : 

.1. a? + 7 = 23. 2. 5a^-2 = 2a?+25. 

3. a^-5 = U. 4. 2x^ + 27==S2-Sa^. 

5. r24-75=4a^«. 6. x(i2x -8)=x^ -8x-{^9. 

7. 7r2-24 = a;2. 8. (a; + 3)(a;-3) = 72. 

9. ^±2 + 16 = ^. 10. ^ = -li-. 

8 7 a; + 3 

11. a?— 9 = 71^—6 w. 12. (a: — a)(ic-f a) = <?2^2a(?. 

13. The product of the third by the fourth of a num- 
ber is 108. Find the number. 

14. When a certain number is divided by 5, the quo- 
tient is the same as the quotient of 20 by the number. 
Find the number. 

15. Two numbers are to each other as 3 to 4, and the 
difference of their squares is 63. Find the numbers. 

Hint. Let 3 x and 4 x represent the numbers. 

16. Two numbers are to each other as 2 to 3, and their 
product is 150. Find the numbers. 

17. Two numbers are to each other as 5 to 12, and the 
sum of their squares is 676. * Find the numbers. 
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148. Completing the square. 

Find the square root of a? — 10 a: + 25. 
Is a? + 8 a; + 16 a perfect square ? 

What" number must be added to a^-{-12x to form a 
square? Complete the square, a:^ — 16 a; -f ( ). 

Completing the square is adding such a number to a 
binomial of the form a? -f mx as will make the trinomial 
thus formed a perfect square. 

Complete the square a:^ + 20 a; + ( ). 

According to § 96 the number to be added is the square of half the 
coefficient of x. Hence, the required square is x^ + 20 x + (Y)*> or 
a:2 + 20 a: + 100. 

Complete the squares : 
1. a^4-4a:-f( ). 2. a?-f 5a;. 3. a^—2mx, 

4. a:2_6^^( )^ S, a^^Qx. 6. x^ -\- S ax. 

7. a^^-fx -f ( ). 8. a:^— 11a:. 9. a:^— 6aa;. 

10. a^ — x-\-(^). 11. a^— 15a;. 12. x^-{-9nx. 

13. a^-|a: + (). 14. x^-\-ix. 15. a^ + ?^a;. 

5 

16. a;2-|a; + (). 17. 2? - ^ x. le. x^-^t—x. 

m 

Find the square roots of the following after completing 

the squares : 

19. ofi—Q X. 20. a;2 ^ 9 X. 21. a;2 __ 2 ex. 

22. a:^ — 8 a;. 23. a;^ — 7 x. 24. ^ -\-Z ax. 

25. ^ — \ X. 26. a^ + f X. 27. a;2 _| x. 

28. ^^-^-^x, 29. ^-%x. 30. ^-'^x. 

n 
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149. Solving affected quadratics. 

Solve the equation S3^—S6x= — 81. 

Given equation, Sx^ -dQx= - 81. (1) 

Divide (1) by 3, a:2 - 12 x = - 27. (2) 

Complete the square, ar* - 12 x + 36 = - 27 + 36 = 9. (3) 

Extract square root of (3), x — 6 = ± 3. (4) 

Solve (4), using upper sign, x = 6 + 3 = 9. 

Solve (4), using lower sign, x = 6 — 3 = 3, 

Note. In (3) 36 is added to the first member for the purpose of 
completing the square, and to the second member in order to preserve 
the equality. 

Verify by substituting first 9 and then 3 for x in equation (2). 

92 - 12 (9) = - 27. 

81 - 108 = - 27. 

- 27 = - 27. 



32 - 12 (3) = - 27. 

9 - 36 = - 27. 

- 27 = - 27. 



Solve the equation a:^ + 3 a: — 28 = 0. 

Transpose 28, x* + 3 x = 28. (1) 

Complete square, x^ + 3 x + | = 28 + J = i}i . (2) 

Extract square root, a? + I = ± V • (3) 

Solve (3), using upper sign, x= — |4-^ = 4. 

Solve (3), using lower sigu, x = — J — y = — 7. 

Verify by substituting first + 4 and then — 7 for x in the orijg^inal 
equation. 



(+4)2h-3(+4)-28 = 0. 

16 + 12 - 28 = 0. 

= 0. 



(-7)2+ 3 (-7) -28 = 0. 

49 - 21 - 28 = 0. 

= 0. 



Notes. 1. The student should be required to verify every solu- 
tion for both values of x. It is not only a useful exercise in the ma- 
nipulation of numbers, but it serves to impress the student more and 
more with the fundamental fact that the roots of an equation are the 
numbers that satisfy the equation. 

2. When practical, the equations should be solved also by factor- 
ing, thus carrying on the two methods side by side. 
Nicholson's alo. — 9 
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Solve the following : 

1. ar2-6a;=-8. 2. x^ + 5x-U = 0. 

3. 2^24.82;= -7. 4. s^-Sx-Si^O. 

5. a^-ix=12. 6. a^-hx-^72=^0. 

7. a? + 2x = S5. 8. ar^-7a;H-12 = 0. 

9. 2;2_8a; = 20. 10. 2^24.92.4.20 = 0. 



11. ar2-14a;= -40. 12. ar^ - 15 a; 4- 56 = 0. 

13. 2^24.182;= -72. 14. 2;2^26a;H- 100 = 0. 

15. 2^2 _ 26 a; = 120. 16. a;2_ 15^^ 126 = 0. 

17. ar2 - 34 a; = 240. 18. a? + 27a;- 280 = 0. 

19. a?2 4- 40 a; = 500. 20. * a;2_43^ _ 360 = 0. 



21. 5a^2-3a;-2 = 0. 

Transpose 2, 5 a:^ - 3 a: = 2. (1) 

Divide (1) by 5, x^-ix = l (2) 
Complete square, a;^ - | a; + ^^ = f H- tJit = AV (3) 

Extract square root, ^ - A = i A- (4) 

Solve (4), using upper sign, x = ^ + ^ = 1. 

Solve (4), using lov^er sign, x = ^ — ^= — f. 

22. 5a;2_4a,_i = o. 23. 4a;2_9a; = 9. 
24. 3a;24.2a;-5 = 0. 25. 6ar24.5a;=34. 
26. 7a;2_8a;-12 = 0. 27. 6ic2 + a;=15. 
28. 9ar2-8a;-17 = 0. 29. 4ar^-3a;=52. 



30. a:2_« 2aa:= — a2^ J2^ 31. a:2 ._ 2 wa; = 35 7^2. 
32. ar2-2aa;=2aJ-f J2. 33. a^a 4. 3 ^^ = 70 ^2. 

34. 4ar^-4aa: = J2-a2. 35. 10x^-cx = S(^. 
36. a:2_2(2a-(?)a;=3c24-8a(?-3a2. 
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Solve the equation — — - = -— —• 

^ 7 3 3 7 

Multiply the given equation by 21, and we have 

12a: -14x2 = 70a: -60. (i) 

Reduce (1), change sign, 14 a:^ + 58 x = 60. :(2) 

Divide (2) by 14, x^ + ^ t - ^^, 

Complete square, a;^ + V ^ + }tt = V + Hi = W^- 

Extract square root, ^ + ff = ± tl» 

Whence, x = f or — 5. . 

Solve the following : 
, 2a:2 6a, 2 « 3a:2 4 

'• -3-T = 3' '• T-^^-s^^- 

'• 3-4=6' '• -T-T-^6 = ^- 

5. ^-5= -18. 6. 1 + 1+^ = 0. 

Q X o da; 

«^5 10 «^5,4^ 

7. ^ — 77 = — t;— • 8. 7: — t; 4- — = 0. 

5 3 3a; 9 3 a; 

^ a; -30 16 ,^ a^ + lO 8 

9. __ — = — 10. — s— = -• 

4 a; 7 a; 

11. % ^ = 0. 

5 a;-f-6 

Hint. Clear of fractious by multiplying by 5 (x + 6). 

12. % ^=0. 13. 5_^ = 0. 

3 a;-2 x 4 

5 3a;-4 7 2a;4-l 

16. ?^ 10 =0. 17. ^ ^+^ 



7 3a;-l a;4-8 2a;-f-l 

Hint. Clear of fractions by multiplying by (x + 8)(2 x + 1). 

,„ 2a;-2 ar^-l ,^ a;+3 , 7a; 23 

18. - = -. 19. — ^— H ^ = -r 

6a; + 5a;4-l x a;-f-3 4 
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PROBLEMS INVOLVING QUADRATICS 

1. The difference of two numbers is 6 and their prod- 
uct is 84. Find the numbers. 

Let 2: = the smaller nuraher. 

Then a: + 5 = the larger number, 

aud x(x 4- 5) = their product. 

But 84 = their product also. 

.-. x{x + 5) = 84. 
Whence, a: = 7, or — 12, the smaller number. 

a: + 5 =12, or — 7, the larger number. 

Note. While both sets of these answers satisfy the conditions 
algebraically, yet in practical problems the negative answers are 
usually not considered. They are omitted in the problems that 
foUow. 

2. The product of two consecutive integers is 56. Find 
the integers. 

Hint. Let x and x + 1 = the integers, respectively. 

3. The sum of the squares of two consecutive integers 
is 145. Find the integers. 

4. Find the number whose square diminished by 3 times 
the number itself leaves a remainder of 54. 

5. The square of a number increased by 5 times the 
number itself is 104. Find the number. 

6. The sum of two numbers is 7 and the sum of their 
squares is 25. Find the numbers. 

Hint. I^t x = one of the numbers, then 7 — x = the other. 

7. The difference of two numbers is 3 and the sum of 
their squares is 117. Find the numbers. 

8. Find two numbers whose difference is 7, and whose 
sum multiplied by the greater number is 345. 
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9. A number of sheep cost $60. If 3 more sheep had 
been bought for the same sum, each sheep would have cost 
$ 1 less. How many sheep were bought ? 

Let X = the number bought. 

Then — = the number of dollars each cost, 

X 

fin 
and = the number of dollars each would have cost 

"^ had there been 3 more. 

60 60 , 
.*. = 1. 

X ar+3 
Multiply by x(x + 3), reduce, x^ + 3a: = 180. 
Whence, x = 12. 

10. I bought some flour for $96. It I had obtained 
8 bbl. more for the same money, the price per barrel would 
have been f 2 less. How many barrels did I buy ? 

11. A train ran 120 mi. in a certain number of hours, 
and the number of hours would have been 1 less had the 
rate of the train per hour been 10 mi. more. Find the 
rate of the train per hour. 

12. An estate of $12,600 was left to a number of sons. 
If there had been 2 sons less, the sum received by each 
would have been $ 1050 more. Find the number of sons. 

^ 13. A clothier, having bought some cloth for $30, found 
that if he had received 3 yd. more for the same money, the 
cloth would have cost him $ J less per yard. How many 
yards did he buy? 

14. A farmer purchased some hogs for $168, and later 
sold all but 4 of them for the same money. If his profit 
on each hog sold was $ 1, how many hogs did he buy ? 

15. A bar of iron weighs 36 lb. If the bar were 1 ft. 
longer, the weight per foot would be | of a pound less 
Find the length of the bar. 
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AREAS OF RECTANGLES 

150. If the length and width of a rectangle are I and 6 
linear units, respectively, and the number of square units 
in its surface is a, it is shown in geometry that 

a = b X 1 (A) 

1. Find the area or number of square inches in a rec- 
tangle whose length is 24 in. and whose width is 9 J in. 

2. Solve (A) for ?, and give the interpretation. 

3. Find the length of a rectangular field whose area is 
60 A. and whose width is 80 rd. 

4. The length of a rectangular field is 3 ch. more than 
its width, and the area is 4 A. Find the sides. 

5. The perimeter of a rectangle is 20 in. and its area 
is 24 sq. in. Find its sides. 

6. The area of a triangle whose base is b and altitude 
h is one half the area of a rectangle whose length is b and 
width h. Find the formula for the area of a triangle, and 
give its interpretation. 

7. The base of a triangle is 121 yd. and its area is 2 A. 
Find its altitude. 

8. The area of a square is doubled bj' increasing its 
length by 15 in. and decreasing its width by 2 in. Find 
its sides. 

9. A plot of ground is 18 by 12 ft., around which is a 
walk of uniform width, whose area is equal to that of the 
plot. Find the width of the walk. 



PART TWO — HIGH SCHOOL ALGEBRA 



VIII. NUMBERS, OPERATIONS, AND RELATIONS 

(Review and Extensions) 
FUNDAMENTAL OPERATIONS 

ISL A fundamental operation is finding one of three re- 
lated numbers when the other two are known. 

There are seven fundamental operations, viz. (a and b 
being known numbers) :* 

1. If a 4- S = ^1 finding x is addition. 

2. If a 4- 2J = J^ finding x is subtraction, 

3. If a X 6 = 2;, finding x is multiplication. 

4. If a X a; = J, finding x is division. 

5. If a* = x^ finding x is involution. 

6. li xf^ = 6, finding x is evolution. 

7. If a^ = 6, finding x is finding a logarithm. 
Note. This book does not treat of logarithms. 

152. Two operations are Inverse when either has the 
effect of undoing what was done by the other. 
Subtraction is the inverse of addition. 
Thus, if a plus 6 = 5, then s less & = a. 

Division is the inverse of multiplication. 
Thus, if h times a=p, then p divided hy h = a. 

Evolution is the inverse of involution. 

Thus, if a* = /?, then ^/p = a. 

136 
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153. Equivalent expressions are different ways of ex- 
pressing the same fact or relation. The following are pairs 
of equivalent expressions, the first involving the symbols 
of the direct operations and the second the symbols of the 
inverse operations: 

(1) a-^b= s and a = s — b; 

(2) I X k =p and Z = jt? -5- A:; 

(3) rf = m and n = Vm. 

FUNDAMENTAL DEFINITIONS 

154. Whether a is greater than, equal to, or less than J, 
a — J is defined as a number such that when increased by 
b the sum is a. 

That is, symbolically, (a — J) + J = «. 

By this definition zero and negaKve numbers are added 

to the system of numbers. 

Thus, 5 — 5 or is a number such that + 5 = 5;- 2 — 5 or — 3 is a 
number such that —3+5 = 2. 



k Whether a is exactly divisible by b or not, a -h J is 
defined as a number such that when multiplied by b the 
product is a. 

That is, symbolically, (a -f- J) x 6 = a. 

By this definition fractions are added to the system of 
numbers. 

Thus, J is a number such that J x 3 = 7. 

156. Whether p is an exact rth power or not, -\/p ^s de- 
fined as a number such that when raised to the rth power, 
the result is p. 

That is, symbolically, {^/pY =P' 

By this definition irrationals and imaginaries are added 
to the system of numbers. 
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Thus, V2 is a number such that (v^)^ = 2 ; 

V^ is a number such that (V^y = -2. 

157. Definition. If a number is not the nth power 
of an integer or a fraction, then its nth. root, if not 
imaginary, § 225, is an irrational number or an irrational.^ 

Thus, V2, y/i, y/7 are irrational numbers, whereas V9, Vl25, 
\/82 are rational numbers. 

158. Facts about irrationals. (1) An irrational is not 
an integer. 

For simplicity, consider the irrational V2. By definition, 
( V2)2 = 2. Now 12 = 1 and 2^ = 4. Hence, V2 lies between the 
integers 1 and 2, and is therefore not an integer. 

(2) Art irrational is not a fraction. 

For, let v'2 = — , a fraction in its lowest terms. Then (V2)2 = 



(?)*• 



n 



or 2 = — , which is impossible; because m^ cannot contain n* 



n2 



exactly 2 times unless m and n have a common factor. Therefore V2 
is not a fraction. 

(3) An irrational may he expressed approximately in 
terms of integers and fractions to any desired degree of ac- 
curacy. 

Thus, by the method given on page 122 it may be shown that 
V2 is greater than 1.414 and less than 1.415. Therefore the differ- 
ence between V2 and 1.414 is less than .001. And by the same 
method closer and closer approximations may be made. See § 339. 

Imaginaries will be considered subsequently. 

* There are other kinds of irrationals than those here defined, but 
they will not be considered in this book. 
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GRAPH OR SCALE OF REAL NUMBERS 

B D ' O A C 

— H 1 1 ' ■ ' I 1 1 I ' ■ ■ I 1 1 

-4 -8 -2 -1 +1 +2 -1-8 +4 ' 

159. Let be a fixed point in a straight line; take 
some line, w, = OA^ for the linear unit; call distances 
measured from to the right positive, and distances 
measured ^rom to the left negative. Then, 

Any point represents the number that expresses its dis- 
tance and direction from 0, and is named accordingly. 

(1) Integer points are the points that represent posi- 
tive or negative integers ; as ^, -f 1 ; ^, — 4. 

(2) Fraction points are the points that represent posi- 
tive or negative fractions; as (7, -f 2^ ; JD, — 1|. 

(3) Irrational points are all the points that are neither 
integer nor fraction points. 

That any irrational is represented by a definite point is 
shown in advanced algebra. 

We may show that V2 is a definite point in the scale thus: 
The diagonal of a square whose side 
is M = 1, is , jE 

CE = Vw2 + m2 = VTTl = V2. 

If then we lay off on the scale of 
numbers OP = CE, the point P is y/2, 

160. There are, then, three kinds of real numbers, 
integers, fractions, and irrationals ; and to every real num- 
ber, positive or negative, there corresponds a definite 
point in a straight line, and to every point in the straight 
line there corresponds a definite real number. This fact 
is expressed by saying there is a " one-to-one correspond- 
ence " between the points of a straight line and real 
numbers. 
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Integers and fractions are called rational numbers. 

161. Principal roots. Every number has two square 
roots. Thus V9"is -f- 3 or - 3, for (+ 3)2 = 9 and (- 3)2 
= 9. Again, every number has three cube roots, four 
fourth roots, and, in general, n nth roots. 

Thus, \/8 = 2, or — 1 + V— 3, or— 1 — V — 3, since the cube of 
each of these numbers is 8; and VsT = 3, — 3, 3V — 1, or — 3^ — 1. 

Although the number of roots always equals the index 
of the root, not more than two of these roots are real ; and 
when there are two real roots, only one of them is positive. 

The principal root of a number is its real root, if there 
is but one real root, and its real positive root if there are 
two real roots. 



Thus, considering only the principal root, V36 = 6, V— 125 = - 5, 

v^ = 3. 

162. If two numbers are equal, they may be represented 
by the same point in the scale of numbers; therefore the 
following are true because the results correspond to the 
same point, respectively: 

I. If equal numbers are added to equal numbers, the sums 
are equal numbers. 

II. If equal numbers are subtracted from equal numbers^ 
the remainders are equal numbers. 

III. If equal numbers are multiplied by equal numbers^ 
the products are equal numbers. 

IV. If equal numbers are divided by equal numbers, the 
quotients are equal numbers. 
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V. If equal numbers are raised to the same or equal 
powerSy the powers are equal numbers, 

VI. If the same or equal roots of equal numbers are 

extracted^ the principal or corresponding real roots are equal 

numbers. 

Note. As we shall see further on, there is an exception to axiom 
IV, when the divisor is zero, § 175. 

163. Finite numbers. As 2; increases, becoming 1, 2, 3, 
• ••, the number 10^ increases, becoming thousand, million, 

billion, •••, without end; while the number T^jgj decreases, 

becoming thousandth, millionth, billionth, •••, without end. 
Hence, there are numbera (1) which are greater, and (2) 
others which are smaller, than any given number, however 
great or small the given number may be. Such numbers 
are called, respectively, infinitely large and infinitely small 
numbers. All other numbers are called finite numbers. 

An infinitely large number is represented by the 
symbol 00, and infinitely small numbers are called infini- 
tesimals. 

ZERO AND OPERATIONS INVOLVING ZERO 

164. Zero is the result of subtracting any finite number 
from itself. 

Thus, 1-1 = 0, rt - rt = 0, 62-62 = 0. 

165. Zero has a definite numerical value, viz. : none. 

If we ask how many birds are in the cage, the answer none would 
be as definite as the answer /owr. 

166. The product of zero by any finite number is zero. 

For, let X and y be any finite numbers. Then, 

X X = (^ -y) X X = xy-xy = 0. §§ 33, 164. 
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167. Tlie quotient of zero by any finite number is zero. 
For, since = a; x 0, .-. - = 0. § 153 (2). 

168. The quotient of zero by zero may be any finite number. 
For, since = a: x 0, .-. 5 = x. § 153 (2). 

u 
For this reason - is called a symbol of indetermination. 

Thinking only of the intrinsic or abstract value of zero, 
it may be difficult to understand how one zero can con- 
tain another zero an exact number of times; but the dif- 
ficulty is at once removed by looking to the definition of 
zero for its properties. 

Thus, since 1 x (a — a) = a — a, therefore (a — a) -^ (a — a) = 1 ; 
hence, in this case -f- = 1. 

Again, since ax(l — l) = a — a, therefore (a — a)-^(l — 1)= a; 
hence, in this case -^ = a. 

Evidently the quotient of one zero by another depends on the 
forms of the zeros, or the manner in which they are derived from 
finite nunjbers. 

Thus, a zero may be of the form 1—1, or a — a, or ab — ab, or 
a* — a*, etc. But even when the forms are known the quotient is 
often uncertain. For example, to find (a^ — a^) -^(a — a), we might 
say (1) a2_a2=a2(l-l), a-a = a(l-l), and a2(l-l)--a(l-l)=a; 
or (2) a^ — a^ = {a -\-a)(a — a)y and (a -\- a) (^a — a) -r- a — a = a -^ a =2 a. 

It belongs to the differential calculus, and not to elementaiy 
algebra, to deduce and establish rules for finding the values of 

quotients that take the form of -. However, there is a rule for a 

simple case that may be given here, which is necessary and sufficient 
for the purposes of algebra, viz.: 

The quotient of one zero by another is 1 if the zeros are the 
same or corresponding values of the sam^ algebraic number 
(or variable y § 310). 
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Thus, (x — 2)-r-(x— 2), being always equal to 1, whatever may be the 
value of X, is equal to 1 when x = 2. Hence, in this ca«e, t = !• Again, 

^ "" , being always equal to a: + 2, is equal to 4 when x= 2. That 
x — 2 

is, in this case, - = 4.* 



Find the value of when x = S, 

X -3 



169. The quotient of a finite number by zero is no finite 
number. 

For a and h being finite numbers, 
let, if possible, K~^' 

Then, a = x ft, § 153 (2) 

which, by § 166, is impossible. 

If - = y, and we suppose x to become smaller and 

smaller, a remaining the same, then evidently y will be- 
come correspondingly greater and greater. Therefore, 
when X is infinitely small, t/ is infinitely great. If, then, 
we suppose to represent an infinitesimal, we may write 

a 

- = 00. 

■c 

To distinguish zero as defined in § 164 from zero con- 
sidered as an infinitesimal, the former is called absolute 
zero. 

Therefore, -, when a is finite and is absolute, has no 
meaning. 

♦ This principle is embraced in the basal principle of limits, viz.: If 
two variables are always equal their limits are equal. 
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EQUALITY CONDITIONS 

170. A zero factor is a factor whose value is zero. 

171. Important properties of zero factors : 

Let ax b X c =p. 

If one or more of the factors are zero factors, then p is zero ; and if 
p is zero, then, and only then, are one or more of the factors zero 
factors. 

EQUATIONS AND EQUALITY CONDITIONS 

172. Definition. If a; — a = 0, a; — J = 0, a: — c?=0, •••, 
then, (^x — a^(x— h^(x— c) ••• = 

is called a conditional equation, or an equation in x. 

It is so called because it is true on the conditions that 
a;— a = or a;=a, a; — 6 = or a; = J, •••. The equality 
conditions are the zero factors a; — a, a: — 6, a; — c, ••• . 

173. Principles. For simplicity take the equation 

(x -a)(x- 1})(x - ^) = 0. (1) 

(1) An equation has as many roots, a, 5, ^, as it has 
equality conditions. 

(2) Multiplying both members of (1) by a; — d=Q gives 
to (1) a new equality condition, viz. : x—d=0. 

(3) Dividing both members of (1) by x — c removes or 
eliminates the equality condition a: — c = 0. 

(4) Dividing both members of (1) by all the zero fac- 
tors, X— c^ a; — J, X-- a^ eliminates all the equality con- 
ditions, and therefore destroys or cancels the equation. 

Equation (1) means {x — a){x — h){x- c) = x x 0, in which we 
may evidently remove x — c from one side if we also remove its equal, 
0, from the other side, and this is what we do when we divide (1) 
bya:-c(§168). 
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The preceding principles explain the fallacy in the so- 
called " proof " that 2 = 1. Thus : 

Let x = 2. (1) 

Multiply both sides by a:, x^^lx, ('2) 

Subtract 4 from both sides, x^ - 4 = 2 a: - 4. (3) 

Divide both sides by a: - 2, x + 2 = 2. (4) 

Substitute 2 for x in (4), 2 + 2 = 2, or 2 = 1. 

This result is evidently false. 
Let us note the false step. 

Equation (3) has two equality conditions, x — 2 = 0, x = 0. 
Dividing (3) by x — 2 eliminates the condition x = 2, and there- 
fore (4) is true only for the other equality condition, x = 0. The 
false step, then, is in making x = 2 in (4). 

174. An identity is an equation in which the equality 
condition is 1 — 1 = 0. 

Thus, the following are identities: 7(1 — 1) = 0, or 7 = 7; 
(3x-5)(l - 1) =0, or3x-5 = 3x-5. 

In general, any equation in which the two members are 
the same, or may be reduced to the same, is an identity. 
An identity containing letters is true for all values of the 
letters. 

175. Dividing an identity by 1 — 1 destroys the equality. 

Thus, since 4 - 4 = 0, and 2 - 2 = 0, 4 - 4 = 2 - 2 is an identity, 
regarding the 0*s as the same. Dividing by 1 — 1, we obtain 4 and 2, and 
not 4 = 2, because in the act of division we eliminate the only equality 
condition, and thereby destroy or cancel the equality. 

There is then an exception to the axiom, "If equals are 
divided by equals the quotients will be equal," viz. : 
Provided that the division does not eliminate the only equal- 
ity condition. 
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INEQUALITIES 

176. If a and b are positive real numbers, then a is said 
to be greater or less than J, according as a — 6 is positive 
or negative. 

The signs > and < express inequality. Thus, a> b is 
read, "a is greater than J," and a<6 is read, "a is less 
than J." 

177. An inequality is a statement in symbols that one 
of two numbers is greater or less than another. 

The first member of an inequalitj'- is the number to the 
left of the sign of inequality, and the second member is the 
number to the right of that sign. 

Thus, in 3 a: + 8 > 2 y + 7, 3 a: + 8 is the first member and 2y + 7 
is the second member. 



178. Two inequalities are said to subsist in the same 
sense or in the opposite sense, according as the signs of 
the inequalities point in the same or opposite direction. 

Thus, a>b and m>n, or a Kb and m<n subsist in the same 
sense, while a > 6 and m < w, or a < A and m > » subsist in the opposite 
sense. 

In all that follows, letters are supposed to stand for positive, real, 
and unequal numbers, unless otherwise stated. 

Before memorizing the following principles, the student should 
illustrate each by one or more numerical examples. He should note 
carefully wherein the principles of inequalities differ from those of 
equalities (§ 162). 

The student should remember that negative numbers become 
smaller as their absolute values increase. 

Thus, -l>-2>-3>-4>-5. 
Nicholson's alq. — 10 
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PRINCIPLES OF INEQUALITIES 

179. An inequality will continue to subsist in the same sense 
if each member is increased, diminished, multiplied, or divided by 
the same positive number. 

For if a > 6, or a — 6 is positive, then 

(1) a + c — (6 -f- c) will be positive, .•. a + c > 6 -f c; 

(2) a — c — (h — c) will be positive, ,*. a — c^h — c\ 

(3) a y. c — b X c wiU be positive, r.axc^hxc; 

(4) a -5- c — 6 4- c will be positive, .*. a -^ c > ft -?- c. 

180. A term can be transposed from one member of an in- 
equality to another provided its sign is changed. 

Let the student show that this principle follows from § 179. 

181. An inequality will subsist in the opposite sense if each 
member is multiplied or divided by the same negative number. 

For, if a > 6, or a — 6 is positive, then 
(1) (a — 6) X — c will be negative, .*. a x — c < 6 x — c ; 
(2)* (a — h) -i — c will be negative, ,\ a -. — c<.h -. — c, 

182. An inequality will subsist in the opposite sense if the 
signs of all its terms are changed. 

Let the student show that this principle follows from § 181. 

183. An inequality will, subsist in the opposite sense if its 
members are subtracted from equal numbers. 

For, if a > b, then evidently c — a<:^c — b, 

184. If the first of three numbers is greater than the second, 
and the second is greater than the third, then the first is greater 
than the third. 

For, let a > ft and ft > c, then a — ft and ft — c are positive, and 
therefore (a — ft) + (ft — c), or a — c is positive, .*. a'>c. 
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185. The sum or product of the corresponding members of two 
inequalities that subsist in the same sense is an inequality in the 
same sense. 

For, let a>h and c>rf, then, by § 179, a -f- c>ft -f- c and h -f- c> 
h + cL Whence, § 184, a + c>h + d. 

Let the student show, in like manner, that ac > hd. 

' 186. The difference or quotient of the corresponding members 
of two inequalities that subsist in the same sense is indeterminate. 

That is, the result may subsist in the same sense, or in 
the opposite sense, or it may be an equality. 
For example : 

(1) Subtract: 12>8 9>8 9>8 

3>2 3>2 4>2 

9>6 6 = 6 ~^<6 

(2) Divide: 15>8 12>8 9>8 

3>2 3>2 3>2 

5>4 4 = 4 3<4 

Therefore, the corresponding members of two inequalities sub- 
sisting in the same sense can be subtracted or divided when, and 
only when, the conditions predetermine the result 

If5aj+T:>-5- + 4f, find one limit for x. 

Multiply by 6, 30 a; + 3 >4 a: + 29. 

Transpose, induce, 26 a; > 26. 

Divide by 26, a:>l. 

If2x-3y<2 (1) and2a: + 5y = 6 (2), find one limit 
for X and one for y, 

(1) - (2), § 179, -8y<-4. 

Divide by - 8, § 181, y>J. 

TTn^^o., 6-2x 6-2x^1 
h rom 2, y = — - — .•. > - , 

whence, a; < 1 1, ^ n*. 
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Find one limit for x : 

1. 3a;-5>13. 2. 6-5a;>21. 

3. 16-f3a:<34. 4. 7a;-|-8<43. 
4 a;— 2 3 + 5a; Ix hx x „ 

Find the range of the values of x : 

3-4a:<7, f2a:-5>25, 



oA 3a: ^, f3a;+l>13-a:, 

9. 30>a;+— >25. 10. \, %^o ^ ' 

2 |4a: — 7<2a:+o. 



. f3-4a:<7, f 

• |24-a;<4. |3a;<2a;H-20. 

r3a;+l>li 
(4a:-7<2 

Find one limit for x and one for y : 

f2a; + 4y>30, r5a:+3y>121, 

"• (3a;+2y = 31. (7a; + 4y = 168. 

Show that a2 + 62 > 2 aJ. (A) 

Evidently, (a — ft)* is positive. 

Or, (a-6)2>0. 

Expand, a* „ 2 aft + 6* > 0. 

Transpose, a^-\-h^>1 ah. 

Show that the sum of any fraction and its reciprocal is 
greater than 2. 

Divide both sides of (A) by aft. 

Show that «8 + 6^ > a^h 4- ah \ (B) 

( A) X a, «8 4. „ft2 > 2 a2ft. (1 ) 

(A)xft, a2ft + ft»>2aft2. (2) 
[(1) + (2)], «' + ft«>a2ft + ah\ 

Show that a2 + J2 4. ^ > ^j ^ ^ ^ j^, (C) 

By (A), a2+ft2>2aft, (1) 

a2+c2>2ac, (2) 

ft2 + c2>2ftc. (3) 

[(1) + (2) + (3)] ^2, a2 + ft2 + c'^>ah ^-ac^- be. 
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Prove the following : 

1. a3 + J^ + ^>3aJtf. (D) 

Hint. Multiply (C) by a +b+c. 

2. ^>v;f. (E) 

Hint. In (A) make a^ = r,h^= r'. 

3. rJuL+il > ^/^^VT^, (F) 

4. ^>V^. (G) 

2 a 

Hint. In (E) make r = a,r' =i-. 

a 

5. > Vn. (H) 
•i a* 

Hint. In (F) make r = r' =0, r" = — . 

6. {^^y>ab. (K) 

7. ^+'''+^'' + ^"'>VrrVV^ (L) 

4 

Hint. In (K) make a = ^ "^ ^ , etc. 

8. ^> 2^. (M) 

2 a 4- 6 

9. V^>-^. (N) 

10. — ^>VaJ>— -J. (O) 

2 a + 6 



11. It a > Vri, then a > —^ — > Vn. 

2 a 

12. If a> A^, then a > ^ "t^ > -^n. 



(P) 



(Q) 
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PERCENTAGE 

187. Base, Rate, Percentage. (See arithmetic.) 
What is the base ? the rate ? the percentage ? 

A dealer bought a number of mules for $2500, and sold 
them at a gain of 8 %. Find his profit. 

8%of*2500 = x>iFof«2500 = ^200, Ans. 
Here, J 2500 is the base, 8% the rate, and <>200 the percentage. 

Denoting the base by J, the rate by r, and the percent- 
age by J3, we have the formula : 

p = bxr. (A) 

The percentage equals the base multiplied by the rate. 
Solve (A) for J, and give the interpretation. 
Solve (A) for r, and give the interpretation. 

1. In an army of 24,256 soldiers 6^ % of the men were 
killed in battle. How many men were killed ? 

2. A merchant bought a barrel of flour for f'6.25, and 
sold it at a profit of |.63. What per cent did he gain ? 

3. $1260 is 84 % of what sum ? 

4. A man sold a horse for $126.60, and gained b\ %. 
Find the cost of the horse. 

Hint. Let x = the cost, then x + 5i% of x =126.50. 

5. How much did a dealer pay for a wagon which he 
sold for $91.20 at a loss of 5 % ? 

6. The bicycles of James and John cost the same. 
James sold his for $ 60, and John his for $ 64. If James 
gained 25 %, what per cent did John gain ? 

Hint. Let x = the per cent John gained, then 

60-4-(lH-25%)=64H-(l+a:). 
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INTEREST 

188. Principal, Rate, Interest. (See arithmetic.) 

What is the principal? What is the rate? the in- 
terest? 

Find the interest of $240 for 3 yr. 4 mo. 18 da., 
at 6%. 

3 yr. 4 mo. 18 da. = 3 yr. 4.6 mo. = 40.6 mo. 
6 % per year = ^j or J% per month. 
^240 X J% = ^1.20, int. for 1 mo. 
40.6 X J 1.20 = »48.72, int. for 40.6 mo., Ans. 

Denoting principal by jt?, rate by r, time by t, and inter- 
est by i, we have the formula : 

/=/>rf. (B) 

When t means number of years, r means rate per year, and when t 
means number of months, r means rate per month. 

Give the interpretation of (B). 

Solve (B): forjt?; for r; for t; and give the interpre- 
tation of each. 

1. Find the interest of 11500 for 3 yr. 1 mo. 3 da., 
at 4%. 

2. The interest of 1218 for 3 mo. 18 da. is 13.27. 
Find the rate. 

3. In what time will 1516.60 yield $95.0544 interest, 
at8%? 

4. What principal will produce $49 interest in 8 yr. 
4 mo. at 7% ? 

5. A man borrowed some money at 6%, kept it 2 yr. 
2 mo. 25 da., in which time it amounted to $762.4322. 
How much did he borrow ? 
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THERMOMETERS 

189. In the Fahrenheit thermometer it is 180® from 
freezing (32**) to boiling (212**); and in the Centigrade 
thermometer it is 100** from freezing (0**) to boiling 
(100**). Hence, 

100 Centigrade degrees = 180 Fahrenheit degrees. 
1 Centigrade degree = }JJ or | Fahrenheit degrees, 
and c Centigrade degrees = f of c Fahrenheit degrees. 

Therefore, if /denotes the number of degrees in any reading of the 
Fahrenheit thermometer, and c the number of the Centigrade at the 
same time and place, we have the formula 

/=?c-|-32. (A) 

1. When the Centigrade registers a temperature of 50**, 
what is the reading of the Fahrenheit?- 

2. What is the reading of the Fahrenheit thermometer 
corresponding to a reading of 80® Centigrade? 20** Centi- 
grade? -10**? -40**? 

3. Solve formula (A) for <?. 

4. When the Fahrenheit registers a temperature of 59**, 
what is the reading of the Centigrade? 

5. What is the registry of the Centigrade correspond- 
ing to a reading of 158** Fahrenheit? 239** Fahrenheit? 
23**? -4**? 

6. What does the Centigrade register when the Fah- 
renheit registers 0** ? 

7. What is the registry of the Fahrenheit when its 
reading is twice that of the Centigrade? 

8. The normal temperature of the human body by the 
Fahrenheit is 98.6**. What is it by the Centigrade ? 



IX. FACTORS, MULTIPLES, AND FRACTIONS 

(Review and Extensions) 

FACTORS 

190. What is a prime number? What is factoring? 
Factor : 

1. a? -9 a*. 2. 2:2 ^8 a: + 16. 

3. a^-8/. , 4. a;2-10a;+25. 

5. a^ + Sa^. 6. x^-\-2ax-\-a\ 

7. a:* — 81. 8. 2;2 - 2 oa; -h a\ 

9. 9a^2-25, 10. a;2+7a; + 12. 

11. 8a;8^27. 12. a:2_ 9^: + 20. 

13. 8a^-125. 14. x^-i-Sx-iO. 

15. 16 2^-625. 16. x^-2x^6S, 



17. ex — na; 4- <?y — wy . 18. s^ -{- 4: x^ i- S x -{- 12. 

19. a:2_a:y-3a:4-3y. 20. S a^ - 5 x^- 6 x-\-10. 

21. at — 3 6<? — 2 ac?+ 6 ^2. 22. 2a:2_3^y_|.4^^_6^y, 



23. (2:2 + 1)2 _ (2 a:)2. 24. (a? + 82) - 16 a?. 

25. (a2 - 4)2 - (3 (?)2. 26. (a2 - 5)2 - 25 a2. 

27. (tf8 ^. 3)2 _ (6 yj)2. 28. {x^-^y^y-^x^y^ 



29. (a? + 3a:-f 2)2-(2a: + l)2. 

30. (y2-4y + 5)2-(3y-2)2. 

153 
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191. When the trinomial is the difference of two squares. 

1. Factor a* + aV? + J*. ' 

a* + a^ + 6* = a* + 2a%a + 6* - a^ 

= (a^ + y^y - {ahy 

^{<i^-\rab^- b^) (a2 -ab + h^). 

In this case a%^ is both added to and subtracted from the given 
number, whereby it becomes the difference of two squares, § 93. 

2. Factory 4- 2 a?^ -f 9 y*. 
Hint. Add and subtract 4 x^. 

Factor: 

1. a^-ha^ + 1. 2. 9a* + 21a2c2+25^. 

3. 4a^-f 3a^2-f 1. 4. 16a^- 65a?y2 + 49y*. 
5. 25y* + y2 + l. 6. 25a^-41a:2y3+16y*. 
7. 16a*-17a2-hl. 8. 144 -217 a? + 81 a^. 
9. 81-34y2 + y*. 10. 49a*-15a262+i2lJ4. 

192. When the trinomial is of the form ax^-\-bx + c 
Factor 3 a? +13 a: +14. 

8x2 + 13a; + 14 = J (9 xa + 39 a; + 42) 

= i[(3a:)2+13(3x) + 42] 
= J[(3a: + 6)(3a: + 7)] 
= (a; + 2)(3z + 7). 

The given number is first multiplied by 3, the coefficient of z^ so 
as to make the first term a perfect square, and the result multiplied 
by I so as to keep the given number unchanged. (3 xy + 13 (3 x) + 42 
is factored as if it were 2^ + 13 2 + 42, z taking the place of 3 x. 
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Factor : 

1. 6ir2+lla:-f 3. 2. 12 a? - 17 a; - 40. 

3. 10ar*-lla;+3. 4. 20a?- 41a: + 20. 

5. 12a? + 17a;-7. 6. 66a?- 11a:- 15. 

7. 18a?- 3a:- 10. 8. 24a?-14a;-6. 

9. 12a? + 23a:-f 10. 10. 24a?-fa:-3. 

11. 6a?-4-13aa: + 6a2. 12. 24a?-22a: + 6. 

13. 8a2 + 14a6-1562. 14. 24 a? + a; -26. 

15. 11 a2 - 23 ae? + 2 A 16. 12 «* -f aW - J*. 

Id3. Finding the value of a polynomial in x for a given 
value of X. 

1. Find the value of a?- 10a?-|-21a;- 7 fora;=2. 

First Solution. Substituting 2 for x, we have 

(2)» - 10(2)2 -f- 21 (2) - 7 = 8 - 40 + 42 - 7 = 8, Ans, 

Second Solution. By factoring we have 

a;« - 10x2 + 21 a; - 7 = x\x(x - 10) + 21] - 7. 

Substiliute 2 for a; : 2 [2 (2 - 10) + 21] - 7. 

To reduce this begin with the inner parenthesis, and proceed 

thus: 

2 _ 10 = - 8; 2x -8 = -16; -16 + 21 = + 5; 2x5 = 10; 10- 7 = 3, 

Ans. 
The work may be conveniently arranged thus : 

The given coefficients : 1-10 + 21-7 

Multiply the first coefficient 1 by 2, and add 2-16 + 10 

the product to — 10 ; multiply the sum (— 8)by — 8+5+3 

2 and add the product ( — 16) to 21 ; multiply 

this sum (+ 5) by 2 and add the product (+ 10) to —7, and this 

result (+3) is the value required. 
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2. Find the value oiGs?- 2Sa^-\' 16a; - 3 for a; = 3. 

Multiply 6 by 3, add the 6 - 23 + 16 - 3 
product to — 23, and so on. 18—15 + 3 

The result is 0. -5 10 

When the polynomial is incomplete, that is, when one or 
more of the powers of x are missing, the coefficients of the 
missing terms are to be supplied with O's, as in the next 
example. 

3. Find the value oi 2^ - 6x^ + 3x - 15 for x = -3. 

X* -ex^ + ^x-16 = x* + 0a:»-6z2 + 3a:- 15 

Therefore the coefficients are 1 + 0—6 + 3 — 15, 
and the result is + 3, Ans. -3 + 9-9 + 18 

_3 +3-6+ 3 

In some of the following the results should be checked by substitu- 
tion, as in the first of the preceding examples. This will also serve 
to keep before the student the fact that the- number found is the result 
of a substitution, 

» 

Find the value of: 

1. 2:2 _ 8 a; ^ 15 for ^ _ 3 . 2; = 4 ; a? = 5. 

2. ir2 + 3 2; - 28 for a: = 4 ; a: = 5 ; a: = - 7. 

3. & 2^ — bx '\-\ for a; = ^ ; a; = 2 ; a: = J. 

4. a:^ — a: H- 6 for a:=l; a: = 3; a:=— 2. 

5. 2^3 _ 19 ^ ^ 30 for a: = 2 ; a; = 3 ; a: = - 5. 

6. a:3 + 5 a^5 - 28 for a: = 1 ; a; = 2 ; a: = 3. 

7. a;* - 10a^2 + 9 for a: = 1 ; a: = 2 ; a: = 3. 

8. a:8 - 42^2 - 11 a; - 30 for a: = 3 ; a: = - 2; a; = - 4. 

9. a^-23a?2-f 18a: + 40 for a; = 2; a: = 4 ; x= - 5. 



FACTORS 157 

194. The factor theorem. One of the factors of a 2>olynO' 
mial in x is x — a when, and only when, the result of substituting 
a for X is zero; 

Thu8> a:* — 3a;*+4a: — 12 = for a; = 3 ; therefore a; — 3 is a fac- 
tor of x' — 3 a:* -f- 4 a; — 12. Let the student prove this by division. 

Proof. Let P represent any polynomial in x. Evi- 
dently the division of P hy x — a may be continued until 
the remainder, say i2, does not contain x. Denoting, then, 
the quotient by Q^ we have 

P = ^(a: - a) + iJ. (1) 

Now when a is substituted for x in (1), P may or may not 
become zero, Q(x — a) will become zero, and R will re- 
main unchanged. Hence, ^ 

(1) If P = fora:= a, then = + iJ. That is i2 = 
and the division is exact. Hence, a; — a is a factor of P, 

(2) If P does not equal for x =^ a^ then R does not 
equal 0. That is, the division is not exact, and a; — a is 
not a factor of P. 

In applying the factor theorem the trial divisor must 
always be expressed under the form of a: — a. 

1. Find a factor of a^ 4- 3 a? - 9a: - 11. 

If there is a factor like x — a, the only possible values of a are the 
divisors of 11, viz.: 1, — 1, 11, — 11. 

To test the factor a; + 1, we write it under the form x — (—1). 
Now by the factor theorem the remainder is the result of substituting 
- 1 for a: in ar* + 3 x^ - 9 a: - 11. 

By § 193, 1 + 3-9-11 

-1-2 + 11 
2-11 

The result (or remainder) being 0, a; + 1 is a factor. 
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2. Find the remainder when a^ — 9a? + 23a;— 16 is 

divided by a; — 5. 

1-9 + 23-15 
5 - 20 + 15 
-4+3 0. Ans, 

Hence, x — 5 is a factor of the giyen polynomiaL 

3. In like manner find which of a: — 1, a; + 1, a; — 2, 
a; + 2, a; + 3 are factors oia? — 6a? + 11 a; — 6. 

4. Find the factors ofa:8-2a?-4a:+3. 

The exact divisors of 3 are 1, — 1, 3, - 3. 

The result of substituting 3 for x in the given polynomial is 0, 
therefore one of the factors is x — 3. Dividing the given polynomial 
by ar — 3 we obtain the other factor a:* + a; — 1. 

As neitber + 1 nor — 1, the only divisors of — 1, will reduce 
x^ -\- X — 1 to zero, this number cannot be resolved into rational 
factors. 

Factor : 
1. a^__ 7a;4.6. ' 2. a? - Sa:^^ g^; - 4. 

3. a:8-f 5a: + 6. 4. a^ + 14 a? + 35 aj + 22. 

5. a? -3 a; +2. 6. a? - 11 i^ ^ 31 ^ _ 21. 

7. a:8-f 3a^2-.4. 8. a:^ - 2 a? - 23a; + 60. 

9. a? -13 a; + 12. 10. a:^ - 10 a? + 33 a; - 36. 

11. a;3 4-2a;-33. 12. 3a:8 - 2a? + 5a; - 6. 

13. afi-^- Q?- 150. 14. 2a? -f 3a? - 3 a; - 4. 

15. a8- 3a -52. 16. 3^3 + 5e? - 7(? - 1. 

17. J4 + 3J-22. 18. «*- ll«2-l8«-8. 

19. /^ - 10 r2 + 9. 20. n^-rfi -Irfl + n^- 6. 
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Show by the factor theorem that : 

1. a; — a is a factor of a:" — a% if n is any integer. 

2. a: + a is a factor of x^ — a", if n is any even integer. 

3. a; + a is a factor of x^ + ^'^i if n is any odd integer. 

4. Show by the same theorem that neither a; + a nor 
a: — a is a factor of a;" -f «** if w is any even integer. 

Factor : 

5. 7^— cf", 6. a^ - y*. 7. ^ + 32. 
8. ofi—cfi. 9. x^^-'jp. 10. /^ — 81. 

COMMON DIVISORS OR FACTORS 

195 What is a common factor of two or more numbers ? 

What is the highest common factor of two or more 
numbers? 

State the principle, § 101. 

Find the H.C.F. of: 

1. a^2-16andar2-|-9a;+20.. 

2. a:2 - 25 and ar^ - 9a; + 20. 

3. ar^-Sl anda^2+3a;-54. 

4. a:2_7^_30anda:2^12a;+27. 

5. a:2 + 6a;-16anda? + lla;-|-24. 

6. a^^- 5a:-84 and a?- 6a:- 91. 

7. a:2_7^^io anda;3_6a;2 + lla:-6. 

x2 - 7 a; + 10 = (a; - 2) (z - 5). Now by trial we find that x-1 
will divide x® — 6a:*+ llx — 6, and a; — 5 will not. Hence, a; — 2 is 
the G. C. D. 

8. a:2^a._6 and 2a:8- 12a:2^21a;-10. 

9. a2-7a + 12and5a8-18a2+ 11a- 6. 
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196. Finding the H. C. F. of polynomials neither of which 
is easily factored. 

The process is essentially the same as that used in 
arithmetic to find the G. C. D. of two integers. 

Thus, to find the G. C. D. of 1517 and 533, 533)1517(2 
divide the greater integer by the less ; then 
divide the less integer (533) by the remain- 
der ; and continue to divide the last divisor 
by the last remainder until nothing remains ; 
then the last divisor (41) is the G. C. D. re- 
quired. 



1066 

451)533(1 
451 



82)451(5 
410 



41)82(2 

82 



Now, similarly, to find the H. C. F. of a:' -f 4^^ + 7x + 6 and 
a:2 + 3 a: -f 2, we proceed as follows : 

a:2 + 3 a; -f 2)x8 + 4x2+7a: + 6(a:+l 
a:8 + 3 x2 + 2 y 

a:2 4- 5 a; 4- 6 
x^-\- 3x4-2 



The first remainder is 
2x4-4, which we divide 
by 2 and reject the 2, 
since it is not a factor 
of the given numbers. 
The H. C. F. is X 4- 2. 



2x4-4 

X 4-2)x2 4-3x4-2(x4- 1 

x^ 4- 2 X 

X4-2 
x4- 2 



The work may be conveniently arranged thus : 



x» 4-4 x2 4-7x4-6 


Quotients 


x2 4-3x4-2 


ars 4- :^ ^2 4- 2 X 


X 4- 1 


x2 4-2x 


x2 4-5x4- 6 


X4-2 


x2 4- 3x4-2 


X 4- 1 


X4-2 


2x4-4 






X4-2 
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The preceding process is based on the following con- 
siderations: 

Let A and B represent two polynomials in x^ and sup- 
pose the quotient of -4. by J5 to be Q and the remainder iJ. 

Then, A=QB'\-R. 

This equation shows that every divisor of B and R is 
a divisor of A also, and every divisor of A and J5 is a 
divisor of R also, otherwise we should have an integer 
equal to an irreducible fraction. Therefore, the H. C. F. 
of A and B is the^same as that of B and R. 

Again, if the quotient of B by R is Q and the remainder 
iJ', then, for the same reason, the H. C. F. of B and R is 
the same as that of R and iJ'; and so on. That is, the 
H. C.F. of A and B is the same as that of any two iuc- 
cessive remainders. 

Therefore, if the final remainder is zero, then the H. C. F. 
of the two preceding remainders is the last divisor itself ; 
hence, the last divisor is the H. C. F. of A and J5. 

The H. C. F. of two algebraic numbers is evidently not 
altered by multiplying or dividing either of them by any 
number that is not a factor of the other. This fact is 
useful in avoiding fractional coefficients and otherwise 
facilitating the process of finding the H. C. F. 

thus, the H. C. F. of 3 a:* - 12 x^ + 9 a:^ - 15 a: and 5 a:« - 15 x^ + 30 
is the same as that of x' — 4 a:^ + 3 x — 5 and a:* — 3 x^ + 6, which 
are, respectively, the quotients of the given numbers by 3 x and 5. 

A convenient check on the accuracy of the work is to substitute 
some number, as 1 or 10, for x in both the given numbers and also in 
the H. C. F., and find by division whether the latter is a divisor of 
both the former results. 

Nicholson's alg. — 11 
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All the principles involved in finding the H. C. F. are 

illustrated in the solution of the next example. 

Find the H.C.F. of i2fi + 9a^ + 2a?-23^-'4x and 
62^ + 102:8-22:24.42;. 

Since the factor x is common to both, we divide both by x, and 
retain the a: as a factor of the H. C. F. Again, since 2 is a factor of 
the second number and not of the first, we divide the second by 2 
and throw it away. 

The two numbers thus become 

4 X* + 9 x« + 2 x2 - 2 X - 4 and 3 ar» + 5 a:2 - X + 2. 

Now, in order that the first may be divisible by the second, we 
multiply it by 3, and then proceed thus : 

12x* + 27x»-f 6x2- 6x-12 |3x» + 5x2-x + 2. 



12 X* + 20 x» - 4 x2 + 8 X 4 X + 7. 

7 x8 4- 10 x2 - 14 X - 12 

We multiply this remainder by 3 to make it divisible by the divisor 
and continue thus : 21 x« + 30 x2 - 42 x - 36 

21 x8 + 35 x2 - 7 X -f 14 
- 5x2-35x-50 
or - 5(x2+ 7x + 10) 

Now rejecting the factor — 5, we continue thus : 

3x«+ 5x2- x-i-2 |x2 + 7x+ 10 
3x8 + 21x2+ 30x 3 X - 16 

- 16 x2 - 31 X + 2 

-16x2-112x- 160 

+ 81 X + 162 
or 81 (x + 2) 

Rejecting the factor 81, we proceed thus : 

x2+ 7x + 101 x + 2 



x2 + 2x x + 5 

5x + 10 
5x+ 10 

Hence, x(x + 2) or x2 + 2 x is the H. C. F. 
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Find the H. C. F. of : 

1. a;2 -f 20 a; + 91 and 0^2 - 10 a; - 119. 

2. 0^2 + 28 a; + 187 and 0^2- 2 a;- 143. 

3. 3a?2-6a; + 3and 6a:2^6a;-12. 

4. 10a:2 + a;-60 and 6aj2 + a;-35. 

5. 28a:2_i9a,^3and 20a;2+7a;-3. 

6. a3 + 3 a% + 3 a62 _|_ j3 ^nd ofi + S^. 

7. 3a:3+6^__24a;and 6a^-96a:. 

8. ofl — a^ -\-2xy -{• y^ and a^ + a^ + 2 aa; — y^^ 

9. y3 - 5 y22f - 4 y2?2 _|. 2 gs and 7 y2 + 10 y2 + 3 ^2. 

10. 7 a2 -_ 23 aJ + 6 62 and 5 a3 -_ 18 a26 + 11 aV^ - 6 b\ 

11. a;4-8 a;8+21 a;2__20 a;+4 and 2 a;8-12 a:2+21 a;-10. 

12. 2a^-12a:8+19ar2-6a;+9and4a:3_i8ic2_^19a._3. 

13. 6 a:* + a;^ — a; and 4a^— 6a^-4:x-{-3. 

14. 2a;4+lla:3_i3^_99^_45 and 2a:3_7a;2_ 

46 a; -21. 

15. 3a:5-10a;8+15a;+8 and a:S-2ar*-6a^+4aj2 + 
13 a; + 6. 

COMMON MULTIPLES 

197. What is a common multiple of two or more 
numbers ? 

What is the lowest common multiple of two or more 
numbers? 

State the principle, § 107. 

198. The lowest common multiple of two numbers may he 
found by dividing either of them by their highest common factor 
and multiplying the quotient by the othei\ 

For, let A D and BD be the numbers, D being their H. C. F. Then, 
evidently, their L. C. M. is ^4 52), which may be found thus: First 
find D ; then divide ADhy Dj and multiply the quotient (A) by BD, 
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Find the L.C.M. oi a^-6T^+llx^ 6 a.nd a? - Oa^-f 
26 X- 24. 

By factoring, or by § 196 we find the H. C. F. to be a:^ - 5 a: + 6. 
(x» - 6 x2 4- 11 X - 6) - (x2 - 5 X + 6) = a: -.1. 
(a;« _ 9 x2 ^. 26 a: - 24)(x - 1) = (a: - l)(x - 4)(a: - 2)(x - 3). Ans, 

When possible, it is always best to express the L. C. M. in terms of 
its factors. 

Find the L. C. M. of : 

1. 3^-\-6x^-^nx-{-6 9.nd2^+7 3^+Ux+S. 

2. a^-\-4i3^— ix — lG and q[? — ia^^ i x-{- 16. 

3. 2^--oa^-4x + 20'dnda^-}-2x^-25x-'f)0. 

4. Sa^-2?-5j^-hx-h2 and 23?---Sx^--2x-{-3. 

199. It follows from § 108 that if A, J5, and stand 
for any three given numbers, and if G is the L. C. M . of 
A and J5, while JT is the L. C. M. of (r and (7, tlien JSTis 
the L. C. M. of A, J5, and 0. 

5. Find the L. C. M, of x^-ix-^S, x^--lx+12, 

2^2- 11 a; +28. 

The L. C. M. a;2 - 3 X + Sr and a;2 - 2 a: + 12 is (x - l)(x - 3)(x -4) 
and the L. C. M. of (x - l)(x - 3)(x - 4) and x2 - 11 x + 28 is (x- 1) 
(x - 3)(x - 4) (x - 7). Ans, 

Find the L. C. M. of: 

6. a:2__9^a:2^2a:-15, andr2-4a;-21. 

7. aJJ_|-a;_30, a;2 + 12.r+36, and aj2- 10 a; + 25. 

8. / + y-6,2^-2y2_y + 2, andy3 + 3^2_eJy-8. 

9. 6224.72-3, 322+11^-4, 222 + II2 + 12. 

10. 6 <?2 + 39 c + 45, 3 <?2 + 14 c - 5, 6 c3 + 7 c2 - 3 (?. 

11. a^+2ab-hb\ a^-h\ cfi -\-2a% + 2a1fl + b\ 

12. y^ + f^2y^-y^^,y^ + 2f + 2i/-y--2. 



REDUCTION OF FRACTIONS 165 



FRACTIONS 
200. Reduce to lowest terras : 



1. 



3, 



2^+5x-SQ 2 2 r^ - ary - 15 yg 

a^-^x-^12 ^ a^^32_^_c^ 



a2_2a-3 a3_3a2^4^_2 

• a2-10a-f 21* ' a3-a2_2a + 2 * 

8 a^ - 6 a; - 35 ^ Sg^- 23 g2 + 16 g-3 

' 122:2_23a:-77' ' 6 g^- 17 ^2 _|_ n 25_2 



9. 



a2_(5_g)2 _^^ 4yg+8;/2-3.y-f 5 

(a 4-6)2-^2 • e5y3_6y2^4y_l' 



a^ + a^ + a^b^-\-b^-hb^ . 27 ar^^ ga:^- 3y + 1 

• a2 + a4-a64-i + i2 * ' Oa:*^^ _|_ 2a;- 1 

201. Change to integral or mixed numbers : 

^ a;2 + 5a;-f 6 ^ 12a:2- 4 a^y-f IQy^ 

a:4-3 ' ' 6a:-20y 

g 5a:2H-3a; + l ^ a^-2a2^^2^6^ 

a:4-4 * * a^^2ab-{-b'^ ' 

7a2-5a + 7 ^ a?-lla:+24 

^ gg + i^ g a:g-l-2a:2-~63a; 

' a+b' 'a:2_2a:-35* 

^ a^-ffi* ,^ 12a:8+4a:2_27a:-9 

g, z~ • lO. r — z r • 

a + b 2a:2^5^^3 
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202. Reduce to fractional forms : 

X x+ 2 

3. 2 a; 4- 1 ■ — • 4. ar -f o — -^^ ; — . 

X X + 3 

5. ar + 6x-{-Z-\ 



6. a2-.2a + 3- 



a;-2 
a-1 



203. Reduce to least common denominator : 
a? x^-2 a;-f3 



1. 



2. 



3. 



4. 



5. 



2:2-9' 2^2+ a a;' a:^ _ 3 ^• 
9 3a; 2^2 



8(1 + a:)' 4(l+2:)2' 2(1 + a:/ 

111 



a^- 5 a: 4-0' a;2-7a; + 12' a:2 „ (3 a; -f' 8 

a; + 1 a; — 1 x 

a^-a;-6' a;2_;i^_io' ^r^-Saj + lS' 

1 1 1 

a24.a6 + Z»2' «2_^j + ^2' a«-6«* 



204. Errors often made by students in fractions. The 

sign ^fc means, and is read, "is not equal to." 

Students sometimes cancel common addends in the terms of a 

fraction, and confound reducing fractions to a common denominator 

with clearing an equation of fractions. 

Thus, °° + ^'' + ^S ^*+8a + 15 8a + 15 ^^^^^a±5 g ^^^ 

Again, -4t3 + -7-: :?t 5a + 9, but .^"/^ ^ - 
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The best method of correcting the misconceptions from 
which these mistakes arise is to check the results of ad- 
dition and multiplication of fractions by substituting 
numbers for the letters, taking care not to substitute such 
a number as will make any denominator zero. § 169. 

Thus, substituting 4 for a in (1) and (2), we have (1) f J ^fc JJ, 
but A ; (2) f + 1 ^ 29, but Jf , because J = ii I = if, and i| + i J = f §. 

Perform the operations indicated in the following, and 
check the results for one or more values of x : 

1 6 5 15a;+l 

Sz-1 Sx-hl 9x^-l' 



4 2 1 

2. — - -T-^ + 



x + 1 (2; 4- 1)2 (a; + 1) 



3 



_ x + 2 x-S 

w» p: T" "t" 



Cx + 3)(a: + 4) (a: -f- 4)(2; + 5) 



X — G a: 4- 7 

4. 



{x + 4)(a; - 5) (a; - 5)(a; -f- 6) 



a;+ 3 a; + l , x -{- 2 

3- -z T— 3 ;7: :■ — : — ^zrz — . ^^ + 



Cx + l)(a; + 2) (x + 2)(a; +8) (a: + l)(a; + 3) 



a: + 4 , a; + 3 a; -|- 2 



a;2_|_5a; + 6ar2 + 6a:+8 a? +1x^12 



^ x-^G 2(a;4-5) x^^ 

a^-^x-{-2Q a;2_i0a; + 24 a:2_ii^_^30 
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Simplify: 

3 7 4 -20 a; 



8 



9. 



l-2a; l+2a; ia^-^l 
5 1 24 



2(2:4-1) 10(a:-l) 6(2 a; +3) 



10 (^-^^ _ a-2b Sx(a-b^ 
a;— 6 x + b a? — ^ 



3a — 46 2a — 6 — c 15a — 4c a — 46 



12 21 



12. -1,+ f> 



a^b a^--b^ d^ + m^ 



a . 8a 2aa: 

13. f- 



a — x a-{-x a^ — a^ 



(6— tf)(c?— a) (c? — a)(a— 6) (a— 6)(6 — c) 

__ be . ca , ab 

1®« ■: ^: ;~ + t ttt^ r + 



(<?— a)(a— 6) (a— 6)(6 — 6*) (6— (?)((?— a)* 

16. „ A , +. — ^-^+ ^ 



(6 — <?)((? — a) (<?— a)(a — 6) (a — 6)(6 — c)* 

a^ — 6c , b^ — ac . c^ — ab 

17. T 7T-T : + t:; 7—; r + 



(a + 6)(a + (6 -f OC* + «) (^ + «)(^ + *) " 

a^ — 6c , 62-fac , (^ + ab 

18- T vzz ^ + -71 z—. h 



(a — 6)(a — c) (6-|-c)(6— a) (c — a)(c+6)' 
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205. Multiply gfl by g-^ff;^- * 

Factor the terms and cancel common factors. 



x2 



- 1 ^ x^-x-Q ^ (x- l)(x4- l)(x + 2)(x-S) ^ x^-^x + 3 
a:2_4 x^ + 2x-\-l (a:- 2)(a: + 2)(x + l)(:c-f 1) x^ - x - 2 ' 

Perform the following indicated operations : 



a:^- 9 (a; + 4)2 a:2-7a;-f 12 

a:2^8a:+15 a^-7a:+ tO a:g + 3a:-28 
• a^+6a:-14^a:2_^ _ 12 0^2-25 

Sax a^ — 2^ be •\'hx c — x 
4 by e^ — a? a^ -\- ax a — x 

l_a:2 i_^2 / ^ \ 

6. X ^X 1 + q . 

1 + y X -{- or \ 1 — xj 

a* — 6* a — b ab 

7. — r X ^ X 



(a -6)2 a^^-ab a^+Jr^ 

8. (^-? + l)x(^.+ 5-f-l\ 
\cfi a J \a^ a J 

9. (a^-x+l)xrH-i + y- 
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206. 1. DMde^,-^^-^by ^ + ^^ . 

2. Divide ---— by - -f -. 

0^ a^ ha 

3. Divide ^ + ^.y + -v; hy ^±JL. 

TT — xy -\' y^ X — y 

Perform the following indicated operations : 
9. (a2_j2_^_26(?)^''"*"*"^'' 



10. 



11. 



12. 



13. 



a-\-h — c 

2^2 _ 1 2 a; + 3 6 "^ 2:2 „ 11 ^ ^ 30 * 

a2_7^^0 a2-14a+48 ^ g^^ 6a 
a2+aa-4 * a2^io^_|_24 ' a3-8a2' 
(a;^a)2_62 ^_(^_6-) 2 

Qx-^aY-jh + cy , (a; - 5)2 - (g - a)2 
(a:+6)2-(a + d?/ * (a; _ a)2 _ (c _ 6)2 
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207. Simplify: 



1. 


2 1 

3 2 




2x Sx 


3. 


5 ■*■ 8 
3.4-,, 


5. 


a — X a -^ X 


a -{• X a — X 




a — X a -^ X 




X ^ y 


7. 


xJ^y~^x-y 


X y 




X- y x-\- y 




^Jry" ^-y" 


9. 


^-y"" ^ + y' 


x-^ry X — y 




x — y x-{' y 


11 


1 




x + 1 




X -^1 




X 


L3. 


a 

• 




b -j- c 




d+ e 
f 



2. 



4. 



6. 



8. 



10. 



12. 



14. 



1 
a;- 1 + 



x-\-l 



1 

X + 1 + 



3a; + 



a;-l 

27 a; 
2a:+ 3 



18a; 
Ix — o 

a; 4- 1 , ^ — 1 
a; — 1 a: + I 

a: + 1 a: — 1 
X- l""a; + 1 

^^Vlx-{- 72 
a;2 + 22 a; + 120 
a;2_21a;+ 108 ' 
a^j^l^x^- 80 

a + 6 a — b 
a — b a + 6 

a2_52 a2+J2 
1 






a; + 1 

1 -j- a; + 1 
3 — a; 
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AVERAGES 

208. As the student continues his studies and observa- 
tions he will come to see that the idea of an average of 
several quantities of the same kind is as valuable and as 
frequently employed as any within the whole range of 
science or commerce. 

It gives one a single representative magnitude, easily 
grasped and remembered, of an indefinite number of per- 
haps indefinitely apprehended objects. For instance, a 
clear conception of the duration of human life is obtained 
by taking the average ; an idea of the climate of a place is 
formed by learning the average of the temperatures of 
each day for a year; and the average citizen of a country 
furnishes a definite idea of the morals and education of its 
people. The chief value of all statistics depends^n the doc- 
trine of averages. 

209. Primarily, the average or mean value of several 
quantities of the same kind is the quotient of their sum by 
their number. 

Formula. If a, 6, c, ••• are a series of values whose 
number is w, and whose average or mean value is w, then, 

n 

1. The ages of three girls are, respectively, 11, 12, and 
14 years. Find the average of their* ages. 

2. The weights of a football eleven are, respectively, 
162, 165, 170, 171, 180, 182, 187, 193, 198, 205, 213 pounds. 
Find the average weight. 
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3. The grades of a student are 92% iu arithmetic, 
95 % in history, 89 % in geography, and 87 % in English. 
What is the average ? 

Instead of adding the grades and dividing by 4, it will be easier 
to add to 90 the average of the excesses of the grades over 90. Thus, 
92 = 90 + 2, 95 = 90+5, 89 = 90-1, 87 = 90-3; J(2+5- 
1-3) =f; 90 + i = 90}. Ans, 

4. A man measured an iron rail six times, getting 
29 ft. 11| in. one time, 29 ft. ll^g in. two times, and 
29 ft. 11| in. three times. Find the most probable length 
of the rail. 

In problems like this the numbers one, two, three are called the 
weights of the con*esponding measurements or values. Each value is 
multiplied by its weight, and the sum of the products divided by the 
number of weights (6). 

Or, to 29 ft. 11 in. add J of the excesses; that is, I of (1 x } + 2 x 
tV + 3 X 1) = i of V = f i, giving 29 ft. llfi in. 

5. George recited 5 times a week in English, 3 times 
a week in algebra, and 2 times a week in drawing, and his 
average grade in English was 84%, in algebra 70%, and 
in drawing 75%. Find his average grade, allowing the 
number of hours a study is taken a week to be its weight. 

6. Ella's grade in English for the first terra is 87%. 
How much must it be for the second term so that the grade 
for the year shall be 91 % ? 

7. In a certain college the pass mark is 75%. If 
Walter's standing for the first seven months is 70%, 78%, 
80%, 76%, 68%, 72%, and 66%, how much must it be 
for the eighth month in order that he may barely pass? 

8. B is 6 yr. older than A, and C is 9 yr. older than 
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B, and the average of their ages is 39 yr. Find the age 
of each. 

9. A grocer has two kinds of sugars, worth 4 and 6|^ 
a pound. How many pounds of the first must be mixed 
with 8 lb. of the second so that the average value of the 
mixtures shall be 5^ a pound? 

10. A class in grammar is divided into three sections. 
The average age of the pupils in the class is 13J yr., and 
of the three sections 12, 14, and 16 yr., respectively. If 
there are 16 pupils in the first section and 10 in the second, 
how many are there in the third section? 

11. Henry rode from A to B in 4 hr. at the rate of 6 mi. 
per hour, from B to C at the rate of 8 mi. per hour, and his 
average rate from A to C was 7^ mi. per hour. How 
many hours was he in going from B to C ? 

12. How much milk testing 4 % fat must be mixed with 
72 gal. of cream testing 30 % fat so as to produce an aver- 
age cream testing 16% fat? 



Hint. Let x = the number of gal- 4% of a; + 



30% of 72 _.^ 
"72 " ^^ 



Ions. Then, x -f 

13. A dairyman contracts to deliver cream testing 
16|% fat. Upon testing, he finds that it tests 25% fat. 
How much skim milk (testing % fat) must be mixed 
with 100 lb. of the cream to reduce it to the average 
agreed upon? 

14. A dairyman contracts to deliver 100 lb. of cream 
testing 21 % fat. Now he has a cream testing 28 % fat 
and another testing 18% fat. How much of each must 
he put into a mixture so as to have the required amount 
and quality ? 



X. EQUATIONS OP THE FIRST DEGREE 



Solve 



(Review and Extensions) 
EQUATIONS OF TWO UNKNOWN NUMBERS 

210. Eliminating by Substitution. 

r5x + 4y= 7, (1) 

.2x-3y = 12. (2) 

These equations were solved on page 41 by addition 
and subtraction, and on page 110 by comparison. We 
will now solve them by another method, called elimination 
by substitution. 

Solve (1) for x, 



7-4y 
5 
Substitute this value of x for x in (2), 

2CLz±l\ _ 3 « = 12. 



C-^)-» 



(3) 



(4) 



Solve (4) for y, 

Substitute — 2 for y in (3), 

In like manner solve : 
f5a: + 6y = 49, 
7a;-4y = 19. 



y = -2. 
x = S. 



1. 



2. 



3. 



5. 



5-2^ = 21. 

12 4 

f3a:-5y = 13, 
2a;+7y=:81. 



4. 



6. 



3a:-2y = l, 
3y-4a; = l. 

3 4 ' 

rlla; + 3y = 100, 
. 4 a; — 7 y = 4. 
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EQUATIONS OF THE FIRST DEGREE 



The following may be solved by addition and sub- 
traction, comparison, or substitution, as the teacher may 
think best: 



1. 



{ 



3. 



5a:+7y = 43, 
lla:+9y = 69. 



2. 



7.7y-3a:=29.5, 
y + 2x = 16.5. 



r7.7 

12.1 



4. 



5. 



I a: 4- y = «, 
I x — y = d. 



6. 



7. 



(1) X c, 

(2) X a, 

(3) - (4), 

Whence, 

(1) X d, 

(2) X b, 
(5) - (6), 

Whence, 



( 

(ax-\-hy = m, 
\cx-{-dy = n. 



acx + bey = cm, 
acx 4- ci<iy = an- 
(be — ad)y = cm — an, 
_ cm — an 
^ ~ he -ad 

ndx + hdy = dm, 
hex -I- hdy = hn, 
(ad — bc)x = dm — bn. 
dm — hn 



2 3 

£±i? + 5ji1 = 11. 

3 4 

3a: -h 2y = a, 
4 a; — 3y = 6. 



X = 



8. 



10. 



mx — ny = r^ 
px-qy = 8. 

- + - = a, 
X y 

1-1 = 6. 

[X y 

12. 



ad — he 
9. 



aa; + fty = ^» 
ma; — ny^o. 



11. 



a , 6 

- + - = c, 

a: y 
X y 



X 



+ _^ = 2a, ^=1^ = 1. 



a + 6 a — 6 



\ab 



(1) 

(2) 

(3) 
(4) 



(5) 
(6) 



THREE UNKNOWN NUMBERS 177 



EQUATIONS OF THREE OR MORE UNKNOWN NUMBERS 



If there are three equations, (1), (2), (3), involv- 
ing three unknown numbers, 

(a) Combine two of the equations, as (1) and (2), so 
as to eliminate one of the unknown numbers, and call the 
resulting equation (6). 

(J) Combine the remaining equation, (3), with either 
of the other two, as (1) or (2), so as to eliminate the same 
unknown number, and call the resulting equation (9). 

(c) Combine (6) and (9) so as to find the unknown 
numbers which they involve. 

(rf) Substitute the values thus found in (1), (2), or 
(3), and thus find the remaining unknown number. 



Find the values 
of a:, y, and ^ in : 



2x+3y + 42=16 (1) 

St + 2t/ -5z= 8 (2) 

5x-6y + Bz= 6 (3) 

It is immaterial which unknown number we eliminate first, but 
there will be less work in eliminating the one which requires the least 
number of multiplications or the smallest multipliers to make its 
coefficients equal. For instance, it is best to eliminate y first in the 
preceding example. 



(1) x2 




ix 


+ 6y+ 82= 32 


(4) 


(3) is 




5x 


-6^4- 32= 6 


(5) 


(4) + (5) 




9a; 


+ 112= 38 


(6) 


(2) x3 




9a: 


+ 6y- 152= 24 


(7) 


(3) is 




6x 


-6y+ 32= 6 


(8) 


(7) + (8) 




Ux 


- 122= 30 


(9) 


(6) X 14 




126 a: 


+ 1542= 532 


(10) 


(9) X 9 




126 a: 


- 108 2 = 270 


(11) 


(10) - (11) 






262 2 = 262 
2 = 1 
x= 3 




Substitute 1 for 


z in 


(11), 




Substitute 1 for 


z an 


d 3 for X in (1), y = 2. 





Nicholson's alg. — 12 
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EQUATIONS OF THE FIRST DEGREE 



If four or more equations are given, involving four 
or more unknown numbers, we proceed in a similar manner. 
Thus: eliminate one of the unknown numbers between 
three or more pairs of the equations ; then a second be- 
tween the different pairs of the resulting equations ; and 
so on. 



1. 



3. 



5. 



7. 



9. 



11. 



13. 



Solve the following: 

2x— y-f 25= 9, 

X- 2y+ 32 = 14, 

Sx+ 4y- 22= 7. 

2x- 3y+ 52 = 16, 
3a:+ 2y- 2= 8, 
-a:+ 5y+ 22 = 21. 

2x- 4y+ 92 = 28, 
7a;-f 3y- 62= 3, 
9a:4-10y-ll2= 4. 

Sx— 3y-f 2= 0, 
2a;— 7y-h 42= 0, 
9x+ 5y-f 32=28. 

7a:- 3i/=l, 
II2- 7i^ = l, 

4 2 — 7 y = 1, 
19a:- 3w=l. 



ay + Sa: = c, 

ex -{- az = 6, 

62 + cy = a, 

bx + «y = «&i 

ex -\- az = ac^ 

cy -{• bz == bc^ 



2. 



4. 



6. 



8. 



10. 



12. 



14. \ 



'4a;-3y+22=40, 
5a; + 9y- 72 = 47, 
9a: + 8y-32 = 97. 

5a:-6y-h42 = 15, 
7a:+4y-32 = 19, 
2a;+ y + 62 = 46. 

2a:+3y-42 = 10, 

-4y+52-h3a;=14, 

62 + 4a:-5y = 18. 

x-\- y+ 2 = 29, 

a: + 2y + 32 = 62, 

J^ + Jy + i2=I0. 

x-\- y-\- 2-h t*=14, 
2a:+3y + 42-h5t^=64, 
4a?-6y-72 + 9w=10, 
3a;4-4y + 22-3w=ll. 

ax -{-by -{- cz = n, 
cfix 4- b^y + ^z = n^, 
a^a: + 6®y -f c^2 = w^. 

a:+y +2 =a + &+ ^, 
6a: + (?y + <3K2 = a^H- 6^+ <?^, 
^a:+ayH-62=a2+62+A 



\ 
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PROBLEMS 

1. Find two numbers such that 4 times the first plus 
^ of the second is 53, and 3 times the second plus J of the 
first is 48. 

2. Find three numbers such that the first plus the sec- 
ond plus the third is 9 ; the first plus 2 times the second 
plus 3 times the third is 22 ; and the first plus 4 times 
the second plus 9 times the third is 68. 

3. Find three numbers such that 2 times the first plus 
3 times the second equal 23, 3 times the first plus 4 times 
the third equal 36, and 4 times the second plus 5 times 
the third equal 60. 

4. If the cost of 7 sweaters and 4 bats is $11.60, 
6 sweaters and 6 balls is $8.40, and 3 bats and 10 balls is 
$2.26, find the prices of the sweaters, bats, and balls. 

5. A said to B, " Give me 12^ and I shall have 6 times 
as much as you have left" ; B said to C, " Give me 24^, 
and I shall have 10 times as much as you have left " ; C 
said to A, " Give me 2^, and I shall have 3 times as much 
as you have left." How much money had each ? 

6. A grocer sold to one customer 6 bu. wheat, 2 bu. 
corn, and 3 bu. rye for $6.60; to another, 2 bu. wheat, 
3 bu. corn, 6 bu. rye, for $6.80; and to another, 3 bu. 
wheat, 6 bu. corn, 2 bu. rye, for $6.60. Find the price 
per bushel of wheat, corn, and rye. 

7. Find three numbers such that the quotient of the 
first by the second is 2 and the remainder 7 ; the quotient 
of the second by the third is 1 and the remainder 3 ; and 
the quotient of the first by the third is 4 and the re- 
mainder 1. 
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8. A and B can do a certain work in 24 da., B and C 

in 40 da., A and C in 30 da. In how many days can each 

do the work? 

Let X = the number of days it will take A to do the work. 
y = the number of days it will take B to do the work. 
z = the number of days it will take C to do the work. 

Then, -, -, -, respectively, will denote the part each can do in 
^ y ^ one day. 

Hence, 





1. 1_ 1 _ 5 
X y 24 120 ' 


(1) 




y z 40 120\ 


(2) 




1 1_ 1 _ 4 / 
X z SO 120 


(3) 




2 2 2 _ 12 
X y z 120' 


(4) 




2 2 _ 10 
X y 120 


(5) 


2_ 

z 


9 

-^ ; whence, z = 120. 
120 




2_ 

X 


; whence, x = 40. 

120 




2 


A 

- — ; whence, y = 60. 





(1) + (2) + (3), 
(1) X 2, 

(4) - (5), 
(4) - 2 X (2), 

(4)-2x(3) 

y J.-U 

9. A and B can do a certain work in 4^ da., A and C 
in 6 da., and B and C in 8 da. In how many days can 
each do the work? 

10. A, with the help of B for 4 da., can do a certain work 
in 15 da.; B, with the help of C for 6 da., in 20 da.; 
C, with the help of A for 7 da., in 22 da. How long will 
it take each alone to do the work ? 

11. A cistern has three pipes A, B, and C. A and B 
will fill it in a minutes ; A and C in b minutes ; B and C 
in c minutes. How long will it take each alone to fill it? 
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12. A certain nilmber is expressed by three digits. The 
sum of the digits is 21. The sum of the first and last 
digits is twice the middle digit. If the hundreds' and 
tens' digits are interchanged, the number is diminished 
by 90. Find the number. 

Let X = the hundreds* digit, 

y = the tens* digit , 
2 = the units* digit. 
Then, 100 x -f 10 y + z = the number. 

By the conditions, a: + y + 2 = 21, (1) 

x + z = 2y, (2) 

and 100y4-10a: + 2=100a: + 10y + 2-90. (3) 

Solving these equations, a: = 8, y = 7, 2 = 6. 
Therefore, the number is 876. 

13. A number is expressed by three digits. The middle 
digit is twice the left-hand digit, and one less than the 
right-hand digit. If 297 is added to the number, the 
order of the digits will be reversed. Find the number. 

14. A number is expressed by three digits. The sum of 
the digits is 18 ; the number is equal to 99 times the sum 
of the first and third digits, and if 693 is subtracted from 
the number, the order of the digits will be reversed. Find 
the number. 

15. The fore wheel of a carriage makes six revolutions 
more than the hind wheel in going 120 yd. ; if the circum- 
ference of the fore wheel is increased by \ of its present 
size, and the circumference of the hind wheel by ^ of its 
present size, the six will be changed, to four. Required 
the circumference of each wheel. 

16. A sum of money at simple interest amounted to 
$8910 in 2 yr., and to $9240 in 3 yr. Find the prin- 
cipal and the rate of interest. 
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17. A can row a boat downstream at the rate of 9 mi. 
per hour, and upstream at the rate of 3 mi. per hour. 
At what rate does the stream flow, and at what rate could 
A row the boat in still water? 

Let x = A*s rate per hour in still water, 

and y = the rate per hour of the stream. 

Then, x-\-y = A's rate per hour downstream, 

and X — y — A's rate per hour upstream. 

a: + y=9, 
X - y = 3, 
Whence, a: = 6, y = 3. 

18. A crew that can pull at the rate of 15 mi. an hour 
downstream, finds that it takes 3 times as long to come 
up the river as to go down. At what rate does the stream 
flow? 

19. A man sculls down a stream, which runs at the rate 
of 3 mi. an hour, for a certain distance in 3 hr., and 
finds that it takes him 12 hr. to return. Find the dis- 
tance he pulled down the stream and the rate of his 
pulling. 

20. A boatman can row downstream a distance of a mi. 
and back again in h hr. ; and he finds that he can row 
d mi. against the current in the same time he rows c mi. 
with it. Find the time required in going and returning; 
also the rate of the current. 

21. Two trains, whose respective lengths are 1320 ft. 
and 1056 ft., run oa parallel tracks ; when moving in op- 
posite directions the trains pass each other in 30 sec. ; 
when moving in the same direction, each at the same rate 
as before, the faster passes the slower in IJ min. Find 
the rate per hour of each train. 
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INDETERMINATE EQUATIONS 

214. Show, by substitution, that 2x-\- S i/=lS has the 
following pairs of values : a;= — 2, y = 5| ; a;= — 1, y = 5 ; 
x=0, y = 4J;a; = l, y=3f; a:=2,y = 3; x=3,y = 2J; 
a;=4, y = lf; a; = 5, y = l;... 

How many of these pairs of values are positive integers? 

215. An indeterminate equation, such as the one just 
considered, is an equation that has an unlimited number 
of solutions. 

Generally, the object in solving indeterminate equa- 
tions and problems is to find only the positive integral 
values of the unknown members. 

Solve in positive integers, 4 a; + 9 y = 116. CI) 

Solve fora:, x = ^^^ ^^^ = 2S -2y + ^-^. (2) 

Since the values of x and y are to be integral, then ~ ^ will be an 
integer, otherwise we should have an integer equal to a fraction. 
Hence, we may write — ^^ = n, an integer. 

Then, 3 - y = 4 n, or y = 3 - 4 n. (3) 

Substitute in (2), a: = 22 + 9 n. (4) 

In (3) and (4), n may have any integral value, except such as pro- 
duce negative values of x or y. 

Hence, in (3), n can have no positive value greater than 0, but may 
have any negative value. 

But we see from (4) that if the absolute value of n exceeds 2 
(n being negative), x will be negative. 

Therefore, n can have but three values : 0, —1,-2. 
Substituting these values in (3) and (4), we have 

y = 3, 7, 11 ; 

a: = 22, 13, 4. 
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216. In solving equations like the preceding it is desir- 
able that the coefficient of y should be one more than 
some multiple of the coefficient of a;, as in (1). If this 
relation does not exist, the equation should be multiplied 
by such a number as will make the new coefficient of y one 
more than some multiple of the original coefficient of x. 
Then proceed as in the solution of the next example. 

Solve in positive integers 5 a; — 14 y = 11. (1) 

Here, 14 -i- 5 = 2 quo. and 4 rem., which is not in the desired form. 
Multiply (1) by 4, and we have 4 x 5 a; — 56 y = 44. (2) 

Now, 56 -^ 5= 11 quo. and 1 rem., which is in the desired form. 
It is useless to consider 4, as it is a factor of all the terms. 
Transpose, divide by 5, 

o o 

Make ^ = n, whence, y = 5 n — 4. (4) 

5 

Substitute in (3), x = Un-9, (5) 

Here it is evident that n may have any positive value. 

Making n = 1, 2, 3, etc., 

we have y = 1? 6, 11, etc.; 

and a: = 5, 19, 33, etc. 

Solve in positive integers : 

1. 3a;+7y = 29. 2. iz-1 y^lS. 

3. 5a: + 111/ = 61. 4. 6a;-5y = 20. 

5. 7 a; 4-12^ = 88. 6. 13a;-9y = 103. 

7. a: +13 y= 28. 8. 5 a:- 13 3/ = 1. 

9. 23a: + 17y = 47. 10. 43a:- 3oy = - 19. 
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11. What number is it, which when divided by 13 the 
remainder is 8, and when divided by 17 the remainder 
is 5? 

Let m denote the number, then 

m — 8 ^j m — 5 
= X, and — -— = y, 

13 17 ^ 

where x and y are whole numbers. 

Whence, m = 13a:+8 (1) and m = 17y + 5. (2) 

13a: + 8 = 17y + 5. (3) 

13 X = 17 y - 3. (4) 

(4) X 10, 10 X 13 a; = 170 y - 30. (5) 

(5)-^13, ' i0x=13y-2 + ^. (6) 

Make ^ "^ = n, whence, y = 13 n + 4. 

Substitute in (2), m = 221 n + 73. 

In this n may have any positive value ; hence, the number is 73, or 
294, or 515, etc. 

12. The sum of three positive integers is 11 ; and if 
the first is multiplied by 3, the second by 5, and the 
third by 7, the sum of the products will be 57. What 
are the numbers? 

Let X = the first, y = the second, z = the third. 
Then x+ .y + 2 = 11,- (1) 

and 3a: + 5?/ + 72=57. (2) 

(l)x7-(2), ix+2y =20, 

2x+ y =10, 

y = 10 - 2 a;. 

Here x may have any value from 1 to 4 inclusive. 

Making a: = 1, 2, 3, 4 ; 
then y = 8, 6, 4, 2 ; 
and 2 = 2, 3, 4, 5. 
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1. A farmer received f 29 for a number of lambs and 
pigs, receiving $5 each for the lambs and f 2 each for the 
pigs. How many of each did he sell ? 

2. A lady spent $2.65 in purchasing sugar at 6 cents a 
pound and coffee at 19 cents a pound. How many pounds 
of each did she buy ? 

3. In how many ways may a debt of $19 be paid with 
2-dollar and 3-dollar bills ? 

4. Seventy is divided into three parts which are divisi- 
ble by 6, 7, 8, respectively, and when so divided the sum 
of the quotients is 10. Find the three parts. 

5. Find the least number which when divided by 7 the 
remainder is 2, and when divided by 5 the remainder 
is 3. 

6. The numerator of a fraction is a multiple of 2, the 
denominator a multiple of 3, and if 5 is added to both 
terms, the value of the fraction will be ^. Find the 
fraction. 

7. What is the least possible number of oranges on a 
tree, if in counting them 11 at a time there are 3 over ; 
and in counting them 7 at a time there are 2 over ? 

8. A man has a number of $10, $5, $1 pieces. How 
many of each must he take to pay a debt of $120, using 
forty pieces in all ? 

9. A farmer buys sheep, pigs, and hens. The whole 
number bought is 100, and the whole cost $100. If the 
sheep cost $10, the pigs $2J, and the hens $J each, how 
many of each did he buy ? 



XI. LAWS OP OPERATIONS 
(Bbyibw and Extbnsions) 

217. Laws of addition. 

I. The addends may he taken in any order. 

Thus, 5 + 7 + 9 = 5 + 9 + 7 = 9 + 7 + 5. 

Or, a-\-h-\-c-=a-\-c-\-h = c + h-\-a. 

This is called the commutative law of addition. 

XL The addends may be grouped in any order. 

Thus, 5 + 7 + 9 =(5 + 9) + 7 = 5 +(7 + 9). 

Or, a + h ■\-c={a-\-h)-\-c =za-\-{h + c) = {a^-c)-\-h. 

This is called the associative law of addition. 

218. Laws of multiplication. 

I. The factors may he taken in any order. 

Thus, 3x5x6 = 3x6x5 = 6x5x3. 

Or, ay.hy.c = ay.cy.h = hy.ay.c. 

This is called the commutative law of multiplication. 

II. The factors may he grouped in any order. 

Thus, 3x 5x6 = (3 X 5)x6 = 3 x(5x6) = 5 x(6x 3). 
Or, a xh x c =(ay.h)y. c = ay.(b X c) = {a y. c)y.h. 

This is called the associative law of multiplication. 

III. The distributive law of multiplication, viz. : 

(a ■\- h -\- c) X n =^ an -{- hn ■\- en, § 33. 

The above laws of addition and multiplication are true 
for any number of addends or factors. 

187 
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LAWS OF POSITIVE INTEGRAL EXPONENTS 

219. In all that follows a, (, c stand for any real num- 
bers, and rw, n, p for any positive integers. 

Definition, a" or (a)" = a x a x ••• to n factors, where a 
is the Jaw, n the exponent^ and a* the nth power of a. 

When a is negative, a* is positive or negative according as n is 
even or odd. 

220. I. The product of the mth and nth powers of any 
number is equal to the (rw + n^th power of that number. 

Proof. 

a»»x<i* = (axax •••tow factors) x(axax •••ton factors) 
^axa xa -to (?n-|-n) factors 

Examples, a:* x x* = x\ (a + lyy. (a + 6)' = (a +6)". 
Evidently, a* x a* x a'' x ••• = rt'»+*+'^+^". 



II. TAg quotient of the mth by the nth power of any 
number^ m being greater than n^ is equal to the (m^n^th 
power of that number. 

Proof. By § 220, a*"" x a« = a*"-"+" = a*". 

a''* -5- a« = a"*"". § 153, (2) 

Examples, x* -j- x* = a:*, (a — 6 )' -r- (a — 6)* = (a — h)\ 

222. III. Z%e TW^A power of the nth power of any number 
is equal to the mnth power of that number. 

Proof, (a")"* = a" x a" x ••• to m factors 



^n+»+ ... to m terms 



Examples, (x*)* =. x* ; the 4th power of a* is a*. 



I. IV. The nth potver of the product of several num- 
bers is equal to the product of the nth powers of those numbers. 
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Proof. 
(a6)^*= ab X ab X '" to n factors 

= (a X a X "ton factors)(J x 6 x ••• to w factors) 

= a"6». 
Examples. 6* = 2« x 3«, (a^b^y = asjio. 

224. V. The nth power of the quotient of any two numbers 
is equal to the quotient of the nth powers of those numbers. 

Proof. (-) =-x-x--tow factors 
\o/ b b 

a X a X '" to n factors a** 

w^ — ■ »■■■■■■■■■ I I ■ ^^S ■ "^ • 

b X b X •" to n factors 6" 

Examples. f?V = ?-^ = l?; («_y=(^» = «\ 
V3/ 3* 81 ' W) (68)8 ^,9 

LAWS OF POSITIVE INTEGRAL INDEXES 

225. In all that follows a, 6, e stand for any real num- 
bers, and w, 71, jE? for any positive integers. 

Definition. The nth root of a, denoted by -^^, is one of 
the n equal factors of a, w being the index of the root. 

That is, Va X Va X ••• to n factors = a. 

When the index (n) is even, and a is negative, Va 
is imaginary (§ 267). 

226. I. The nth root of the mnth power of any real num- 
ber is the mth power of that number. 

Proof. By § 222, (a"»)" = a''*". 

-v/a^ = a"*. §153,(3) 

That is, Var" = a"^"^ = a"^. 

This law does not hold when a is negative if n is even and m is odd. 
For example, v/(— 3)® is not equal to (-3)* or — 27, since 
(- 3)« = (+ 3)«, and hence >/(-3)« = >/(3y« = 3* = + 27. 
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II. The product of the nth roots of any two real 
numbers is equal to the nth rootof the product of those numbers. 

Proof. ( Va x ^/ly = (VayCVbY § 223 

= ab. 

^axVb=^/ab, §153,(3) 

This law does not hold when a and b are both negative. 

For example, it is not true that V— 8 x V — 2 = V— 8 x —2 = 
Vl6 = 4. For, y/-^ = V8 V^ and V"^ = V2 V^^, and V8 V^ 
X V^V'^^ = Vl6(V^^)2 = 4x-l=-4. 



III. 77ie quotient of the nth roots of any two real 
numbers is equal to the nth root of the quotient of those num- 
bers. _ 

Proof. fS^Y = (2!^ = «. §224 

|| = ^. §153,(3) 

Reduce the following, and give the laws involved : 
1. ir^ X a:3. 2. 28 X 22. 3. 3V X SV. 

4. a^-^a?. 5. 28^22. 6. 3%^ ^ 32a2. 

7. (a?y, 8. (32)3. . 9. (22a362c)2. 

10. (-a2)3. 11. ((-2)2)4. 12. (-52^/)3. 

16. V?o. 17. ^/-8aW 18. ^ - a^b^^x^^. 

19. Find the 2d power of 2^o?y,x ^^xy^, 

20. Find the 3d power of 3^aV -5- 3%^. 

21. Find the 4th root of b^a% x b^a'^W. 

22. Find the 5th root of 3V2J8 ^ 34^253. 
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POWERS OF BINOMIALS 

k By actual multiplication it is found that : 

(a -f 6)1 = a + h. 

(a 4- 6)2 = a2 4- 2 a6 + b\ 

(a 4- 6)3 = aS + 3 a% + 3 aJ2 + h\ 

(a + J)4 = a* 4- 4 a% -}- 6 aW + 4 aft^ + bK 

From these results it will be noted that: 

I. The number of terms is greater by one than the ex- 
ponent of the power to which the binomial is raised. 

II. In the first term, the exponent of a is the same as 
the exponent of the power to which the binomial is raised; 
and it decreases by one in each succeeding term. 

III. h appears in the second term with 1 for an expo- 
nent, and its exponent increases by one in each succeeding 
term. 

IV. The coefficient of the first term is 1. 

V. The coefficient of the second term is the same as the 
exponent of the power to which the binomial is raised. 

VI. The coefficient of each succeeding term is found 
from the next preceding term by multiplying its coefficient 
by the exponent of a, and dividing the product by a num- 
ber greater by one than the exponent of J. 

If h is negative, the terms in which the odd powers of 
h occur are negative. Thus : 

(a - J)* = a* - 4 a% -f 6 a^Jx^ - 4 aJs + 6*. 

This process of writing out the power of a binomial is 
called expanding the binomial. 
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Expand the following: 



1. 


(a + xf = 


2. 


(a + a;)* = 


3. 


(*+y)»= 


4. 


(a-a;)8 = 


5. 


(x - ay = 


6. 


(x-y)6 = 


7. 


(a + 1)« = 


8. 


(x+l)* = 


9. 


(x+l)» = 


10. 


(X - 1)8 = 


11. 


(x-iy^ 


12. 


(y_l)6 = 



The same method may be employed when the terms 
of a binomial have coefficients or exponents. 

Let it be observed that the following expansions are in 
accordance with the preceding rule, provided the first 
term of the binomial is regarded as (or substituted for) a, 
and the second term of the binomial for h. 

= 27 x« - 27 x V + 9 xy* - y\ 
c8 - 2 c«x + f c*x2 - i c2x« H- T^ a:*. 

Similarly, a polynomial of three or more terms may be 
raised to any power by first writing it under the form of 
a binomial. Thus: 

(a:2 + 2 x + 3)» = { a:2 H- (2x + 3) }» 
= {x^y + 3(x2)2(2 X 4- 3) + 3(x2)(2 x + 3)« + (2 a: + 3)« 
= a:« + 6 x* + 21 x* H- 44 a:« + 63 a:2 + 54 x + 27. 

Simplify or expand the following: 

13. (a: +3)8. 14. (a:2_2a)8. 15. (c?^a + \)\ 

16. (a: - 2)8. 17. (cfl - 3 a)i 18. (a^« - a: - 1)2. 

19. (a + 4)^ 20. (a8 + 4e?)^. 21. (1 - 2 a -f a^)*. 

22. (l-}-2a)fi. 23. (2a2-3^)^ 24. (5 - 2 a: - ar^)^. 

25. (2a-l)^ 26. (2a8-|a:)^ 27. (a^» - 5a; + 2)3. 
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CUBE ROOT 

The cube root of an integer is one of its three 
equal factors. 

Name the cube roots of the following : 

1, 8, 27, 64, 125, 216, 343, 512, 729, 1000. 

232. A perfect cube is a number that is the product of 
three equal integers or fractions ; and an imperfect cube 
is a number that is not the product of three equal integers 
or fractions. 

The cube root of a number is indicated by attaching 
the vinculum to the radical sign and placing the figure 3 
in the opening, V (§ 139). 

Thus, v^27 a«6« = 3 a^b, and </(a^ + 3 a% + 3 ab'^ + b^) =a-\-b. 

233. Finding the cube roots of monomials. 

Find the cube root of 125 aW 

Extract the cube root of the numerical coefficient^ and divide 
the exponent of each literal factor by 3. 

Find the values of: 

1. -^27^. 2. -v/t^W^. 3. -v/lOOO 7?y^. 

4. ^'64^. 5. ■v/216 a24. 6. ^/729 o^^. 

7. ^8^. 8. a/512 a^/. 9. x/343 a^n^\ 

10. Va\a + xy. 11. ■\/8(2 + 2:)«(8-a;)6. 

12. V21{x-yy. 13. ■\/n\x'-^ayix - 6)i2. 

14. A/64(a-6)6. 15. Va\e-\^dy(x-'y)^. 

234. Extracting the cube roots of polynomials. 

Since the cube of ^ + = i^,^ 3^2^+ 3io2 + o3 (§229), 
the cube root of the latter is the former. 

NICIIOLSON^S ALG. — 13 
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Now we wish to determine how t-{-o may be found 
when fi + Sth + Sto^ + o^ is known, whatever the values 
of t and may be. 



<» + 3 <2o + 3 to^ + o*\t_±o 

Trial divisor, 3 fi 
Complete divisor, ^ t^ -{■ S to -\- o^ 



3 ^2o + 3 to^ + o« 
3 <2o 4. 3 to^ + o* 



Evidently, the first term, t, of the root is the cube root of the first 
term, <•, of the given number. 

Subtracting fi from the given number leaves the remainder 
3 <2o -I- 3 to'^ + 08 = (3 /2 4. 3 to + o2) 0. Now 3 1^, 3 times the square of 
the part of the root already found , or 3 times the square of the first part 
of the root, is the trial divisor. Dividing the first term of the remain- 
der, 3 ^o, by the trial divisor gives the quotient o, the second part of 
the root. 

The complete divisor is formed by annexing or adding to the trial 
divisor 3 to + 0^ ; that is, 3 times the product of the first part of the root 
by the second part plus the square of the second part. 

Find the cube root of 8 a^ - 60 a!^c + 150 aV - 125 <^, 

8a«-60a*c4-150aV-125c» |2ag-r)c 

Sgg 

T. divisor = 12 a* 



C. divisor = 12 a* - 30 a^c + 25 c^ 



-60 a*c + 150 a2c2- 125 c» 
-60a*c+150a2c2_l25c« 



In this example 2 a^ and —5c correspond to / and o in the typical 
example given above, 2a^ being the first part of the root and — 5c 
the second part. 

The cube root of the first term, 8 a®, is 2 a\ which is the first term 
of the root. The cube of 2 a^ subtracted from the given number leaves 
the remainder — 60 a^c -f- 150 0%^ — 125 c*. 

Three times the square of 2 a^ is 12 a*, which is the trial divisor. 
Dividing — 60 a^c by 12 a* gives the quotient —5 c, which is the 
second term of the root. To form the complete divisor we annex 
to the trial divisor 3x2«2x-5c plus (- 5 c)^ = - 30 a^c + 25 c*, 
which gives the complete divisor 12 a* — 30 aV + 25 c^, which, when 
multiplied by —5 c, exhausts the remainder. 
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Find the cube roots of : 

1. 2^3 4- 12 aj2 -f 48 a; + 64. 

2. 8a3-}-36a2 + 54a-}-27. 

« 

3. 8a:3-84a:2-}-294a;-343. 

4. l-}-9iw+27m2-}-27m3. 

5. a«-15a^-}-75a4_125a3. 

6. 8 03^3 _ 12 a26c2 4- 6 a52(? - fr3. 

7. 64 a3 - 144 a^c + 108 ac^ - 27 A 

8. 343 a^ -f 588 a^^y + 336 a:^2 ^ 64 ^. 



T.D. = 3a;* 

C.D.=3x*-6xH4a;2 

T.D. = 3x*-12x8 + 12x^ 

C.D. = 3a:*-12a:«+15a;2-6a:+l 






:U4-12x8+15x2-6x+l 
3x4-12x»+15x2-6x+l 



Having found the first two terms, x^ — 2 x, of the root as in the 
preceding examples, we consider x*-* — 2 x the first term or part of the 
root. The next trial divisor will then be 3(x2 — 2 x)^, or 3 x^ — 12 sfi 
+ 12 x^, and the second term of the root, 3x* -i-3x*, 1. To the trial 
divisor we add 3(x2 — 2 x) x 1 plus (1)^ or 3 x^ — 6 x + 1, and obtain 
the above complete divisor. 

If we call the part of the root already found the first part and the 
next term to be found the second part, at any stage of the process, 
the trial divisor is 3 times the square of the first part, and the com- 
plete divisor is the trial divisor, plus 3 times the product of the first 
part by the second, plus the square of the second part. 

In like manner find the cube roots of : 

10. a«-9a5-h33a*-63a3 + 66a2:-36a-h8. 

11. a^-Sa^-hba^-Sx-l. 

12. 3fi'-33^-\'62^-l2^-\-G2^-i^X-\'l. 
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235. Finding the cube roots of arithmetical numbers. 

To extract the cube root of an arithmetical number 
we first determine how many figures or digits there will 
be in the root, and what the first digit will be, which we 
can do by inspection as follows. Note that each number 
is divided into periods of three figures each, beginning at 
the right. 

Since 42'875 lies between 27'000 and 64'000, its cube root lies be- 
tween 30 and 40. Hence, there are two figures in the cube root of 
42' 87 5, and the first figure, 2, of the root is the cube root of the great- 
est cube contained in 42. 

Since 187a49'248 lies between 125'000'000 and 216'000'000, its cube 
root lies between 5<X) and 600. Hence, there are three figures in the 
cube root of 187'149'248, and the first figure, 5, of the root is the cube 
root of the greatest cube contained in 187. 

Compare the number of periods in the following cubes 
and the number of figures in the cube roots: 

Number Boot Numbeb Root Number Root 

1 r I'ooo 10 I'ooo'ooo loo 

729 9 970^299 99 997'002'999 999 

From these, and similar examples, we infer: 

Tliere are as many figures in the cube root of a perfect cube as 
there are 3-figure periods in the number. 

The first figure of the root is the cube root of the greatest cube 
contained in the left-hand period, 

Note. The left-hand period may consist of only one or two figures. 
Give the first figure and the number of figures in the 
cube roots of : 

1. 46'656. 2. 91'125. 3. 127'263'527. 

4. 274'625. 5. 124'000. 6. 743'677'416. 

7. 681'472. 8. 238'328. 9. 16'58r376. 

10. 343'000. 11. 8'741'816. 12. 1'879'080'904. 
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Find the cube root of 46,656. 

Since there are two periods in 46' 656, there will be two 
figures in its cube root. The tens' figure will be 3. 

Denoting the tens, 30, of the root by t and the ones by 
0, we have (t-hoy = t^ + St^o + S to^ -\-o^= 46,656. 

Hence, the following operation is like the typical one 
given on page 194. ^ ^ ^ 

46'656 130 + 6 = 36 
t^ = 27 OOP 
T. divisor, 3^^ =2700 19 656 

3^0 = 540 

0* = 36 



C . divisor, f* + 3 <o + o^ = 3276 



19 656 



The greatest cube in 46 is 27, and its cube root is 3, which is the 
number of tens in the root. 

The trial divisor is then 3 x (30)2, or 2700. 

In dividing the remainder 19,656 by 2700 the quotient would 
appear to be 7. But when the divisor is completed, 7 proves to be 
too large. So we take 6 for the units* figure. 

In like manner find the cube roots of : 

1. 13,824. 2. 421,875. 3. 262,144. 

4. 42,875. 5. 175,616. 6. 250,047. 

7. 74,088. 8. 405,224. 9. 912,673. 

The following solutions of Examples 8 and 9 will show how the 
unnecessary ciphers may be omitted and the solution abbreviated. 

405'224 1 7^ 912'673 197 

343 729 

T. D. 14700 62 224 24300 

1890 
49 



840 
16 



C. D. 15556 



183 673 



62 224 26239 



183 673 
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Find the cube roots of : 

1. 54,872. 2. 148,877. 3. 406,224. 

5. 571,787. 6. 175,616. 

8. 42,875. 9. 110,592. 



4. 46,656. 
7. 91,125. 



A\#« JLvrc/^^J.^ 


J^^J\^*dm 






109'215'352 478 


• 








64 




4800 


45 215 








840 










49 






3(470)2 




5689 


39 823 


Trial divisor, 


662700 


5 392 352 




3 X 470 X 8 




11280 






82 




64 






Complete 


divisor, 


674044 


5 392 352 



The first two figures, 47, of the root are found as in the preceding 
examples. 

Then 47 is considered the tens of the root. Hence, the next trial 
divisor is 3 x (470)2, and the units of the root is 8. 

The complete divisor is then formed of the tens and ones as 
heretofore. 



11. 44,361,864. 
13. 16,581,375. 



12. 743,677,416. 
14. 130,323,843. 



The notes on page 122 are applicable to cube root with the change 
of " square " to " cube." 

Find the values of : 

15. a/. 015625. 16. v^.001728. 



18. s/^\v. 

21. ^/2. 



22. -V^B. 



17. V. 000166375. 
20. ^/372T9j. 

23. -V^. 



FRACTIONAL AND NEGATIVE EXPONENTS 199 



LAWS OF FRACTIONAL AND NEGATIVE EXPONENTS 



I. The main laws for positive integral exponents are, 
as we have seen: 



itnn 



I. a'" X a** = a"*+". III. (a"*)" = «' 

II. a"»-4-a'* = a'«-^ IV. (a"» x 6"y = a"»^ x 6"^. 

237. It is now to be shown that these laws are true 
for any rational exponents, and the first step is to deter- 
mine what is meant by fractional, zero, and negative 
exponents. For, the meaning heretofore attached to ex- 
ponent, § 56, cannot apply to an exponent that is a 
fraction, zero, or a negative number. 

Thus, with respect to a » , a^ a~^ .it is senseless to say a is taken as 
a factor J times, or times, or - 3 times. 

The meaning of such exponents may be determined by 
assuming that Law I holds for all rational values of m and 
n, provided that Laws II, III, IV (p. 188) are shown to be 
true in the same sense or for the same values of m, w, 
and p. 

238. Finding the meaning of a zero exponent. 

Make m = in I, a*^ x a" = «"*+". 
The result is aP x a'^^ a\ 

Whence, § 153, (2), a^ = a^'^a'' = 1. 
Therefore a number with a zero exponent means 1. 

Thus, 20 = 1, aro = 1, (a + h^ = 1. 

The student may prove these as follows : 

oo — 2"~" = 2** -f- 2** = 1 • 
(a -f- by = (a + h)p-p = (a -f- hy -s- (a + by = 1. 
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239. Finding the meaning of a negative exponent. 

Make n = — iw in I, a*" x a*» = a"»+». 
The result is d!^ x a""* = o^ = 1.. 

Whence, § 153, (2), a"*" = -i . 

a"* 

Therefore^ a number with a negative exponent means the recip- 
rocal of the number with a positive exponent of the same absolute 
value. 

240. Finding the meaning of a fractional exponent 
Make tw = n = J in I, a*" x a" = a**"^". 

The re^ilt is a* x a* = a. 

That is, (a*)2 = a. 

Whence, § 153, (3), a* = V^, 

fn mm 

In general, § 219, (a» )« = a» x a» x -. to n factors 

— I — + ••• to n terms 



m 



Whence, § 153, (3), a« = Va^. 

TliereforCf a number with a fractional exponent, both terms of 
the fraction being x>08itim, means a root of a power of the number 
the denominator being the index of the root and the numerator the 
exponent of the power. 

Thus, a* = \/58, 8^ = v^82 = v^6i = 4. 

241. It remains now to be shown that these interpreta- 
tions of zero, negative, and fractional exponents are not 
inconsistent with Laws II, III, IV (p. 188). To do so it 
will be sufficient to verify these laws according to the mean- 
ings that have been assigned to exponents in general. 
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242. Verifying Law II, a'"-i-a"^ a"". 

By Law I, a*^"** x a" = a"*, 

for all rational values of m and n. 

Whence, § 153, (2), a^^ -^ a» = «"»-«, 
for all rational exponents. 

24a Verifying Law IH, (a")" = a*"". 

Let q and r be any positive integers, and let k be any 
rational number. Then we have : 

(1) (a*X = V(^= V^ = o^ = J""', §§ 240, 222. 

(2) (a*)-' = -1- = -^ = a-^*. §§ 239, 243, (1). 

Therefore Law III is true for all rational values of m 
and n. 

244. Verifying Law IV, (a*" x *")" = «'"" x *""• 
Let q and r be any positive integers, and let m and n be 
any rational numbers. Then we have : 



(1) (aH'^y = </QaH''y = Va'^J"*, 



9' «7 

zxm ,-xn 



= Vo^ X V6'»<' = a^ X 6^ . §§ 240, 223. 

(a'«6«)r ar^'^Jr^'* §§ 239, 244, (1). 

Therefore Law IV is true for all rational values of m 

and n. 

It follows from Laws II, III, IV that any monomial is raised to 
any power by multiplying the exponent of each factor of the mono- 
mial by the given exponent. 

Thus, (a^ft'Vi)"* = J'"h^-''%'i''-i = a'h^ci' 
(8 x«2"*)* = ^Kh'^ = y/b^xH'^ = 4 xhK 
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The meanings of fractional and negative exponents, 
as derived from I^aw I, hold for all the other laws. There- 
fore these new kinds of exponents simply provide new ways 
of indicating familiar operations. 

Thus, for i/x^ we may wnte x^, and for -4^ we may write -t» or 

_ » ^ 

ax *. That is, according to § 239, we may transfer any factor from 

the denominator of a fraction to the numerator, or from the numerator 

to the denominator, provided the sign of its exponent is changed. 

EXERCISES 

Let the student name the laws that are employed in re- 
ducing the following : 

, 1 _ 1 ^1 



4 4 



2. 81' = V818 = (</81)8=38=27. 

3. x^ xx^=^ a;*"^* = a:' = -\/x*' 

4. X^ XX^ X x"^ = x^'^^'^ =zx^ = 1. 

5. (r*)8 = j-i"« = 6-^=1. 



x^ X X 



6. (9^-*^-i^9-i(^-ix-i)^ _ = __=_. 

7. (125 a*)-* = 125-*(a^'*-*) = -J— = ^^• 

125*a* 25 Va 

8. a *6*<? * = — r = -TTF,' 
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Express with fractional exponents: 

1. Va. 2. -y/a^, 3. Vc. 4. y/a -h Vc^. 

5. V^. 6. a/^. 7. ■v'?. 8. </^-\--</m. 

Express with radical signs : 

9. a*. 10. a^6*. 11. c^x'K 12. a* — 3 hK 

13. c*. 14. aM. 15. w^a:"^. 16. a* -f 2(?*. 

Express with positive exponents : 

17. a-2. 18. 3a-fiJ2. 19. bc-^x'K 20. m-hix-^. 

21. *i;. 22. 4^. 23. 1^. 24. ^"f'f . 

c"* a:^^"^ 6a"^y x~^y~^ 

Write without denominators : 

25. — — • 26. , , , — 27. — ^- — -• 

28. — — -• 29. — . ^ ^ • 30. 



a-264 c?(i-6(?8 a-46-^^ 

Find the values of : 



31. 


9*. 


32. 


(-8)4. 


33. 


16"* X 8*- 


34. 


4-h 


35. 


64"*. 


36. 


25-i ^ 4-*. 


37. 


(-8)-*. 


38. 


81-». 


39. 


(ah-^dy. 


40. 


a/' X aK 


41. 


C^ X (?"*. 


42. 


(\/a8^)-«. 


43. 


x^ -^ x~*. 


44. 


8* ^ 9-i. 


45. 


(^/a6</63)l2. 


46. 


(Va^6)6. 


47. 


^(?2^^. 


48. 


(a;?y-*2)*. 



If a = 8, 6 = 4, c = 1, find the value of : 

49. ahK 50. a-*62. 51. (aJc)*. 

52. a6-2. 53. aV*. 54. a'* X 6i 
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246. Multiplying polynomials involving fractional and 
negative exponents. 

Multiply a* - ak^ + a*J* - J* by a* + 6*. 

fli _ ah^ + ah^ - ft* 

J + b^ 

H- a*6^ - fl^6^ -f- ah^ - h 
a -b 

Multiply: 

1. a* -h ft^ by a* — J*. 2. c^ -h x* by c* -h a;*. 

3. c^ — x^ by tf* — a:*. 4. a* -h 6* by a* — 6*. 

5. a* + a* by a* + a*. 6. x* - a:* by x^ + xK 

7. a-2-2a-i6 4-62-aJ8by a-8 + 2a-26. 

8. x-y _ a.-2y _ 2 x-i by 2 x^y-^ + 2 a;8y-2 - 4 2^y-8. 

9. a*4- J^ + a"H by aji-a^ + ji 

10. x^ — x^i + x^y — y* by a: -h a^V'4- y. 

11. a* 4- ah^ 4- ft by a* — a*6* + J. 

12. 2x^-3x* — 4 + x"*by 3x* + x— 2a;*. 

13. a:" V 3 a;"* + 3 x"* 4- 1 by x"^- 3 a:"*4- 3x"*- 1. 

Prove by multiplication that the rationalizing factor 
(see § 262) : 

14. Of x^ — y* is x^ + y*. 

15. Of X* — y' is X* -f x^y» 4- y'. 

16. Of a* 4- 6* is a* - a^ft* 4- ah^ - 6*. 

17. Of ^a + ^jis^a2-^^ + -^p. 
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247. Dividiug polynomials involying positive and nega- 
tive exponents. 

Divide a;* — a;* — 6 by a;* — 3. 

x* - xi ^ 6 I a:* - 3 



+2a;*-6 
2x^-6 
Divide : 

1. X — t/hy x^ + t/^. 2. a — 6 by a* — J*. 

3. a; + y by a;' + y*. 4. a — 6 by a? — b\ 

5. a — chy a* — c*. 6, a + b by a* + 6*. 

7. a;^ — xt/^ + x^y ■— y^ by x^ — y*. 

8. a; — y by a;* + y *. 

9. a 4- J by a* — a»6' + J*. 

10. a;' 4- x*a^ + a' by a;* -f- x^c^ 4- «*• 

11. 2a:Sy-8-5a^y-2+7a^y-i-5a^^+2a:y 

by a:^y"^ — a^^y"^ + xy"^. 
248. Extracting square root. 

Extract square rOot of a; — 2 x^y^ + y . 
2x^-y^ I - 2 A^- 



-2a:^.y^4-y 

Find the square root of : 

1. 9a;-*-18a:-3yi + 15a:-2y-6a:-y-|-y2. 

2. 4a-12a*6* + 96* + 16aM-246M+16A 
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GEOMETRIC FORMULAS INVOLVING POWERS AND ROOTS 

249. The Greek letter tt, called pi^ always stands for an 
irrational number whose approximate value is 3.1416. 
If i2 = the radius, and A = the area, of a circle, then 

^ = 7r/22. (1) 

1. Interpret this formula. 

2. Solve the formula for J2, and give its interpretation. 
If i2 = the radius, S= the surface, and V= the volume 

of a spliere, then 

S=AirB^. (2) r=|7ri28. (3) 

3. Interpret formula (2). Interpret formula (3). 

4. Solve (2) for i2, and give the interpretation. 

5. Solve (3) for i2, and give the interpretation. 

If ff= the altitude, B = the radius of the base, and V= 
the volume of a circular cylinder, then 

V=HxwB^ = 7rJIB^. (4) 

6. Interpret this formula. 

7. Solve (4) for ff, and give the interpretation. 

8. Solve (4) for i2, and give the interpretation. 

9. Find the radius of a circle whose area is 78.54 
sq. yd. 

10. Find the radius of a sphere whose surface is 28.2744 
sq. in. 

11. Find the radius of a sphere whose volume is 66.45 
cu. in. 

12. The altitude of a cylindrical cistern is 11 ft., and 
it holds 4136.14"*" gal. water. Find the diameter of its 
base (231 cu. in. in a gal.). 



XII. RADICALS AND SURDS 
DEFINITIONS 

250. A radical is an indicated root ; a radicand is the 
number whose root is indicated; and a surd is an irra- 
tional having a rational radicand. 

Thus, v^, \/5, 6v^, V^^, ■v/5 + 2>/3 a»*e radicals whose radi- 
candsare 16, 5, 30, - 2, 5+ 2\/3; of these radicals Vo and 6 v^ alone 
are surds. V— 2 is an imaginary number (§ 267). 

25L The coefficient of a radical is the rational factor 
that multiplies it; and the order of the radical is deter- 
mined by the index of the root. Two radicals are of the 
same order when they have the same root index. 

Thus, the surds 5\/3a and nV76 are of the same order, viz., the 
6th; and their coefficients are 5 and n, respectively. 

252. A quadratic surd is one of the second order, and a 
cubic surd is one of the third order. 



Similar or like radicals are radicals having the same 
order and the same radicand; otherwise they are dissimilar 
or unlike. 

Thus, 7n/5« and (3 + 2x) V5rt are similar radicals. 



t. A surd is in its simplest form when the radicand 
is an integer and as small as possible. 

207 



208 RADICALS 

REDUCTION OF RADICALS 

25S To reduce a radical is to change its form without 
changing its value. 

In a radical of the form Va", r is called the index and 
n the exponent. 

256. Reducing radicals. 

(a) When the index and exponent have a common 
factor. 

Simplify \a^ and V64a^26^. 

v^64 ai«6« = v^(27i^« = (2 a%y^ = (2 a%) ' = v^(2 a%y. 
Cancel the common factor in the index and exponent. 
Simplify : 

2. V(^^ 3. ^/27^. 

5. a/^2P. e. ^81 a^c^. 

8. V¥^. 9. </6¥^. 

11. ^/^e?. 12. y/M^^. 



1. 


</a\ 


4. 


^a«. 


7. 


<^25. 


10. 


v'lS. 


13. 





14. 






(6) When the exponent of a factor of the radicand is 
the same as the index. 



Simplify Va*6, V128 a% and 5aV82aV. 

v^a^ = Va* X y/b = a Vb, 

y/V2Sa*b= y/Ua*x2ab= y/U(? x \/J7rh = Aa^JTib, 



5av^2«V* = 5aVl6a*c*x 2a = 5aVl6aV* x \/2a = 5a x4a^ x 
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Resolve the radicand into tioo factors such that one of them 
will he a perfect power having an exponent equal to the index. 

Remove this factor from under the radical sign^ extract its 
required root, and multiply the coefficient of the surd by the root 
obtained. 



Simplify : 

1. V8. 

4. V27. 

7. VT2. 

10. V75. 

13. ^40. 

16. ^64. 



19. V250. 



22. V224. 



25. V482a*i3. 



27. 7V625c5a^. 



29. 2V98a^i*x8. 



31. ^</2Wa^f. 
33. 5^648 a%^. 



2. 8V20. 

5. 2-v^. 

8. Sv'SO. 

11. 4VT80. 

14. 6\/500. 

17. Q</bFL 

20. 2^/320. 

23. -yi260. 



3. V26a3J. 



6. 3Va*68. 



9. 6V8a362. 



12. 3 V76 Qi^y. 



15. 2V8r^. 



3 



18. ^ima^f. 



21. 5V108a:62. 
24. Z</W^c. 



26. 4aV64aioj5^. 



28. 5 a:V432 (?oi^y. 



30. V16 2:3^4 _ 40 aj*/. 



32. -s/aoi!^ — 6 aa; + 9 a. 

34. V(r2-2^2)(^^y), 



35. 3-a26V40a*. 

NICHOLSON^S ALG. — 14 



8 



36. V192 a*66 + 3^0 ^3j4. 
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(c?) When the radieand is a fraction. 
Simplify V|, V|, and V|. 

V} = Vrxl3 = VJ X V3 = i V3. 
^8 ^8x2 ^16 4^ 

Multiply both terms of the frdction by the least number tlmt 
will make the denominator a. perfect power of the sam6 degree as 
the radical ; and then pmceed as in the preceding case. 



Simplify : 


1. 


V|. 


5. 


V|. 


9. 


v|. 


13. 


n 



2. Vt^. 3. 8Vf 4. jVf. 

6. V\l. 7. 4VT|. 8. |V|. 

10. V^. 11. 6V3|. 12. |V^. 

14. ^^. 15. 8\/|. 16. \\</}. 

17. ^}. 18. ^2j. 19. 5</J,. 20. fyjt 

21. ^|. 22 ^/I|. 23. 6</^. 24. |#. 



A3- 26. 



JS 





'■ <'-?)'■ »• <>-?; 
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257. Carrying the coefficient of a radical under the radi- 
cal sign. 

Carry the coefficients of 5aV2a6 and f V^^^- under the 
radical sign. 

5 ay/2ab = V(5a)2 x V2a6 = V25 a^ x2ab = VWM, 

Raise the coefficient to a power of the same degree as the radi- 
cal ^ multiply this potver by the given radicand, and indicate the 
required root of the product. 

Note. This process is simply the reverse of that of § 256. 
Carry coefficients under the radical signs : 



1. 


2V5. 


2. 


3 a/2. 


3. 


2aV3a6. 


4. 


3V2. 


5. 


n-Va, 


6. 


a^J va6. 


7: 


4V3. 


8. 


C</1, 


9. 


2 ^25^2 ac. 


10. 


2</5. 


11. 


a^^a. 


12. 


-3V2a:. 


13. 


3^/2. 


14. 


(?2^C3. 


15. 


-3^2a:. 


16. 


iVf 


17. 


I^if 


18. 


^a 


19. 


fV|. 


20. 


4^|. 


21. 


a sfE 



22. 3 a^^/5 abc. 23. 2 ax-Va^ + 3 aa;. 

24. ^±ly!^El. 25. (X - 1) V^ + 1- 

x--y^x-\-y ^x — 1 



^- <^-W^zv2" "■ ^''-^^'G 



a;2 — y2 \(^a — bf 
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2S8w Reducing radicals to a common index. 

Reduce V2, V3, and V5 to a common index. 

The L. C. M. of the indexes 2, 3, 4 is 12, which is to be the com- 
mon index. 

V2 = 2* = 2^** = y/I* = \/64. 

Take the L, C M, of the indexes for the common index; and 
raise each radicand to the power whose eaiponent is the quotient of 
the L, C. M. by the index of the radical. 

Reduce to a common index : 
1. V5 and \/II. 2. "v^, ^, aiid Vb. 

3. y/2. and </l. 4. V2, -Vt, and ^5. 

5. \/4 and VI. 6. Vl, ^2, and "v^. 

7. Which is the greater, V2 or ^v^? 

\/2 = v^ and \^ = v^O. .-. v^ is greater than V2. 

Find which is the greater : 

8. \/2 or </3. 9. V7 or ^18. 

10. Vh or VU. 11. V3 or \/T6. 

12. V^ or V^. 13. Va" or \/a^. 

14. VlOor^v^. 15. \/7or-v/15. 

16. ^^ or VM. 17. 5 V6 or 6 V5. 



18. evTT or 5V15|. 19. V| or ^i-f 
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259. Adding and subtracting radicals. 

1. Find 3 V5 + 8 V5 - 4 V6. 

By the distributive law (§ 33 and § 89), we have 

3V5h-8V5-4V5= (3 + 8-4)V5 = 7\/5. 

2. Find Vl8-f-V72-V50. 

+ \/l8 = + V9ir2' = + SV2 
+ V72 = + >/36^r2 = + QV2 
-- V50= - V25 X 2 = - 6V2 

Sum = + 4v^ 

\ Find VI - V| -f- V|. 

-I- V| = + Vf = 4-^V6 
Sum = 4- J\/6 

4. Find V20-f-V63 + VT26- VTl2. 

+ v^=-f-2V5 

+ >/63=+3V7 
H-Vl25=+5V5 
- Vil2 = -4>/7 
Sum=7V5- V? 

To add or subtract surds, reduce ecich surd to Us simplest 
form. 

If the surds are similar, add their coefficients, and to the sum 
annex the common surd factor. 

If the surds are dissimilar, connect tJiera with their proper 
signs. 
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Find: 

1. V50 + V8. 2. 3VI2 + 2V75-4V48'. 

3. V27-VI2. 4. 4V18-3V60 + 5V98. 

5. V^ + aA/9^. 6. </MF- ^/135 + Sv'iO. 

7. V2i + </U. 8. 6^a-3v^ + </243. 

9. Vc^ + a-Vs^. 10. 2V98-3V63 + 5V28. 



11. 2V18«-V8a. 12. V32 aW + V18^8p. 

13. ■</Sb-</5a*. 14. 2-v/8r^' + 6^192 cfie. 



15. V363 a^a*^ - V243 t^afii/ + 2 aW3 aj^. 



16. V266 aV + a V108 cfix* - S aaa;V32 a:. 



17. Vf + V|. 18. JV| + |VJ. 

19. V| + Vr. 20. J</|-i^|. 

21. V|-V|. 22. 5\/|-aVJ 



23. 50^ + 8* -98*. 24. 250* - 16* - 54*. 

27. 2(3)*-J^(12)*+4(27)i. 28. (40)*+ (25)*+ 2(626)*. 
29- (*)* + (I)* + (tV)*- 30- (5i)*-(27)*+(208J)*. 
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260. Multiplying and dividing radicals. 

1. Find 5V6 X 8VT0. 

5 V6 X 8 VIO = 5 X 8 X V6 X Vio = 40V60 = 80 Vl5. 

2. Find 4V2 X 6</3. 

.-. 4v^ X 5v^ = 4\/8 X 5v^9 = 20v^72. 

3. Find 3 V6 -^ 2 V5. 

3 V6 ^ 2 V5 = i Vf = A ^30. 

Reduce the radicals to a common index. 

Find the product {or quotient) of the coefficients for the re- 
quired coefficient^ and the product (or quotient) of the radicands 
for the required radicand. 

Reduce the resuU to its simplest form. 

Find : 
1. V3xV6. 2. 3V6x2VlO. 3. 4\/16-h2a/2. 

4. V2xV8. • 5. 6V8-$-8V2. 6. 6v'32x3^2. 

7. </Sx</^. 8. 8V6-*.4V8. 9. 10^2^2^/6. 

10. ^x^. 11. 6V5-^3V2. 12. 12<^-^i</3. 

13. ^/2x■^/^. 14. 6\/2^2^. 15. 10^2x2-v/8. 



16. 4V6ax3V8a(?. 17. l^lOa^ x 2^/5al^. 

18. 9V54^-^3V3. 19. 5Vi4^x2a:V7A. 



20. 15Vt)a8a;^6V2a. 21. W 1^2 a^b^-irV 8 a%K 



216 RADICALS 

Find : 

22. ^V^XtS^VS. 23. fVf^-^Vf. 

24. 4\/fx3^f. 25. ^^I+^^J. 

26. 3\^x4V3. 27. 2^3-t.3V2. 

Note. The nth power of the nth root of a number is equal to 
that number. 

Thus, (A/7)a = 7, (v^IT^+^)«= l + x + ar». 

28. Multiply V2 + 4V3by V2-7V3. 

v^-7V3 

2 + 4V6 
- 7 V6 - 28 X 3 

2--3V6-84 =-82 -3 VS. 

Multiply: 

29. V7 + V5 by V7 - V5. 

30. V6 + V8 by Vb -f V8. 

31. 2V3-5V5by 3V3 + 4V2. 

32. 5 4-3V7 by 9-4V7. 

33. V5 -f V3 -f V6 bv V2 - V3 -f- V5. 

34. 3V5-2V6+ V7by 6V5-f 4V6 + 2V7. 

35. A/a+ Vi+ Vc by Va— VJ-f Vc". 

36. Vl + a;-f-2Vl — xbyVl + a;— 5Vl-a;. 

37. V2-f 32:+ 7 V3 -h 2a; by 3 V2 + 3a; - 4 V3 -f 2a;. 

38. Vl+a;+2Vl-f-2a;-3Vl- ^xby VT+'^ 

-2Vl + 2a:+3Vl-3a:. 
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26L Rationalizing the denominator of a fraction. 

5 
To find the approximate numerical value of — , as it 

stands, requires two tedious operations : ^-^ 

(a) Finding the approximate value of V2, 1.4142 •••. 

(6) Dividing 5 by 1.4142 .... 

Multiplying both terms of the fraction by V2, we get 

= ^ , a form in which the required value is 

V2xV2 2 ' ^ 

much more easily determined. 

In general, a fraction having one or more radicals in its 
denominator is simplified by rationalizing the denominator. 



A rationalizing factor is the factor by which a 

given surd (or radical) must be multiplied in order to 

obtain a rational product. 

Thus, of the two surds V^ and Vi, each is the rationalizing factor 
of the other, since their product, 2, is rational. 

Of two binomial quadratic surds like Vw + ^n and 
'sfm — ^n^ which differ only in the sign of one term, each 
is called the conjugate of the other. Moreover, since the 
product of any two conjugate quadratic surds is rational 
(§ 81), each of them is the rationalizing factor of the 
other. 

1. Simplify — i-5. 

^ 'v- 

Mnltiply both terms by v^. The result is (2 + x)V25 

2. Simplify ^ + ^ . 

^ 6-V3 

Multiply both terms by the conjugate of the denominator, 5 + VS. 

The result is 2i±J^=li±5^ 

22 11 
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Simplify : 



1. 



3 ^6 ^ 2 + V8 

V2 V8 V3 



^1 .6 ^ Vi-</5 

„ 5 .2 „ 2 + 2\/5 

10. i^^«. 11. i±:^. 12. •^^-^. 

4+V3 3-V5 V3 + V2 

„ 2V6+V6 ,, 8-3V2 „ 4V6+2V3 

13. — —• 14. r:- 15' := t^* 

2V5 - V6 8 + 3V2 4V6-2V3 



„ 2+V^+T „ g-Vga-l „ x+Va^-4 

J.O. ^:ii;i^2^ • X7. « IB. ■ 

2-Va + l a + Va2-l a;-V?35 

,^ Va -f 2r -f Va - a: ^ Va^ - 1 - Va^ -f 1 

■*■"• — z== z^ii^zz: • 20. — ^ izzi^=i: ' 

Va + a; — Va — 2; V a^ — 1 + v/a^ -|. 1 



263. Finding powers and roots of radicals. 

A power or root of a radical is easily found by using 
fractional exponents. 

8. 



1. Find the square of 3Va. 
(3 v^)2= (3 a*)2 = 3%* = 9 v^. 



2. Find the fourth power of 2^a^b. 
(2</My = (2 ah^y = 2*aV = 16 a v^a«fr». 



8. Find the cube root of 9aVJ?. 

(9a V63»)*= (9 aftV)* = 9*0*6*0* = 9*aVc-*= v^Sl^i^^ = </81a^bcK 



INVOLUTION 
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Find the : 
1. 4th power of 2 Va. 

3. 2d power of 3 V^. 

5. 6th power of J V3. 

7. 3d power of 6 a V4. 



Find the : 
9. Cube root of 8 Va^. 

11. Fourth root o£ 9 <^^. 

13. Sixth root of x^^ Va^. 

15. Cube root of ^\|- 

o ^3 



2. 4th power of 2a^VQ» 

4. 9th power of — x Va^ 

6. 3d power of — 3 Va^. 

8. 8th power of 2Va^6^. 



10. Square root of 5 VlF. 
12. Tenth root of a^^P^. 
14. • Cube root of 27 ^/Si^. 
16. Fourth root of ^1(J^- 



Perform the following indicated operations : 

17. (aVa)2. 18. VvP. 19. <^9.J/36. 

20. (icVcy. 21. v^. 22. -v^svfr. 

25. ^«*^^. 
28. V^^^A 



23. (Va^c)*. 

26. (■v/F)12. 



24. VVa». 

27. ^^^8. 



Show by fractional exponents that : 

29. v^^=^^VI 30. V^=(VS)*. 

31. Find, by formula 29, •v^^266, -v^^/Mo^. 

32. Find, by formula 30, ^642, ^/Q2b^ 
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264. Extracting the square roots of binomial surds. 

1. Fiucl the square root of 8 -f 4 V^. 

The square root of a number of this kind can often be 
found by inspection. 

Thus, since ( V^ + v^)^ = (a + ft) + 2 Vaft, the square root of 
(a + 6) + 2 Va? = Va + >/ft. 

Hence, if the given number is written under the form of 
m 4- 2Vn, we have only to find two numbers whose sum 
is m and whose product is n, and connect their square 
roots by the sign of the second term of the surd. 

Thus, 8 + 4\/3=8-f2x 2 V3 = 8 + 2 Vl2. 
Now, we find by inspection that 6 + 2 = 8 and 6 x 2 = 12. 
Hence, the square root of 8 + 4 V^ is V6 + y/2, 

2. Find the square root of 12 — 8 V2. 

12 - 8 V2 = 12 - 2 V32. 8 + 4 = 12 and 8 x 4 = 32. 
Hence, Vl2 - 8 V 2 =V4-^V8 = 2-2v^. 

3. Find the square root of 15 +- V216. 

15 + V2l6= 15 + 2V54"; 9 + 6 = 15, 9 x 6 = 54. 
Hence, Vl5 + VM = V9 + V6 = 3 + V6. 

Find the square root of : 

1. 4 + 2V3. 2. 7- 4V3. 3. 7 + 2VlO. 

4. 18+-8V6. 5. 17 + 4V15. 6. 13-2V30. 

7. IO+-2V2T. 8. II-6V2. 9. 38-12VIO. 

10. 16-2V56. u. 35+.IOVIO. 12. 24-V252. 

Find in two ways the square root of : 

13. 13 + 2VM. 14. 29+-2VIOO. 15. 25+-2V144. 

16. 26+.2V25. 17. 40-+2V144. 18. 53 + 2Vr96. 
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AN IMPORTANT PROPERTY OF QUADRATIC SURDS 



K Neither the sum nor the difference of two dissimilar 
quadratic surds can be a rational number. 

Proof. Let Va and V6 be two dissimilar surds. 

If possible let Va ± V6 = r, (1) 

r being a rational number, and not zero. 

From (1), ± VJ = r - Va. (2) 

Square (2), i = r2 - 2 rVa + a. (3) 

Solve (3) for V^, VS = ^"^/""^ • 

2 r 

Hence, if (1) were true, then the surd Va would be 

equal to the rational number , "" , which is imp'os- 

2r 

sible. Hence, (1) cannot be true. 



It follows from the above property that if 

X -f Vy = a -f V6, (4) 

where x and a are rational and Vy and Vj are irrational, 
then a; = a and y = S. 

For, (4) may be written Vy — V J = a — a:, which, by 
§ 265, can be true only if each member is zero ; that is, if 
a; = a and y = J. That is, the equation x -f Vy =a + V6 
is equivalent to the two equations a; = a and y — b. 

This principle may be used in extracting the square 
root of a binomial quadratic surd. 



Thus, let v^ + v^= V9 + 2VIi. (1) 

Square (1), x-\-y-\- 2y/xy = 9 + 2 Vli. 

Hence, by the above principle, 

a: + y = 9 and xy = 14. 

Whence, a: = 7 or 2, and y = 2, or 7. 
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COMPLEX NUMBERS 

2G7. A pure imaginary number is the indicated even 
root of a negative number. 

Thus, V— 4, 3 V— 2, — a y/— b are pure imagiuaries. 

Any expression containing a pure imaginary is also 
said to be imaginary. 

A complex number is the sum of a real and a pure im- 
aginary number. 

Thus, 3 + V— 2, a-{-n\/ — b are complex Dumbers. 

The imaginary unit is V— 1, which is often denoted 

by ;. 

Therefore i=V— i; 1^= (V— i)2= _l; {S--{2y^{ 
= -1 xV^=- V^T:; i^ = i^xi^=-l X -1= +1; 
f5 = i* X i = + 1 X V— 1 = V— 1 = i, i' = 1* ; i' = t^, etc. 

Hence, the successive powers of t=V— 1 form the 
repeating series -f V— 1, —1, — V— 1, -f 1. 

In operations with imaginaries, while not necessary, it 
is better to express them in terms of i. 

Thus, ^^=l[= Vix-l=2y/^^ = 2i; V^^= V3x-l=V3't; 
4 + 2V-18 = 4 + 6 V2 t, and so on. 

1. Find the sum of V— 9 and V— 26. 
^>C^9 + Vir25 = 3 i + 5 i = 8 1 = 8 y/-l. 

2. Find the product of V^^ by V^:n2. 
V^ X V^ri2= V3 1 X Vl2 i = V36 i^= - 6. 



3. Find the value of 3 + V~25 ^^ SjhSf 

3_V-26 3-6i 

Multiply both terms by 3 -f 5 i, § 262. The result is : 



9+30i-f25t2 ^ 9 + 30\/^n^-25 ^ -16 4-30V-1 ^ - 8 + 15V-T 
9-25i2 9 + 25 34 17 
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Find the simplest value of : 



1. V^^81 + V-49. 2. 6 + 3V^ + 5 + 2V^. 



s. V^^IBxV^M. 6. (3 + 2V-l)x(4 + 3V-^). 

7. VTToO-»-V^. 8. (5 + 3V^^)-!-(5-3V^r). 

9. (2V^^)8. 10. (2 + 6 V^=T) X (2 - 5 V^TT). 

11. (5V"^)2. 12. (3 + 7V^2)x(3-7V^2). 

13. (3V^^)*. 14. (6 + 2v'^T)-»-(5-2V^^). 

15. (2V^^)\ 16. (7-3V^^) + (7 + 3V^^). 

17. (1-302. 18. (5 + 40 X (3 -2 0. 

Simplify : 

19. 5^^^. 20. ^3±i. 21. VI^J^V^. 

5-V^^ V-8-4 V6 + 3V-3 

Verify the following : 

— 1 + V8 { 
22. One of the cube roots of 1 is ^ — — • 

Hint. See whether \— — i -] is equal to 1. 



(-l+^«'y is equal 



23. One of the cube roots of 1 is r — ^• 

2 

24. One of the cube roots of — 1 is 

2 

"1 /^ * 

25. One of the cube roots of — 1 is r-— • 

26. One of the roots of 2^—4:x + 5 = is 2 -f i, and the 
other is 2 — i. 

Hint. Substitute 2 -f i fot x, etc. 

27. One of the roots oi' x^-^6x'^12 = 0is -34-V8i, 
and the other is — 3 — V3 i. 
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SOLUTION OF RADICAL OR IRRATIONAL EQUATIONS 



Radical or irrational equations are equations that 
contain indicated roots of the unknown number. 

269. When the equation is of the form (axy=^ 6, where 
a, 6, and p are any real numbers. 

1. Find the value of x in (2xy = 16. 

Extract square root, (2 x) ' = i 4. 

Raise to 3d power, 2 a: = ± 64. 

Divide by 2, a: = ± 32. Ans. 

2. Find the value of a; in 2 x~^ = |. 

Divide by 2, x^ = y\. 

Take reciprocals, x^ = Y. 

4 
Extract square root, x = ± — 

= ±tV5. §261. 
Solve the following : 

1. V8^=9. 2. 2 a:* =10. 3. <^'3^=4. 

4. 3Vi=9. 5. (2rr)* = 10. 6. V(Jxf=A. 

7. -^ = 67. 8. (2a:)* = 9. 9. \/T2^=6. 

10. a/^3^8, 11^ 2 a;* = 9. 12. 8 a:-* =27. 

13. a/:?=4. 14. (3a;)i=8. 15. 9a:-* = 16. 

16. ^^^8 = 27. 17. 3a;* = 8. 18. 4a:"^ = 9. 

19. >/?=16. 20. 4a;"* = l. 21. 16 a:"* = 1. 

22. a:*=^ or 2. 23. a:* = 4 or — 9. 

24. x"'^ == 1 or |. , 25. a;"^ = 1 or ^. 

26. -\/'^= 1 or 8. 27. V^= 1 or -J. 

28. V^^ 4 or 2. 29. (Ja;)"^ = I or 32. 
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270. When one or more of the radicands is a polynomial. 

1. Solve the equation ^x + 3 + a; = 9. 

Transpose, Va? + 3 = 9 — a:. 

Square both sides, a: -f 3 = 81 - 18ar + a;^. 

Reduce, x2 - 19 a: + 78 = 0. 
Whence, x = 13 or 6. 

On substituting it is found that 13 satisfies the given equation if 
the negative value of Vx -f 3 is taken, while 6 satisfies it if the posi- 
tive value of Va: + 3 is taken. 



2. Solve V^TT+ V^^^+ V4a;- 8= 0. 



Transpose, Va: -f 1 + Va; — 2 = — V4 x — 3. 

Square, x + 1 + 2 Vx^ - x - 2 + a: - 2 = 4x - 3. 
Transpose, reduce, 2 Vx^ — x — 2 = 2 x — 2. 

Divide by 2, Vx2 - x - 2 = x - 1. 

Square, x2-x-2 = x2-2x-fl. 

Whence, x = 3. 

On substituting it is found that the given equation is satisfied for 
X = 3 if the negative value of V4 x — 3 is taken. 



Note that the solution is the same as if the given equation were Vx+1 
-f Vx-2 - V4x-3 = 0. 

If the equation contains one radical, as in Example 1, 
solve the equation for that radical, and then get rid of the 
radical sign by raising both sides to that power which is 
indicated by the index of the radical. If two radicals are 
involved, two steps of this kind may be necessary, as in 
Example 2. 

Substitute the values found for x in the given equation, 
and state what restrictions, if any, must be made on the 
signs of the radicals in order that the results shall be roots. 

MICHOLSON^S ALG. — 15 
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Solve : 



1. Va?-f 16 = a;-h2. 2. V^TTr = a: + l. 



3. Va: + 7 -hVa;=7. 4. Vi + Va; + 5 = 5. 



5. x-Va^-8a:=2. 6. 6 + Va; = Vl2 + a:. 

7. V4ar2-iy = 2a:-l. 8. Vi^=^ = 16 - Vi. 



9. Vx - 3 + Va: - 12 + 3 = 0. 



10. V3a:+l+V3a:-6-7 = 0. 
U. V5a? + 16 = 10-V5a;-4. 



12. V4 + a;=2VTT^— Vi. 

13. (12+rr)* + a:* = 2(3+a:)*. 



VST^ „ 3 . Vi 4 



14. VI 4- 2?= "^ . 15. — = + -^ = 



VI + a; Va; 2 V, 



X 



,^ Vi-3 Va:-4 ,^ V5-f6 V^+12 

Vi + 7 Vi + 1 Va: + 6 Va;-fl5 

V6^-2 4V6^-9 

18. 



19. 



20. 



V6^+2 4V6a; + 6 

Va^ + ft _ 3 VflKP + 5 ft 
^Jax — ft 3 Vaa; — 2 ft 

V3^~V3 __^ V^-f 3 
V2^ - V2 Vi + 2 



^ V4^Tl±V4x^9 
V4 a; + 1 — V4 x 

2^2 
22. =z=. H , = a;. 

a; + V2-ar2 a;-V2-a?^ 



XIII. QUADRATIC EQUATIONS 
(Review and Extensions) 

271. The degree of an equation is the greatest exponent 
or sum of exponents of the unknown numbers in any one 
term. 

272. A quadratic equation is any equation of the second 
degree. 

Thus, x^-\-Sx= - 12, a:2 - 16 = 0, a;2 + 5^2 _ iq, xy = 20 are quad- 
ratic equations. "^ 

Solve the following by factoring : 

1. a?-7a;-f6=0. 2. a?-^8x-20 = 0. 

3. a?-\-9x + 18 = 0. 4. a?^5x-2^ = 0. 

5. 4ar*-4a;- 3 = 0. 6. 6ar^ - 35a:- 6 = 0. 

7. 2a? -f 13a? +15 = 0. 8. 6ir2 + 37a: + 56 = 0. 

9. Solve 2a? — 11a; = — 16 by completing the square. 

Divide by 2, x^ - y^x = - 8. 

Complete square, x^ - V x + W = - 8 + W = - t«- 

Extract square root, x — ^^ = ± J V— 7. 



Whence, x= ^ ±^y/-7. 

Solve the following by completing the square : 

10. a?-h6a;=16. 11. a?-a;= 90. 

12. ar*-8a;=20. 13. ix?-\-5x=14. 

14. x^+Ux= -42. 15. a;2_i9^^_78. 

16. 3a^^-2a:=133. 17. 2a^^-5a; = 12. 

19. 6ar2-87a;=-57. 19. la^-5x = 522. 

227 
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EXTRANEOUS ROOTS 

273. Extraneous roots are the roots that are introduced 
by clearing an equation of fractions. 

The principle of equality conditions, page 143, serves to 
explain how extraneous roots arise, and to tell which of 
the roots are extraneous. 

274. An integral equation in x is an equation in which 
X does not appear in the denominator of any terra. 

Thus, — — 7 = — is an integral equation in x. 

O 9 

275. A fractional equation in x is an equation in which 
X does appear in the denominator of one or more of the 
terms. 

5 a: — 2 

Thus, = 8 is a fractional equation in a:. 

X a: -f 4 

276. Pkinciplbs. Let -F= be any fractional equation 
in a;, and suppose that jP=0, when multiplied by M^ be- 
comes the integral equation /= 0. Then J= MF^ and 
F^I-i-M. Therefore, § 173, 

(a) If /= and il!f=0 have no root in common, then 
none of the roots of J = are eliminated in passing from 
J= to #= 0, and hence no extraneous roots are introduced 
in passing from jP= to /= 0. That is, the roots of J= 
are the same as those of F= 0. 

(6) If 1= and M=: have one or more roots in com- 
mon, say x= a and x = b^ then these roots are eliminated 
in passing from 1=^0 to ^^=0, and are therefore not 
roots of F= ; and, conversely, the extraneous roots a 
and h are introduced in passing from jF'= to /= 0. That 
is, a and b are roots of J= but not oi F=0. 
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Therefore, denoting the H. C. F. of /and iff by 2>, the 
extraneous roots introduced in clearing J^ = of fractions 
are the roots of 2> = 0, and the remaining roots of /= 
are the roots oi F=0. 

1. Solve ^ + -2^=1. (1) 

X X — o 

Multiplying by M = x(x — 3), and reducing, we have 

/ = ar2 — 11 x + 18 = (a; - 2)(x - 9) = 0. (2) 

In this case M and / have no common factor ; therefore, no ex- 
traneous roots are introduced, and the roots of (2), 2 and 9, are the 
roots of (1). 

2. Solve --i^ = 1 + ^±4 <^1) 

ar—1 X— 1 

Multiplying hy M = x^— 1, and reducing, we have 

I = x^-x = x(x-l) =0, (2) 

In this case M and / have the factor a: — 1 in common ; therefore 
one extraneous root, 1, is introduced, and the remaining root of (2), 

viz. 0, is the only root of (1). 

4 2 

If we attempt to verify (1) for x = 1, we obtain - = 1 -f -, which 

has no meaning. 

3. Solve ?^ K.=y ^ ^- (1) 

x-5 x~2 (a:-2)(x-5) ^^ 

Multiplying by Jf = (a: — 2) (a; — 5), and reducing, we have 

I = x^-7x-\-10 = (x- 2)(x - 5) = 0. (2) 

In this case M and I are equivalent, and D = (x — 2)(x — 5). 
Therefore two extraneous roots, 2 and 5, are introduced, and as these 
are the only roots of (2), equation (1) has no root. 

Strictly speaking, (1) should not be expressed as an equation ; for 
dividing (2) by (x — 2) (a: — 5) eliminates both equality conditions, 
and thereby cancels the equality. 
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Solve, omitting the extraneous roots if any: 

a?-4 x+1 

g 1 1 X _ 5 — X __ 15 

ix-lXx-2)''x-^l ' 5^x "^ T' 

. Sx , 42 8a:-10 

o. --+- 



6. 



a? + 5 (a;+5)(x-2) x-2 
a:— 5 a; G — a; a:— 3 



a:- V^ _2 2a; , 2 a; ~ 5 q. 

X -I- va; ^ a; — 4a;— d 



10. 



11. 



X 



- Va; + 1 5 



a;+Va; 4-1 ^^ 
X 7 14 



a;-7 a; -5 (a;-7)(a;-5) 



2a;-3 3a;-5 ^5 
• 3a;-5 2a;-3 2 

3a;- 2 2a;-5 8 



13. 



2a;-5 3a;-2 3 



,, a;4-3 2a;-3^a;-3 ^ 



15. 



a 2c 



x—a x—c x—b 

a + 6 (a + 6)'' 

18. a2 + j2_2Ja: + ar2 = ^. 
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277. .Solving literal quadratic equations. 

1. Solve x^^ax+bx^ab. 

afl— ax+bx — ab^ (x^ — ax) + (bx — ah) 

= x{x — a) + b(x — a) 
= (x- a){x-\'b) =0. 
a;~a = 0;a: + 6 = 0; whence, a: = a or — b. 

2. Solve ((J + dJ) V - ((?2 - d2)a: = cdJ. 
Divide by (c + rf)^ a:* - ^^x = ^^ 



Complete square, 

c-d^ ( c-d y^ cd ( c-d y^ 1 

\2(c-\-d)l (c-\-dy \2(cJfd)l 4 



2_ 



c-\-d 

c — d 1 

Extract square root, x = ± - . 

^ 2(c + c?) 2 

Whence, a; = — ^ — or — 



c + rf c + rf 

Solve: 

1. ir2-4 6a; = 12 62. 2. 12 a2a;2_ 5 ^^.^ 3, 

3. x^ — 5nx= 14 w^. 4. x2 — (a + l)x= — a. 

5. 5ax- 2ar* = 2a2. g. a^2-j-2(a + 7>= -28 a. 

9. 4 a?- 6(a + (?> + 2 a2 4.5^^+2 (r'=0. 
10. a? — (6 — a)(? = ax — bx -{- ex. 

278. Solving quadratics having irrational roots. 

Find the roots of the following to the nearest hun- 
dredth: 

1. ar*-h2a;-l = 0. 2. a?-3a;-5=0. 

3. a?-2a;-2 = 0. 4. a;2_a._ii=o. 

5. a^2-4a; + l = 0. 6. So?- 8x-\-2 = 0. 
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279. Solving quadratics by a formula. 

1. Solve aa^+Jx-f- {?= 0. 
Transpose c, ax« + 6x = - c. 

Divide by a, x^ + - x = - £. 

a a 

Complete square, x^-^^x + ~=^^^ 

a 4a* 4a* a 

Reduce, fx + AV^ ^iziifc 

V 2a) 4a* * 

Extract square root, x + — = + v^iEI«£. 

2a 2a 

Whence, x = -^i:V^~4ac 

2a 

By this formula, the values of x in any equation of the 
form aa^ -f 6x + (? = may be written at once. 

2. Solve 2a:2_3^_ 14^0^ 

Here a = 2, 6 = - 3, c = - 14. Putting these values for the letter* 
in the above formula, we have 

X- ^^ --^- + -and-2. 

Solve by the above formula : 

1. 3a;2^5^_42 = o. 2. 3a^+25a?=~8. 

3. 5x2+ 8a:- 21 = 0. 4. 5x^^i6x=^-9. 

5. 7a^ + 4a:-51 = 0. 6. lOa^- 23x= - 12. 

7. 2a^-Sx-65 = 0. s. ia^-^Sx^Ub. 

9. 3ar2-2a;-85 = 0. 10. 12 ir2^ 431 = 187a;. 

"'• -3— T"-3 = ^- "• 4-^i:2 = *- 

13. 20a;-2=3-7a:-i. 14. 2a:- 7 + 3ic-i = 0. 

15. 3a: + 2VS=16. 16. V^+ VlO - a;= 3V2; 

17. a:2+2ra; = w2-h2/ir. 18. a?-irx=9n^- 12nr, 
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280. Finding the character of the roots of a quadratic 
without solving the equation. 



.. The discriminant of a quadratic is that which 
shows whether the roots are real or imaginary, equal or 
unequal. 

On referring to the formula on page 232 it will be 
seen that the roots of a^ -j- 6a; -f (? = will be 

(a) real and unequal, '\ih^^ \a/o\% positive ; 

(6) real and equal, if 6^ — 4 ^c is zero ; 

({?) imaginary, if 6^ _- 4 ae is negative ; 

(dJ) rational or irrational according as 6^ — 4 ac is or is 
not positive and a perfect square. 

Thus, the discriminant of 5a;2 - 7x + 2 = is (-7)2- 4x2x5, 
or -f 9. Therefore the roots are real, rational, and unequal. 

The discriminant of4x2-12a: + 9 = 0is(- 12)2- 4 x 4 x 9, or 0. 
Therefore the roots are real, rational, and equal. 

In like manner find the character of the roots of the 
following, and check by solving the equation : 

1. a:2_7 2;-44 = 0. 2. 5a^2-a;-42=0. 

3. ir2-j-3x-70 = 0. 4. 6a^2-7a;-10 = 0. 

5. ar*-8a; + 16 = 0. 6. 7a;2^ 5^^ 33 = q. 

7. a?-j-5a;-hl0 = 0. 8. l^^-^x-^b^^. 

9. a^^-6x-13 = 0. 10. 7a;2-8a;-j-2 = 0. 

11. 2ar^-7a:-34 = 0. 12. 5ar^- 6a;- 41 = 0. 

In the following find th^ least positive value of n that 
will render the roots rational : 

13. ir2-2wa;-15=0. 14. a:2_ gna;- 65 = 0. 

15. war^-h8a;-3 = 0. 16. ar^^ 12a;-4w = 0. 
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282. Forming equations whose roots are given. 

1. Find the equation whose roots are 5 and 8. 

Since x = 5, a: — 5 = 0, (1) 

and since x = 8, x — 8 = 0. (2) 

(1) X (2), x« - 13 a: + 40 = 0, Arut. 

2. Find the equation whose roots are — 10 and 6. 

Since a: = - 10, x + 10 = 0, (1) 

and since x = 6, x — 6 = 0. (2) 

(1) X (2), x2 -I- 4 X - 60 = 0, Ans. 

3. Find the equation whose roots are r and K 

Since x = r, x — r = 0, (1) 

and since x = r', x — r' = 0. (2) 

(1) X (2), x2 - (r + r')x + iV = 0. Ans. 

SubtrcLct each root from x and place the product of the two rer 
mainders equal to ; or 

For the first terra of the equation take o^ ; for the second term, 
take X with a coefficient equal to minus the sum of the two roots ; 
and for the third term take the product of the two roots. 

Find the equation whose roots are : 

1. 5 and 9. 2. a -j- 6 and +a — b. 

3. 12 and — 7. 4. a + 6 and — a -f- 6. 

5. -10 and +3. 6. 3<? + 1 and 3<j - 1. 

7. -^ and - 6J. 8. 3 + V2 and 3 - V2. 

. a n h ^^ a-\-b i a — b 

9. +jand--. 10. _^and^-. 

11. + I a and —fa. 

,^ a + iV^ , a-bV^^ 

12. and — 

2 2 

13. — — ' — and — 



EQUATIONS m QUADRATIC FORM 235 

HIGHER EQUATIONS IN QUADRATIC FORM 

L An equation is in the quadratic form if it contains 
only two powers of the unknown number, one of the 
powers being the square of the other. 

Equations in the quadratic form may be solved by com- 
pleting the square. 

1. Solve a:* -10a? =-9. 

Since x* is the square of x^, we may complete the square and pro- 
ceed as in Art. 149. Thus : 

Complete the. square, a:* - 10 a:^ + 25 = - 9 + 25 = 16. 
Extract square root, x^ — o= ±4. 

Transpose, etc., x^ = 9 or 1. 

Extract square root, x = ± 3 or ± 1, Ans. 

2. Solve a;*- 9a;* = -8. 

ft- * 

Since x^ is the square of a:^, this equation may be solved in a simi- 
lar manner. 

Complete the square, a;* - 9 a:* + (f )2 = _ 8 + ^^ = ^. 

Extract square root, x' — f = ± J. 

Transpose, etc., , a:^ = 8 or 1. 

Extract cube root, a:* = 2 or 1. 

Raise to 5th power, a: = 32 or 1, Ans. 

Note. This equation has six roots ; only the two real roots are 
here given. ' 

3. Solve a; + 3 Vi = 40. 

Write the radical with a fractional exponent, 

x + 3 x* = 40. 
Complete the square, ar -f 3 a:* + (|)2 = i|8. 

Extract square root, Vx -f f = ± ^. 

Transpose, etc., Vx = 5 or — 8. 

Square, a: = 25 or 64. 
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4. Solve(2?-5a;)2-8(a^-5a;) = 84. 

Since (x^— 5xy is the square of x^ — 5 a:, we may proceed as 
before. 

Complete the square, (x^ - 5 xy - S(x^ - 5 ar) + 16 = 100. 

Extract the square root, x^ — 5 x — 4 = ±10. 

Transpose, etc., x^ — 5 x = 14, or — 6. 

That is, X* — 5 X = 14, and x^ — 5 x = — 6. 

Whence, x = 7 or — 2, and x = 2 or 3. 



5. Solve2a?+3V2^+7 = 33. 

Note. In solving equations of this form, add such a number to 
both sides that the expression without the radical in the first mem- 
ber may be the same as that within, or some multiple of it. 



Add 7 to both sides, (2 x^ + 7) + 3 V2x2 + 7 = 40. 

Complete the square, (2 x2 + 7) + Zy/->x^-\-7 + (|)2 = if*. 

Extract the square root, V2 x^ + 7 + | = ± J^. 

Transpose, etc., V2 x^ + 7 = 5, or — 8. 

Square, 2 x^ + 7 = 25, and 2 x2 + 7 = 64. 

Whence, x = i 3 ; and x = ± Vy . 



L Only certain forms of equations of the fourth de- 
gree can be solved as quadratics; among these are equa- 
tions of the following form: 

If to the first side of this and similar equations we add 
J2, or the square of the quotient obtained hy dividing the co- 
efficient of x hy the coefficient of a^, it will be a perfect 
square. 

Thus, X* - 16 x8 + 91 x2 - 216 X = - 180, is of the above form, in 
which a = — 8 and /> = 13J. In this example the square is completed 
by adding (13i)2 to both members. 
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Solve a:* 4" 10 a:^ ^ 17 ^,2 _ 40 a; = 84. 

Divide the coefficient of x^ — 40, by that of 7?, + 10, and we obtain 
4. Add the square of — 4 to both members, and we have 

a;4 + 10 a:8 -f- 17 x^ - 40 x + 16 = 84 + 16 = 100. 
Extract the square root of both sides, 

a:2 4- 5 X - 4 = ± 10. 
Transpose, etc., x^ -f. 5 a; = 14, and z^ + 5 a; = — 6. 

Whence, x = — 7 or + 2, and x = — 2 or — 3, Ans. 

Solve : 
1. a:4__i4^=_4o. 2. a;i0 4. 31 2:5=32. 

3. 2:3 + 14 a;^ = 1107. 4. 5 a:* + a:^ = 22. 

5. 3 a:* — 4a:^=7. 6. a:"i + a:~i=6. 

7. 2a: + 2 = 5Vi. 8. 4^^+10=13\/i. 



9. ar2-2a: + 3 = 2Var2-2a:4"2. 



10. a:2 + 5a: + 4 = 5Va:24.5^^.28. 



11. 3a:2^i5^^2Va:2 + 5a:+l = 2. 



12. (a: + 5)(.a:-2)= -3Va:2^3^, 

13. (a:2^2a:)2-3(a:2^2a:)+2 = 0. 

14. (a:2__5^)2_8^^_5^)^84. 

15. (3 ar^ - 10 a: + 5)2 - 8(3 a:2 _ 10 a; 4. 5) = _ 12. 

16. a:*~12a:3 4.342:24.122;= 35. 

17. a:*-10a:8+35a:2_50a;= _24. 

18. a^-{-i]a^-\-ryj^-l2x = 12. 

19. a^-^-Sa^-^'Ia^-^x^^. 



238 QUADRATICS 

HIGHER EQUATIONS 

28Si The solution of an equation of a degree higher 
than the second may often be reduced to the solution of 
a quadratic by first applying the factor theorem. See 
§194. 

Solve ic»-5ar» + a; + 15 = 0. (1) 

By the factor theorem, z — 3 is found to be a factor. Dividing 
the first member of (1) by x — 3, gives the quotient x' — 2 a: — 5. 

(x-3)(a:2-2a:-6) = 0. 
Hence, x — 3 = and x* —2 x — 5 = 0. 

From X —3 = 0, we obtain x = 3. 

From x^ - 2 X — 5 = 0, we obtain x = 1 ± V6. 

Hence, the three roots of the given equation are 

3, 1 + V6, and 1 - V6. 
Solve : 

1. a;8-6a; + 4 = 0. 2. a^^T 2^-\-9 x- S = 0. 

3. 3?-\-7x-hS^0. 4. 3^^6a^-{'5x-\-12=0. 

5. a^-5a:2^6a;= 0. 6. Sa^^-f 2a?»+4a;4" 7 = 0. 

7. a;8_5^^.i2 = 0. 8. x^- 6a^-\-ll x-6 = 0. 

9. 62^-\^a^-2x=0. 10. a^-Ss^ + Sa?-x=0. 

11. 6a;8 + 17aj24"4a:-12 = 0. 

12. a?-12a^-{-20x-h96 = 0, 

13. x^-5a^-}-2x^-{'20x = 2i. 

14. ir4 + lla:3+13a:2_85^=0. 

15. 22?^18a^-h25x-U^0. 

16. 7:c3-28a^2+35a:-140 = 0. 

17. 5:^-7a^-{'15a?-21x = 0. 
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SIDES OF RIGHT TRIANGLES 

K If the lengths of the hypotenuse, base, and perpen- 
dicular of a right triangle are A, ft, and p linear units, 
respectively, it is shown in geometry that, 

1. The perpendicular of a right triangle is 2 in. longer 
than the base and the hypotenuse is 10 in. Find the 
base and perpendicular. 

Let X = the number of inches in the base, 

then X + 2 = the number of inches in the perpendicular. 

... a:2+(x+2)2=102. 
Whence, a: = 6, the base ; a: + 2 = 8, the perpendicular. 

2. The base of a right triangle is 5- ft., and the hypote- 
nuse is 1 ft. longer than the perpendicular. Find the 
perpendicular, 

3. The hypotenuse of a right triangle is 8 in. longer 
than the perpendicular and 4 in. longer than the base. 
Find the three sides. 

4. The perpendicular of a right triangle is 2 in, 
shorter than the hypotenuse and 7 in. longer than the 
base. Find the three sides. 

5. The perpendicular and base of a right triangle are 
to each other as 3 to 4, and the hypotenuse is 65 in. Find 
the two unknown sides. 

6. The base and perpendicular of a right triangle are 
to each other as 8 to 4, and the hypotenuse is 3 ft. longer 
than the perpendicular. Find the three sides. 

7. The perpendicular of a right triangle is 41 in. longer 
than the base and the hypotenuse is 9 in. longer than the 
perpendicular. Find the three sides. 
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PROBLEMS 

1. The result of adding tlie product of two consecutive 
integers to their sum is 131. Find the integers. 

2. The sum of the squares of two consecutive integers 
is 211 more than their product. What are the integers? 

3. Of four consecutive integers, if the first is mul- 
tiplied by the fourth and the second by the third, the sum 
of the products will be 80 more than the sum of the 
integers. What are the integers ? 

4. The length of a rectangular field exceeds its breadth 
by 2 rd., and the area is If A. Find the length of the 
sides. 

5. The length of U rectangular field is twice its breadth. 
If each of its dimensions were increased by 3 ch., it would 
then contain 17 A. Find tlie length of its sides. 

6. A man wishes to lay off a rectangular garden such 
that the diagonal shall be 8 rd. longer than one side and 
25 rd. longer than the other. Find the sides of the 
garden. 

7. One train runs 9 mi. per hour faster than another, 
and covers 216 mi. in 2 hr. less time. Find the speed of 
each train. 

8. A can do a piece of work in 2 hr. less time than B 
can do it, and together they can do it in 3| hr. How 
long will it take each alone to do it? 

9. A traveled from C towards D at the rate of 7 mi. a 
day. After he had gone 32 mi., B set out from D 
towards C, and went every day -^^ of the whole journey ; 
and after he had traveled as many days as he went miles 
in 1 da., he met A. Find the distance from C to D. 
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SIMULTANEOUS QUADRATIC EQUATIONS 

287. A quadratic and a simple equation. 



Solve 



{ 



8a^^4xt/+2f = 6, 



2iK 4-3^ = 7. 
Solve (2) for y, 



y = 



7-2x 



(1) 

(2) 

. (3) 



Substitute in (1), 3 a:^ .. 4 x{^-^=^\ + 2 H-zAlY = 6. (4) 



Reduce, 
Whence, 
Substitute in (3), 



69 ar2 - 140 a: + 44 
a: = 2, X 



0. 



— UL8 



Solve the simple equation for one of the unknown numbers, and 
substitute in the quadratic. 



1. 



3. 



5. 



7. 



9. 



Solve : 

x -{-]/ = 5, 

r a; - y = 6, 

« 

^ xy = 16. 

r2a;4"3y = 22, 
\3a;y = 60. 

2 ir + y = 22, 



2. 



4. 



6. 



r 2:2^2^2= 25, 
.x-{-y = l. 

^^y'^^ 325, 
a;— y = 5. 



(x'-hxy^lO, 
[x — y = 4:. 



8. 



10. 



11. 



f3 , 2_7 
a; 2/ 8 

.5a;— 9y = 4. 

Nicholson's alg. — 16 



12. 



^7a^-8a:y=159, 
.5a;+2y = 7. 

'x^-^-xy-^-y^^-lS, 
\7a;+3y=24. 

r 3a;-2 ,y_o 
3^4-5 a; 

.x — y = 4:. 
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288. A quadratic and a homogeneous quadratic. 

A homogeneous quadratic is one in which all the terms 
are of the second degree in the unknown numbers. 

Thus, x« + 5 zy + 7 y« = 0, x« - 3 xy = 0, 6 xy + 4 y« = 
are homogeneous quadratics. 

Solve 1^-3-2^-^2^-0, (1) 

la:2_5y = 6. (2) 

Factor (1), (x - 2 y)(x - y) = 0. 

Whence, x - 2 y = 0, (:J) 

X - y = 0. (4) 

Now as in § 287 we solve : 

(a) (3) and (2), and obtain x = 4, y = 2; x = — f, y 
(6) (4) and (2), and obtain x = 6, y = 6; x = — l, y 



8 • 



1. 



= -1. 

Solve the homogeneous quadratic for x. Combine ea>ch of the 
simjyle equations thus obtained with the other quadratic, as in § 287. 

When the homogeneous quadratic cannot be solved by- 
inspection, it may be solved as in § 148 or § 279. 

Solve : 

^^a^-Zx-\-y = i. 

. 3^2 4- 2 2/ = 2; + 6. 

33^2 + 2a;y-ar^ = 0, 
.y-2a; + 3a^»=32. 

[x^-Zxy -10^2^0, 
3ir + 2y2_5y^l2. 



a:2-.2a;y + y^ = 0, 



■•{ 



2:2- 



x^-Zxy-^f=^Q, 
32; + 52/2 + 4y = 4. 

x^ — xy = Q^ 
3ic2^.a;--6y = 2. 



6. 



2)2- 7a:y + 123^2 = 0, 
32; + 4y = 4. 



8. 
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Solve 



289. Quadratics that are homogeneous only in the un- 
known numbers. 

2a?-a:y+3y2=9^ 

a? — 2 a;y + 5 y2 -: 5. 

Eliminate the two absolute terms 9 and 5. - Thus, 

Multiply (1) by 5, 10 z^ - 6 ary + 15 y^ = 45. 
Multiply (2) by 9, 9 x^ - 18 xy + 45 y^ = 45. 
Subtract (4) from (3), x^ + ISxy -^Oy^ = 0. 

Now taking (5) and (1) or (2), and we have the conditions given 
in § 288. 

From (5) we have, a: + 15 y = 0, (6) 

x-2y = 0. (7) 



(1) 
(2) 

(3) 
(4) 
(5) 



From (2) and (6), x = ± — ^^ — , y = ^ 

From (2) and (7), 



26 
x = ±2, y=±h 



26 



Combine the given equations so as to eliminate the absolute terms. 
Combine the homogeneous equation thus obtained with either of 
the given equations, as in § 288. 

Solve : 



1. 



3. 



5. 



7. 



9. 



' x^-\-xy^ 15, 

2^2 + ^2 = 20, 
.od^ — xy^^, 
r a;2 - i/2 ^-21, 

^ofi-^xy^lb. 

xy = 24, 
.a;2_2^2 = 4. 

(Zx^^xy=\%, 
4y2^3a;y = 54. 



2. 



{ 



6. 



8. 



10. 



2^2 4- icy -f. 4 y2 = 6, 
82:24.82/2 = 14. 

r62:2__5^y^2y2=i2, 
|32:2^22;y-32/2=-3. 
2:2 + a:yH-y2=39, 
22^^ + 32:^4-^2 = 63. 

f 2r^ + 2:^ 4" 2 2/2 = 44, 

22:2_^y4.^2=16. 

2y2-4a;2/ 4-32^2=17, 

, ^2 __ ^ __ Ig^ 



{ 
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290. Solving certain forms of simultaneous equations by 
special methods. 

The processes consist mainly in reducing the equations 
to the elementary forms a; + y = a and a; — y = 6. 
Solve the following : 

1. a?H-y2=41, (1) a:y = 20. (2) 

(1) + 2 X (2), x2 + 2xy + y« = 81. (3) 

(l)-2x (2), x^-2xy + y^= 1. (4) 

V(3), x-\-y=±9. (5) 

V^, a: - y = ± 1. (6) 
From (5) and (6), x = ± 5, y = ± 4. 

2. 2: + y = 7, (1) xy^lQ. (2) 

Square (1), x^ + 2xy + y^ = 49. (3) 

(3)-4x(2), x2-2a:y + y2=9. (4) 

V^, X - y = ± 3. (5) 
From (1) and (5), a: = 5 or 2, y = 2 or 5. 

3. x» + y2 = ioo, (1) x + y = U. (2) 

Square (2), i« + 2 xy + y» = 196. (3) 

(3) - (1), 2xy=: 96. (4) 

(l)-(4), a;2 _ 2 ij, + yi = 4. ^gj 

V(5), x-y= ±2. (6) 
From (2) and (6), a; = 8 or 6, y = 6 or 8. 

■ 1,1 5 ,,, 1^1 3 

Hint. Do not clear of fractions, but proceed as in the solution of 
example 3. 

6. Solve 2^8 4" y« = 152, (1) a: + y = 8. (2) 

Divide (1) by (2), x^ - xy + y^ = 19. (3) 

Square (2), x^ -^ 2 xy -{- y^ =z 64. (4) 

Subtract (3) from (4), 3 xy = 45. (5) 

Divide (5) by 3, xy = 15. (6) 
Combine (2) and (6) as in example 2, a: = 5, y = 3, 
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6. Solve a^ + ^y + y* = 133,(1) 2:2 _^y^.y2 

Divide (1) by (2), x^ -{■ xy -^ y^ 

[(3) + (2)] ^2, x^-\- y^ 

(3) -(2), 2xy 

Combine (4) and (5) as in example 1, a: = 3, y 



= 7. 

= 19. 
= 13. 
= 12. 
= 2. 



(2) 

(3) 
(4) 
(5) 



Solve : 

In solving the first two examples proceed as in the solution of 
example 1, p. 244. 



1. 



3. 



5. 



7. 



9. 



11. 



13. 



15. 



17. 



^1 1 29 

2:2 "^2^2 -100' 

-1=1-. 

xy 10 

2^2 + ^2=100, 
. 2; + y = 14. 

f 2:2^^2^ 326, 

2: — y = 5. 
j. 1_^13 

2:2 "^ y2 36' 

1 __1 

xy 6 

^ + 2^ = 17, 
a:y = 2. 

r 2:4 + 2^ = 97, 
[2^ + ^2 = 13. 

'2:8-y»=973, 

x-y^l. 

2:6«y6 = 31, 
2:~y = l. 

V-y = 98, 
2:2y _ 2:y2 = 30. 



2. 



6. 



8. 



10. 



12. 



14. 



16. 



18. 



f2:« + y* = 985, 

2:3^2 = 432. 



'2:^ + 2:2^24.^4^931^ 

\.^ + ir2^ + y2=49. 

'2:24.2.^^2^84, 
. 2: + ^xy + y = 14. 

^ -4 -4 -^ 



11 1 An 

+ "2= 49, 

y 



3? xy 



X y 

oi?-^y^-¥x-\-y 
1 2:y = 6. 



= 18, 



^ + y+ V2: + y = 12, 
2:34.^833,189. 

a: + 2:y + 2^ = 29, 
2:2 4_ /py 4_ y2 _. gj 

f V2; + y + -s/x — y = 4, 
12:2-2^2=9. 

r2^ + /=:97, 

122:82^-32:22^24.22:^3=48. 
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PROBLEMS 

1. Find two numbers whose sum is 11 and the sum of 
whose cubes is 407. 

2. Find two numbers whose difference is 2 and the 
difference of whose cubes is 56. 

3. Find two numbers whose sum multiplied by the 
greater is 84, and wliose difference multiplied by the 
smaller is 10. 

4. The product of two numbers is 24, and the differ- 
ence of their cubes is 19 times the cube of their difference. 
Find the numbers. 

5. A farmer has a rectangular field containing 12 A., 
and if he makes it 5 ch. wider and 4 ch. longer its area 
will be doubled. Find the two sides. 

6. John rode 12 mi. on his bicycle, when it broke down. 
He walked back at a speed of 6 mi. less per hour than 
he rode, and it took him 2 hr. 40 min. longer to walk back 
than it did to ride out. Find the speeds at which he 
walked and rode. 

7. The sum of the two digits of a number is 14, and 
the sum of the squares of the digits is 11 more than the 
number. Find the number. • 

8. Find the sides of a rectangle whose area is 120 
sq. in., and whose diagonal is 17 in. 

9. Two men, A and B, traveled from C to D, a dis- 
tance of 60 mi. They started at the same time, and A 
reached D 5 hr. in advance of B; but if B's rate per 
hour had been 2 mi. more and A's rate 1 mi. less, then 
B would have reached D 2 hr. in advance of A. What 
were the rates at which A and B traveled per hour ? 
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10. A grocer sold 80 lb. of tea and 100 lb. of coffee for 
$Q5; and he sold 60 lb. more of coffee for $20 than he 
did of tea for $10. What was the price of each? 

11. A and B together can do a certain work in 12 da. ; 
if A could do the work in 8 da. less time, and B in 6 da. 
less time, both together could do it in 8 da. How long 
will it take each alone to do the work? 

12. The fore wheel of a carriage makes 6 revolutions 
more than the hind wheel in going 120 yd.; but if the 
circumference of each wheel is increased one yard, it will 
make only 4 revolutions more than the hind wheel, in the 
same distance. What is the circumference of each wheel? 

13. A and B are two towns on the bank of a stream, 
and are 42 mi. apart. A man rows from A to B and 
back again, and finds, first, that he is 3 hr. 12 min. longer 
upon the water than he would have been had there been 
no current; second, that he was 8 hours longer going from 
A to B than from B to A, Find his rate of rowing, and 
the rate of the current. 

14. A ladder 60 ft. long is leaning against a wall so as 
to reach a window. Now if the bottom of the ladder is 
pulled out 16 ft. farther from the wall, it will throw the 
top of it 8 ft. below the window. What is the height 
of the window from the ground ? 

15. Find two numbers whose product equals the dif- 
ference of their squares, and the sum of whose squares 
equals the difference of their cubes. 

16. Find the price of eggs per dozen when 6 more for 
40 cents lowers the price 4 cents per dozen. 
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The following may be solved by either one or two un- 
known letters. Let any even numbered problem be solved 
by substituting the given numbers in the answer to the 
preceding problem. 

17. Find two numbers whose sum is s and whose prod- 
uct is p. 

18. Find two numbers whose sum is 9 and whose prod- 
uct is —52. 

19. A rectangle is I inches longer than it is wide, and 
its area is a square inches. Find its sides. 

20. The difference of the length and width of a rectan- 
gle is 7 in., and its area is 120 sq. in. Find its sides. 

21. Find the sides of a rectangle whose diagonal is d 
inches, and whose area is a square inches. 

22. Find the sides of a rectangle whose diagonal is 65 
in. and whose area is 1848 sq. in, 

23. A man paid d dollars for a number of pigs. If 
the price per pig had been I dollars less, he would have 
received p pigs more than he did. How many pigs did 
he buy ? 

24. A lady paid $6 for some cloth. She would have 
received 10 yd. more than she did if the price per yard 
had been 5^ less. How many yards did she buy? 

25. By increasing the speed of a train d miles per hour, 
it requires a hours less time to go b miles. Find the 
original speed. 

26. John rode 75 mi. on his bicycle. If his speed 
per hour had been 2J mi. more, he would have made 
the trip in 1 hour less time. Find his speed per hour. 



XIV. RATIO, PROPORTION, AND VARIATION 

RATIO 

29L A ratio is the quotient of one quantity by another 

quantity of the same kind. 

Thus, the ratio of m to n is - , which is also written m : n. 

n 

The terms of a ratio are the quantities compared ; the 
antecedent is the first term or dividend ; the consequent is 
the second term or divisor. 

Thus, in - , or m : n, m is the antecedent and n the consequent. 
n 

292. Commensurable quantities are like quantities that 
contain any third quantity a whole number of times. 

Thus, if A and B are two lines such that A = 5J in. and i? = 2J in., 
^ and i? are commensurable. For, A contains ^ in. 63 times, and B 
contains ^ in. 28 times. In this case, ^ : i? = J| = f = 2J. 

The ratio of two commensurable quantities is a rational number. 

293. Incommensurable quantities are like quantities 

that do not contain any third quantity a whole number 

of times. 

Thus, if the side of a square is « = 1 in., then the diagonal of the 
square is d= V2 in. In this case d :s = V2. 

The ratio of two incommensurable quantities is an irrational 
number. 



\, Multiplying or dividing both terms of a ratio by the 
same number does not change the value of the ratio, (§111.) 

249 
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PROPORTION 

295l a proportion is an equation whose members are 
ratios. 

Thus, a:6 = c:i/, or - = - 

h d 

is a proportion, which is read, the ratio of a to 6 is equal to the ratio 
of c to d. 

The same proportion is sometimes written a:b::c:d, which is read, 
a is to 6 as c is to ^. 

The extremes are the first and last terms, a and d<, and 
the means are the second and third terms, b and c. 



In a proportion like a : b = c : d^ d is called the 
fourth proportional to a, b, and c. 

In a proportion like a : b = b: c, c is called the third 
proportional to a and }. 

In a proportion like a : J = 6 : <?, b is called the mean 
proportional between^ and c. 

297. A continued proportion is a series of equal ratios 
in which each consequent is the same as the next ante- 
cedent. 

Thus a:h = b:c = c:d = d :e is Sk continued proportion. 



The fundamental test of a proportion is that the 
quotient of the first term by the second shall be equal to 
the quotient of the third by the fourth. 

Thus 6 : 8 = 30 : 40 is a proportion, because f = |J, each being 
equal to }. 

The student should note that the principles of Vatios are the same 
as the properties of equal fractions. 
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PRINCfPLES OF PROPORTION 

299. Relation of the means and the extremes. 

(1) If four numbers are in proportion^ then the product of the 
means is equal to the product of the extremes. 

Let a :h = c : d 

Then, -=- Definition. 

d 

Multiply by Jrf, ad = be. 

Illustration. 12 : 3 = 20 : 5, because y = ^; and 

12 X 5 = 3 X 20 = 60. 

The student should, in like manner, illustrate each of the follow- 
ing principles by one or more numerical examples. 

(2) If the product of two numbers is equal to the jiroduct of two 
other numbers, either pair may be made the means, arid the other 
pair the extremes, of a propoHion, 

Let mq=^np. 

Divide hj nq^ — = - ; or w : n = J9 : q, 

300. Mean proportional. Tlie mean propoHional bettveen two 
numbers is equal to the square root of their product. 

Let a : b = b : e. 

Then, b^ = ac. .'.b=-\/ac, 

301. Principle of alternation. If four numbers are in pro- 
portion, then the first is to the third as the second is to the fouHh. 

Let a : b = e : d. 

Then, f=-^. 

d 

Multiply by -, - = - • or a : c? = 5 : d. 

c c a 
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302. Principle of inversion. IJ four numbers are in pro- 
portion f then the second term is to the first as the fourth term is 
to the third. 

Let a : b = c : d. 

Then, be = ad. 

Divide by a^, - = - ; or b : a=:d : c. 

a c 

303. Principle of composition. If four numbers are in pro- 
portiojif then the sum of the first and second terms is to the second 
as the sum of the third and fourth terms is to the fourth. 

Let a : b = c : d. 

rrii a C 

Then, 7 = 3- 

o a 

a c 

Add 1 to both sides, - -f 1 = - 4- 1. 

d 

Reduce, , • = "t ; or a + i : 6 = <? -f- rf : cf. 

d 

304. Principle of division. If four numbers are in propor- 
tion^ then the difference of the first and second terms is to the 
second as the difference of the third and fouiih terms is to the 
fouHh. 

Hint. Proceed as in § 303, subtracting 1 from both sides. 

305. Principle of composition and division. If four num- 
bers are in proportion, then the sum of the first and second terms 
is to their difference as the sum of the thii*d and fourth terras is to 
their difference. 

Hint. By § 303, a + h^c±d ^^^ 

d 

By § 304, ?----?' = '-=^. (2) 

Divide (1) by (2), ^ = '■ +-'( . 

a — b c — a 
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306. Products of proportions. Tlie products of the cotre- 
sponding teims of two or more inoportions are in proportimi. 

Let a: b = c : c?, 

e :f = ff: A, 
k : I =m: n, 

b d f h I 71 

Multiplying the first members, and also -the second 
members, of these equations, we have 

aek cam ^ , 7 /., ,7 

■— — = -^-— ; ot aek : of I = cam : dhn, 

bfl dhn 

307. Powers and roots. Like ptoioersj or like roots, of the 
teiins of a propoHion are in proportion. 

Let a : b =^ c : d. Then, r = - • 

b d 

Raising both sides to the wth power, and extracting the 
nth root of both sides, we have, respectively, 

a" __ ^ Va __ _\/£ 

306. Tn a series of equal ratios, the sum of the antecedents is 
to the sum of the consequents as any antecedent is to its consequent. 

Let ? = £ = £ = 2. 

b d f h 

Place each of these ratios equal to r, and reduce, 

a = br^ c=dr^ e=fr^ g=:hr, 
.-. a-{-c-^e-{-g — (b-{-d-\-f-\'h^r. 
, a + c-\'e-\- g __^__a 
" 6 4-6^4-/+ A b ' 

.*. a-{-c-{-e-{-g:b-\'d-{-f-\'h=a:b. 
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1. Find X when 6 : 16 = 14 : x. 
Hint. By § 299, 6 x a; = 15 x 14. 

Find X in the following : 

2. 12 : 20 == 15 : x. 3. 135 : 5 a: = 72 : 64. 
4. 55: 25 = 2;: 35. 5. llj : If = 12f : a:. 
6. a; : 38 = 15 : 19. 7. 6f : 13J = a; : 11|. 
8. 2| : a: = 20^ : 6f . 9. 46.2 : 7.7 = 5.4 : x. 



10. a;+2:a;-3=3:2. 11. a;4- 16 : 9 = a;- 12 : 2. 
12. a:-f 3:a:-3==5: 3. 13. 2 a; + 3 : 3 = 3 a:- 1 : 4. 

Find the fourth proportional to : 

14. 3, 4, 5. 15. 18, 15, 12. 16. oA, ac, hd, 

17. 8, 6, 4. 18. 3^, 4^, 6J. 19. a3, <j?h, aV^. 

P'ind the third proportional to : 

20. 18 and 12. 21. a and x, 22. 8 €?b and 5| ab^. 

23. 3iand5f. 24. 4 and 4. 25. ^5dl*and^^. 

Find the mean proportional between : 

26. 25 and 16. 27. <fi and ¥. 28. -f a^ and — ft^, 

29. 5| and 2f 30. — and ^ . 31. -f 6 J and 7f 

Solve for a; and y : 

32. a; + 2 : y 4- 1 = 3 : 4, and a;4-6:y-f5 = 5:6. 

33. a; -h 7 : y 4- 9 = 3 : 4, and a; — 4:y — 5 = 2:3. 

34. 4a; + l : 5^ - 2 = 6 : 8, and 7a;-3: 9^ + 2 = 4: 7. 

35. ax'\- c \hy — d—^\Z^ and mx — w : j[?y -f g' = 3 : 4. 
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PROBLEMS 

1. Two numbers are as 3 to 4, and if 7 is subtracted 
from each, the remainders are as 2 to 3. Find the 
numbers. 

2. What number must be added to each of the 
numbers 5, 9, 20, 29 in order that the four sums shall be 
proportional ? 

3. A father says to his son, " 8 yr. ago our ages were 
as 10 to 3, and 12 yr. from now they will be as 15 to 8." 
Find their present ages. 

4. Find two numbers whose sum is 8, and whose 
product is to the sum of their squares as 15 to 34. 

5. Show how the solution of a^-^x-\-l:a^ — x + l^ 
2a; + l:2a;— 1 may be simplified by § 305. 

6. Two numbers are in the ratio of 2 to 3, and if 9 is 
added to each they will be in the ratio of 3 to 4. Find 
the numbers. 

7. There are two numbers whose sum is to their dif- 
ference as 8 to 1, and the difference of whose squares is 
128. What are the numbers ? 

8. Of two square grassplots, a side of one is 10 yd. 
longer than the side of the other, and their areas are as 
25 to 9. Find the length of the sides. 

9. There are two numbers whose sum is to the less 
as 5 to 2, and whose difference is to 9 as 15 is to the dif- 
ference of their squares. Find the numbers. 

10. There are two numbers whose sum is 10, and the 
difference of whose fourth powers is to the sum of their 
squares as 26 is to 7. Find the numbers. 
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RECTANGULAR SOLIDS 

309. If a rectangular solid, like a box, is a units long, 
b units wide, and c units high, and contains V cubic units, 
we have ^ ^ ^^^^ 

1. Interpret this formula, calling F'the volume. 

2. Find the volume of a rectangular solid whose 
dimensions are 12, 10, and 6 in. 

3. The dimensions of a box are proportional to 2, 3, 4, 
and its volume is 648 cu. in. Find its dimensions. Its 
entire surface. 

4. Deduce a formula for the total surface (aS) of the 
solid of which F= abc. 

5. A box is 3 in. wider than it is high, and 2 in. 
longer than it is wide, and its total surface is 180 sq. in. 
Find its three dimensions. 

6. A box is 3 in. higher than it is wide and 4 in. 
longer than it is high, and its volume is 480 cu. in. 
Find its three dimensions. See § 285. 

7. A rectangular sheet of tin, 16 by 20 in., is made 
into an open box by cutting out a square from each 
corner and turning up the sides. Find the size of the 
square cut out if the volume of the box is 420 cu. in. 

8. The areas of the bottom, side, and end of a hex 
are, respectively, £, S, and E sq. in. Find the volume 
of the box. 

9. A box, whose length, width, and depth are propor- 
thTn it^d ^' ^.'^^'l 3, would contain 5400 cu. in. more 
fK^ ^- ^^? ^* ^^ ^evQ 4 in. wider and 5 in. deeper. Find 
the dimensions of the box. 
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VARIATION 

310. Variables and constants. The length of the 
shadow of a flagstaff varies from one value to an- 
other, but the length of the flagstaff itself undergoes no 
change. 

When a ball is thrown upward its height from the 
ground changes from one value to another, but the size 
of the ball undergoes no change. 

Variables are quantities tliat change from one size or 
value to another, and constants are quantities that undergo 
no change of size or value. 

Variables are usually represented by the last letters 
of the alphabet, u^ v, w^ x^y^z\ and constants by figures 
or by the first letters of the alphabet, a, 6, c?, •••, A, I. 

If a variable is denoted by y, particular values of the 
variable are denoted by y^^ ^2' ®^^* 

Thus, \i y — the number of ounces in the weight of a growing 
apple, and the apple at one time weighs 5 oz., and at another time 
9 oz., we would write y^ = 5, y2 = 9. 

Particular values of variables are constants. 

311. Ji x = the side of a square and y = its area, then 
y = 3i^* Now as x changes from {Tj = 1 to 2:2= 2, y will 
change from ^i = 1 to y^= 4. That is, a change in the 
value of X produces a change in the value of y. 

When one variable, as y, is so related to another vari- 
able, ic, that any change in the value of x produces 
a change in the value of y, y is called a function 
of X. 

Thus, if y = 3 a; + 4, or y = x^ — 5 a; -f 6, or y = 3 , y is a function 
of X. 

Nicholson's alg. — 17 
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CORRESPONDING VALUES 

{yi ^ If y is a function of a;, as y = a:^ — 3 a: + 5, and any 
particular value is assigned to a;, as x^ = 2, the result of 
substituting 2 for x in the given function, viz. 3, is called 
the corresponding value of y ; that is, y^ = 3. 

Thu8, in y = 6x -7, corresponding values of x and y are, respec- 
tively, 1 and - 1, 2 and 5, 3 and 11, .... 

PROPORTIONAL VARIATION 

313. If two variables are so related that any two values 
of the one are proportional to the corresponding values of 
the other, then either variable is said to vary as the other. 

Thus, if y is a function of x such that 

y : y, = X : Xp 
y and y^ being corresponding values of x and Xj, then y varies as x; 
and this relation is written 

yccx. 

314. If y^fix^ then y equals x multiplied hy 8ome constant. 

Proof. Since y x x, 

then y : y^ = X : x^. 

Whence, y^^lx. 

^1 

Denoting the constant ratio ^ by <?, we have 

^1 
y = ex. 

The expression y oc x is equivalent to y ^ ex, or y ^mx, 
ov 2/ — ^^' ^vhere c, rri, n are constants ; and, conversely, 
^ ^ ^^, 01 ^ _ ^^^^ ^^^^ ^^^^ ^^ written yccx. 
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315, Direct variatioa- ^ oc x expresses, and iti read, 
"y varies as x." 

Illustration. The distance (s) covered \>y & train moving at a 
constant rate of speed (r) varies dii'ectly as the timt; (()' That is. 



316. Inverse vaiiatioii. yx- expresses, and is read, 

"y varies inversely as a;," or "y varies as the reciprocal of a:." 
Illustration. The number of men (i) required to do a certain 
work varieB inversely as the time (0. That ia 

x^- ovx = ''- ori'ir =1-1. 

In this case the constant c is the total number of units of work. 

317. Joint Tariation. u-^xy expresses, and is read, 

w viiriee jointly as x and y. 

Illustration. The cost (u) of a bolt of cloth varies jointly as 
the number of yards (j) in the bolt and the price per yard(3;). That is, 
u t rj), or u = axy, or u : u, = ij : je,y,, 

318. Direct aod inverse variation, ux- expresses, and 

y 

is read, u varies directly as x and inversely as y. 

Illustration. In mowing a fleid, the time (() required for the 
work varies directly as the number of acies (j;), and inversely as the 
number of men (y) engaged in the work. That is, 

y S ' ' ' ? ' ffi 

319l Compound variation, w oc ma? + — expresses, and 

is read, « varies as the sum of two numbers, one of vrhich 

(ma^^ varies directly as a^ and the other I ^1 inversely as a:*. 
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If y varies as a:, and if y = 15 when a: = 3, find y when 
a; = 8. 

Since, yoix^ ,\ y = mx. 

Now when 

X = 3, y = 15. .'. 3 m = 15, and m = 5. 

The relation, then, of y to a: is y=bx. 

Therefore, when x = 8, y = 40. 

1. If y varies as x^ and if y = 40 when x = 5, find y 
when a: = 12. 

2. If y oc a:, and y = 27 when a: = 3, find a; when y = 45. 

3. If y Qc a:2, and y = 42 when a: = 2, a? = 3, find y when 
a; = 4 and z = 5. 

4. If y varies inversely as a:, and if y = 6 when a; = 4, 
find X when y = 4|. 

5. If y varies directly as x and inversely as z, and 
a: = 5 when y = 30 and 2=7, find z when y = 35 and a: = 10. 

6. If z Qc a: + y, and z = 15 when a; = 3 and y = 2, find 
the value of z in terms of x and y. 

7. If ar^ Qc y^, and a; = 4 when y = 2, find the value of y 
in terms of x. 

8. If xccy^^ and yocsfl and z = 1 when y = 2 and a; = 8, 
find the value of x when z = 2. 

9. If one number varies directly as another, and the 
former is | when the latter is |, what will the latter be 
when the former is 9 ? 

10. Given that the area of a circle varies as the square 
of its radius, prove that the area of a circle whose radius 
is 5 in. is equal to the sum of the areas of two circles 
whose radii are 3 and 4* in. 
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11. Given that the volume of a sphere varies as the cube 
of its radius, prove that the volume of a sphere whose 
radius is 6 in. is equal to the sum of the volume of three 
spheres whose radii are -8, 4, and 5 in. 

12. The distance fallen by a body from rest varies as 
the square of the time of falling. If a body falls 257^ 
ft. in 4 sec, how far will it fall in 10 sec. ? 

13. The volume of a right circular cone varies jointly 
as its height and the square of the radius of its base. If 
the volume of a certain cone is 100 cu. in., what is the 
volume of another cone having 3 times the altitude and 
^ of the base radius ? 

14. The volume of a mass of gas varies as the absolute 
temperature and inversely as the pressure. When the 
absolute temperature in a given case is 240 and the pres- 
sure 18, the volume is 160 cu. in. What will be the 
volume when the absolute temperature becomes 300 and 
the pressure 20 ? 

15. The pressure on the horizontal head of a cylindrical 
drum immersed in water varies jointly as the depth of the 
head below the surface and the square of the radius of the 
head. If the pressure is 1500 lb., when the depth is 15 
ft. and the radius of the head 3 ft., find the pressure when 
the depth is 18 ft. and the radius 5 ft. 

16. The illumination of a book by a lamp varies in- 
versely as the square of the distance of the book from the 
light. If the illumination at 30 in. is 32 candle power, 
what candle power will fall on the book at the distance of 
4 ft.? 
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PHYSICAL FORMULAS INVOLVINQ QUADRATICS 

320. In the following formulas s = distance, v = veloc- 
ity, t = time, and ff = 32.16 = acceleration of gravity, or 
increase of velocity in feet per second. 

The formulas for uniformly accelerated motion are : 

' = 9*- (1) • = ^9f'- (2) 

These fortnulas are slightly inaccurate on account of the resistance 
of the atmosphere. 

1. Give the interpretation of (1); of (2). 

2. How does V vary ? How does s vary ? 

3. If a body falls from rest, what will be its velocity 
at the end of 8 seconds ? 

4. Through what distance will a stone fall in 5 
seconds? 

5. Solve (1) for f, and give the interpretation. 

6. How long, to the nearest tenth of a second, must an 
iron ball be in falling, to have a velocity of 1000 ft. per 
second ? 

7. Solve (2) for f, and give the interpretation. 

8. How long, to the nearest tenth of a second, will it 
take a marble to fall 1000 ft. ? 

9. A boy dropped a stone in a well, and the stone was 
3 seconds in falling. Find the depth of the well. 

10. Eliminate t between (1) and (2). Solve the result 
for «, and give the interpretation. 

11. Through what distance has a body fallen when its 
velocity is 500 ft. per second ? 



XV. SERIES 
THE nth TERM OF A SERIES 

In what follows n stands for any positive integer. 
The successive values of w^re 1, 2, 3, •••, and a series* 
is the corresponding successive values of any function of n. 

Thus, substituting 1, 2, 3, ••• for n in 6 n — 3, we obtain the series 3, 
9, 15, •••, whose terms are 3, 9, 15, etc. 

322. The function from which the series is derived is 
called the nth term, or last term of the series. It is also 
called the law of the series because its interpretation gives 
the rule by which the terms are formed. 

Thus, 6 » — 3 being the function, .the interpretation is, any term of 
the series is 3 less than 6 times the number of the term. 

The first and last terms of a series are called the 
extremes, and all the intermediate terms the means. 



Notation. The number of terms in a series is de- 
noted by n, the first term by a, the last term by Z, and the 
sum of all the terms by s. 

The nth terra is often denoted by a,», in which case 
«! is the first term, a^ the second, •••, a^ the last or I, 

Thus, if a„ = fi(n + 1), «! = 2, flg = 6, a^ = 12, etc. If the series is 
continued until there are 10 terms, then a^Q = I = (10)(10 +1) = 110. 

* It must not be inferred that all series are of this character. This 
merely defines the kind of series treated in this book. 

263 
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Find the first ten terms of a series of which a^ = 
ijw(w — 1), and give the law of formatioa. 

Making n = 1, 2, 3, ••• 10, we have oi = 0, as = 1, as = 3, a^ = 6, 
at = 10, flfl = 15, aj = 21, as = 28, 09 = 36, aio = 45. 

Law. Any term is found by multiplying \ of the number of the 
term by the number less one. 

Solve the following in a similar manner, giving the law 
of formation : 

1. a„ = 5 w — 3. 2. a^ = n^-^Sn-\-2. 

3. a„ = 4 w — 9. ^. a„ =: 7t^ — 3 n -^ 2, 

5. a„ = (n — 4)w. 6. a^ = w^ -|- 5 /e -h 6. 

7. a„=:n^-25. 8. a„ = w2 — 7w + 10. 

9. a, = — — r- 10. a«= ^ 



n+l " 13 



n(n -h 1) _ <yi-f 2)(n-f 4) 

13. a„ = 2« - 1. 14. a„ = 3 X 2«-i - 5. 

• 324l When several terms of a series are given, the nth 
term or law of the series can often be found by inspection. 
Find the nth term of 6, 12, 21, 32, ... 

Factoring the terms, 1x5, 2x6, 3x7, 4x8 

which may be written, 1 x (1 + 4), 2 x (2 + 4), 3 x (3 + 4). 

That is, any term is equal to the number of the term multiplied hj 
the number plus 4. .•. an = n(»i +4). 

Find the nth term of : 
1. 3, 8, 15, 24, .... 2. 0, 2, 6, 12, .... 

3. 6, 7, 8, 9, .... 4. 5, 8, 11, 14, .... 

5. h h i h •••• 6- h h h h — 

7. 32, 42, 62, .... 8. 3, 3 X 2, 3 X 22, .... 
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ARITHMETIC PROGRESSION 

325. An arithmetic progression (A. P.) is a series in 
which each term is obtained from the preceding term by 
the addition of a positive or a negative constant, called the 
common difference (denoted by c?). 

Thus, 5, 8, 11, ••• is an A. P. in which a = 5 and d = S*p 
7, 5, 3, ••• is an A. P. in which a = 7 and d= — 2. 

326. Finding the /ith term of an A. P. 

The first term being a and the common difference c?, the 
A. P. is 

a^ = a^ ag = « -h rf» fltg = a -f- 2 c?, a^ = a -+- 3 c?, • • •. 

Evidently the coefficient of d in any term is 1 less than 
the number of the term. 

fl« = fl + (/»-iy, (A) 

or (§ 323) / = a + (/I - l)rf. (B) 

1. Give the interpretation of formula (A). 

2. Find tlie 20th term of 5, 8, 11, ..-. 

Here a = 5, and rf = 3. Therefore by (A) ajo = 5 + 19 x 3 = 62. 

3. Find the 30th term of 4, 9, 14, .... 

4. Find the 10th term of 23, 21, 19, .... 

5. Find the 13th term of 3|, 5, 6^, ••.. 

6. Find the 15th term of 31, 28, 25, .... 

7. When a is 11 and d is 5, what is Uq ? 

8. When a is 2^ and d is |, what is a^ ? 

9. In a certain A. P. a„ = 7 — 3 w. Find a and d. 

10. In a certain A. P. a„ = |(n -f- 1). Find a and d. 

11. Find the nth term of 7 J, 5|, 4, .... 
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12. Solve (B) for d^ and give the interpretation. 

13. Find d when a = 5, n = 21, and I = 45. 

14. Solve (B) for a, and give the interpretation. 

15. Find a when rf = 4, n = 46, and I = 187. 

16. Solve (B) for n, and give the interpretation. 

17. Find n when a = 15, cZ= — 3, and Z = — 30. 

18. Find the 25th term of an A. P. in which the 4th 
term is 15 and the 9th term is 35. 

19. Given a^ = 15, a^ = 35. Find 026' 

By (A), 04 = 01+3^, a9 = ai + 8</, a^ = a| + 24rf. 

a + 3 rf = 15, a + 8 d = 35. 
Whence, a = 3, </ = 4. 

aj5 = ai + 24 rf = 3 + 24 X 4 = 99. 

20. If flg = 3J, a^2 = ^' what isa^? 

21. Given a^=5 and a^^=27. Find a„, and by it 
obtain the first 9 terms of the A. P. 

22. The nth term of an A. P. i^ p + qn. Find the first 
term and the common difference. 

327. Finding arithmetic means. 

Find 4 arithmetic means between 3 and 35. 

Including the 4 means and 2 extremes there will be 4 + 2 or 6 terms 
in all, of which a, = 3 and a^ = 35. Then a^ = S and a^ -{- 6 d = SS, 
Whence, d = 7. 

Therefore, the A. P., showing the four means, is 

3, [10, 17, 24, 31], 38. 

1. Insert 5 arithmetic means between 4 and 58. 

2. Insert 7 arithmetic means between — 5 and 19. 

3. Insert 9 arithmetic means between 3 and 4. 

4. Insert 15 arithmetic means between 4 J and 5^. 
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328. Finding the sum of n terms of an A. P. 

By definition and notation (§§ 325, 323) we have 
s=:a+(a+(;)-f-(a-f-2rf)...(?~2d)-f (i-c?)-f-Z..., (1) 

or «=ZH-(?-d) + (Z-2d).^.(a-f 2d)-f-(a-fd)-ha--w (2) 
(2) is (1) written in inverse order. 
Adding (1) and (2)^ 

2 « = (a -f- Z) -f- (a -f "I ^^ ^ terms 

= n(a -f V) 

«=|(« + 0- (C) 

1. Give the interpretation of this formula. 

2. Find the sum of an A. P. of 12 terms, the first term 
being 8 and the last 85. 

3. Find the sum of 20 terms of 13, 16, 19, .... 
Hint. First find I by (B). 

4. Find the sum of 31 terms of 9, 17, 25, .••. 

5. Find the sum of 25 terms of 33, 29, 25, .-.. 

6. Find the sum of 16 terms of 5 J, 6, 6|, .... 

7. Find the sum of 100 terms of 1, 2, 3, •«.. 

8. Find the sum of n terms of 1, 3, 5, .••. 

9. Find the sum of 15 terms of |^, 1|, 2, «•.. 

10. The addends in the following form an A. P. Why ? 
Add them by (C), and check by ordinary addition. 

11. 11^ 12. 146 a; 13. 395 w 14. 18.45 
1%^ 211 X 858 m $9.81 
25^ 396 a; 1321m f 11.17 
32^ 521a; 1784 m 112.53 
39 /z^ . 646a; 2247m $13.89 
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15. If a body falls 16^^ ft. the first second, and in each 
succeeding second 82^ ft. more than in the next preced- 
ing one, how far will it fall in n seconds? in 10 sec. ? 

). In the two equations 



Z = a+(w-l)rf (B) « = 5(a-fZ) (C) 

there are five letters, a, rf, ?, n, %. If any three of these 
are given, the equations may be solved for the other two. 

1. How many terms of the A. P. 7, 9, 11, ••• must be 
taken in order that their sum shall be 216? 

Here a = 7, rf = 2, « = 216. 

Substituting in (B) and (C), 

/ = 5 + 2n, (1) 216 = ^(7+ 0- (2) 

Substituting the value of / in (1) for / in (2), and reducing, we have 

ns + 6n = 216. .-. w = - 18, and n = 12. 

Since n is to be always a positive integer (§ 321), n = 12 is the only 
solution. 

2. Given w = 10, Z = 29, « = 155. Find d. 

For these values (B) is 29 = a + 9 </ (1) 

and (C) is 155 = 5 (a + 29). (2) 

From (2) we find a = 2. Then from (1) we find rf = 3. 

1. The last term of an A. P. is 50, the common dif- 
ference 4, and the sum of the terms 338. How many- 
terms are there? 

2. Given a = 3, c? = 6, « = 507. Find n. 
• 3. Given a = 3, Z = 45, rf = 2. Find %. 

4. Given a = 1, Z = 50, « = 204. Find d. 

5. Given d = 4, Z = 35, « = 161. Find a and n. 

6. The first term of an A. P. is 3 J and d is |. What 
is the number of the term that is 17 ? 
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330. In solving problems in arithmetic progression it 
is often best to represent the series by: 

(a) a; — y, a:, a: -f- y, when there are three terms ; 

(6) a; — 2 y, a; — y, a:, a: -f y, a; -f 2 y, when there are five 
terms; 

(tf) a; — 3 y, a: — y, x + y^ a: -f- 3 y, when there are four 
terms. Note that in (a) and (6) the common diflference 
is y, and in (<?) it is 2 y. 

There are three numbers in A. P., whose sum is 15 and 
the sum of whose squares is 83. Find the numbers. 

Let X — y, X, X -\' y = the three numbers. 

Then x — y-{- ar + ar + y = 15, or 3 ar = 15, (1) 

and (x - yy -[■ x^ -\- (£ + yy = 83, or 3 x^ + 2 y^ = 83. (2) 

From (1), a: = 5; then from (2), y = 2. 
• Therefore the numbers are 5 — 2, 5, 5 + 2, or 3,.5, 7. 

1. How many integers between 70 and 700 are exactly 
divisible by 6? 

Hint, a = 72, Z = 696, rf = 6. 

2. What must be the value of x so that 3 a; — 2, 
5 a; -f- 11, and 12a; -f 9 shall be in A. P.? 

Hint. (5 a: + 11)- (3 a; - 2) = (12 a; + 7) - (5 a; + 11). Why? 

3. The sum of the 5th and 9th terms of an A. P. is 38, 

and the sum of the 7th and 15th terms is 62. Find the 

Tith term, and by it find the first four terms. 

Hint, a^ + Aq = 38 ; that is, a, + 4 rf + ^Tj + 8 // = 38 ; 

Oy + ajg= 62 ; that is, Oj + 6 </ + atj + 14 rf = 62. (A) 

4. The sum of the first two terms of an A. P. is 4, and 
the 6th term is 9. Find the series. 

5. The last term of an arithmetic progression is 52, 
the common difference 5, and the sum of the series 297; 
find the first term and the number of terms. 
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6. There are 4 numbers in arithmetic progression; 
their sum is 32, and their product 3465. Find the numbers. 

7. The sum of 3 numbers in arithmetic progression 
is 30, and the sum of their squares 308. Find the num- 
bers. 

8. The sum of the 4th powers of three consecutive in- 
tegers is 353. Find the integers. 

9. The product of 4 consecutive integers is 1680. 
Find the integers. 

10. The sum of 7 numbers in arithmetic progression 
is 35, and the sum of their cubes is 1295. Find the num- 
bers. 

11. Two travelers (A and B) set out from the same 
place at the same time ; A travels uniformly at the rate 
of 3 miles an hour, but B's rate is 4 miles the first hour, 
3 J the second, 3 the third, and so on. In how many hours 
will A overtake B? 

12. The sum of 6 terms of an arithmetic progression 
is 93, and the 6th term is 28. What is the series? 

13. A traveler. A, sets out for a certain place, and goes 
1 mile the first day, 2 miles the second day, 3 the third, 
and so on. In 5 days afterward B sets out, and travels 
12 miles a day. How long and how far must B travel 
before he and A will be together? 

14. Two hundred stones being placed on the ground 
in a straight line, at the distance of 2 feet from each 
other, how far will a person travel who shall bring 
them separately to a basket, which is placed 20 yards 
from the first stone, if he starts from the spot where the 
basket stands? 
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GEOMETRIC PROGRESSION 

331. A geometric progression (G. P.) is a series in which 
each term is obtained from the preceding term by multi- 
plying it by a positive or negative constant, called the 
ratio (denoted by r). 

Thus, 2, 6, 18, ••• is a G. P. in which a = 2 and r = 3. 

8, — 4, 2, ••• is a G. P. in which a = 8 and r = — J. 

332. Finding the /fth term of a G. P. 

The first term being a and the ratio r, the G. P. is 

«! = a, ag = ar, a^ = ar^^ a^ = ar^, etc. 

Evidently the exponent of r in any term is 1 less than 
the number of the term. 

.'.a„ = ar"-^ (A) 

or /=ar"-^ (B) 

1. Give the interpretation of formula (A). 

2. Find the 7th term of 5, 15, 45, •••. 

Here a = 5 and r = 3. Hence, by (B), a^ = 5 x 3^ = 3645. 

3. Find the 9th term of 5, 20, 80, .... 

4. Find the 6th term of 48, 24, 12, .... 

5. Find the 10th term of 5, 10, 20, .... 

6. When a is 135 and r is ^, what is eig? 

7. When a =28,672 and r = J, ag = ? 

8. Find the 6th term of the G. P. 3|, 2^, 1 J. 

9. Find the 9th term of the G. P. 1, - J, +^,.... 

10. Find the 8th term of the G. P. - 21, 14, - 9 J, ... 

11. In a certain G. P. a„ = 5 x 2'*+3. Find a and r. 

12. Find the nth term of 3, 15, 75, 375, ... 
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Solve (B) for r, and give the interpretation. 

Divide (B) by a, . r— » = i . 

a 

11-1/7 
Extract the (n — l)th root, r = \-. 

'a 

Interpretation. The ratio in the result of dividing the last term 
by the first and taking that root of the quotient whose index is the numfjer 
of terms less one. 

1. In a G. P. a = 7, ? = 112, and n = 5. Find r. 

2. In a G. P. a = |, / = ^5, and w = 3. Find r. 

333. When a, ?, and r are given, the only way, at pres- 
ent, to find n is by trial. 

Thus, if a = 5, / = 32,805, and r = 3, then by (B), 

5 X 3»-i = 32,805. 
Divide by 5, 3— 1=6561. 

Now raising 3 to the 2d, 3d, 4th, etc., powers, we find 3^= 6561, 
.'. n — 1 = 8, and » = 9. 

1. Ina G. P. a«ll, Z=2816, and7' = 2. Find ti. 

2. Find the 10th term of a G. P. in which the 4th 
term is 72 and the 9th term is 2304. 

By (A), a^ = ai^j a^ = ar^, a^^ = ar^, 

ar* = 72, (1) ar8 = 2304. (2) 
Dividing (2) by (1), r^ = 32. .-. r = 2, and a = 9. 

Then a^^ = ar» = 9 x 2» = 4608. 

3. In a G. P. flg = 375 and a^ = — 46,875. Find a^. 

4. In a G. P. ag = 3^ and a^ = yi^. Find a„, and by 
it obtain the first 5 terms of the G. P. 

5. The wth term of a G. P. is 5 x S^-^ Find the first 
term and the ratio. 



GEOMETRIC PROGRESSION 273 

334. Finding geometric means. 

Find 3 geometric means between 24 and 15,000. 

Including the 3 means and 2 extremes there will be 5 terms in all, 
of which Cj = 24 and a^ = 15,000. 

Then a^ = 24, (1) Cj x r* = 15,000. (2) 

Dividing (2) by (1), r* = 625. .-. r = \^^25 = 5. 

Therefore the G.P., showing the 3 means, is 24, [120, 600, 3000], 
15,000. 

1. Insert 1 geometric mean between 4 and 9. 

2. Insert 1 geometric mean between 6^ and 6^. 

3. Insert 2 geometric means between 5 and 320. 

4. Insert 3 geometric means between 6 and 486. 

5. Insert 7 geometric means between 2 and 13,122. 

6. Insert 3 geometric means between -f 1 and — 1. 

7. Insert 5 geometric means between J|^ and 6|. 

335. Finding the sum of n terms of a 6. P. 

By definition and notation (§§ 331, 323), we have 

8=a-i' ar-^- ai^ "- ar^'\ (1) 

r« = ar -f- ar^ •• • ar^~^ -f ar^. (2) 

(2) is obtained by multiplying (1) by r. 
(2)-(l) (r-l> = ar»-a. 

^ = ?^!L^or^. (C) 

1. In a certain G. P. a = 1, r = 2, and I = 1024. Find «. 

2. Find the sum of 9 terms of 1, 3, 9, •••. 

3. Find the sum of 7 terms of 8, 20, 50, •••. 

4. Find the sum of 6 terms of 1|, 2|, 4|, •••. 

5. Find the sum of 10 terms of 2 - 2^ -f- 2^ .... 

6. Find the sum of n terms of 3 -f 2 + 1, .... 

7. Find the sum of n terms of J, |, |, .... 
Nicholson's alo. — 18 



• . 
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336. Findiag the sum of an infinite 6. P. 

A decreasing 6. P. is one in which r < 1, numerically, 
and in which, therefore, the terms become smaller and 
smaller as we pass from left to right in the series. 

From formula (C) s = "^f^ = -? -i?L-, in which 

l^ar'^-K 1-^ 1-^ 1-^ 

Since r < 1, as w becomes larger and larger I becomes 
smaller and smaller, so that by taking n large enough s 

can be made to differ as little as we please from ^ 
This is expressed by saying: 1 — r 

(a) The limit of « as w approaches infinity is - 

1 — r 

(6) The sum of the infinite G. P. a -f- ar -f- ar^ -.., when 
r < 1, is 

• = r=-r (D) 

Find the sum of 4, 2, 1, i, ... to infinity. 

* — :; = :; r = o. A ns. 

1 — r 1 — J 

1. Find the sum of |, ^, J, ^\, ... to infinity. 

Find the following extended without limit: 
2- 5-^ + 2V-- 3. 1 + ^ + ^+ .... 

*• i - 1 + A •••• 5- i + iV + fi'i + -. 

«• \-i\ + (s'i •••• 7. i + 2V + ik + -. 

8. 1+1 + 1.... 9. 1-1 + i- .... 

n n^ n ifi 

10. .757575 ..-, or J^% + ^^^^-^ + ^^^^ .... 

U. .878787 •". 12. .365365365 .... 

13. .62727 .-. 14. .17285285 .... 
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337. In the two equations 

Z = ar«-i..., (A) 8 = ?^^, (C) 

r — 1 

there are five letters, a, r, Z, w, «. If any three of these 
are given, the equations may, in general, be solved for the 
other two. 

1. In a certain G. P. r = 3, w = 6, « = 728. Find a 

and I, 

Substituting these values for r, n, and « in (A) and (C), we have, 
respectively, 

/ = 243 a ..., (1) 728 = ^^~" .... (2) 

From (2), 3 / - a = 1456, 

729 a - a = 1456, a = 2, / = 486. 

2. How many terms, of the G. P. 3, 6, 12, ... must be 

taken so that their sum shall be 765 ? 

Here, a = 3, r = 2, s = 765. For these values (A) and (C) are 
/ = 3x2«-i... (1) 765 = 2/ -3... (2) 

From (2), / = 384; then from (1), 2"-^ = 128. .-. n = 8. 

1. Given a = 1, Z = 6561, and % = 9841. Find n and r. 

2. Given a = 2, Z = 512, and r = 2. Find n and «. 

3. What must be the value of x so that 2 a; + 9, 
4 a; -f 11, and 8 a: -f 9 shall be in G. P. ? 

Hint. (4a: + 11) - (2a: + 9) = (8a: + 9) -^(4 a: +11). Why? 

4. The sum of three numbers in A. P. is 12, and if the 

first is increased by 1, the second by 2, and the third by 

4, the numbers will be in G. P. Find the numbers. 

Hint. Let x — y^x^x -\- y — the numbers. 
Then, {\) x — y •\- x •\- x •\- y — VI, .*. a: = 4. 
Therefore the numbers are 4 — y, 4, 4 -f y. 

^ 4-y+l 4+2 5-y 6 
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5. Find the first term of a geometric progression 
when the last term is 1536, the ratio 2, and the nunfber of 
terms 10. 

6. The last term of a geometric progression is 12,500, 
the first term 4, and the number of terms 6. Find the 
ratio and sum of the terms. 

7. The last term of a geometric progression is 1536, 
the first term 8, and the sum of the terms 3069. Find the 
ratio. 

8. The last term of a geometric progression is 885,735, 
the ratio 3, and the sum of the terms 1,328,600. Find the 
first term. 

9. The first term of a geometric progression is 1, the 
ratio 3, and the sum of the terms 9841. Find the last 
term and the number of terms. 

10. The first two terms of a series in geometric pro- 
gression are § and J. What are the next two terms? 

11. The first and third terms of a geometric series are 
4 and 16. What is the fourth term ? 

12. Suppose a body to move 20 mi. the first minute, 
19 mi. the second, ISj^ mi. the third, and so on forever. 
Required the utmost distance it can reach. 

13. A father divided $147 among three sons, the shares 
being in geometric progression; and the first had J 63 
more than the last. How much had each ? 

14. Find the geometric series in which the sum of the 
first two terms is 36, and of the next two 324. 

15. A person who saved every year 1| times as much 
as he saved the previous year had in 7 years saved X102 
19«. How much did he save the first year ? 
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HARMONIC PROGRESSION 

A harmonic progression (H. P.) is a series whose 
terms are the reciprocals of the corresponding terms of 
an A. P. 

Thus, J, I, iS, •••is a H. P. because the reciprocals of the terms, 
5, 9, 13, .-. form an A. P. 

The name harmonic is given to such a series because musical 
strings of uniform size and tension whose lengths are the reciprocals 
of 1, 2, 3, ••• ribrate in harmony. 

Evidently all questions pertaining to H. P. can be an- 
swered by first converting it into an A. P. 

Thus, to find the nth term of the H. P. f, ^,h"' ^^ ^"<1 ^^^ ^^^^ 
term of the A. P. J, J;^, 4, •-, and take its reciprocal. 

Again, to find 5 harmonic means between 3 and 6, we find 5 arith- 
metic means between | and }, and take their reciprocals. 

There is one exception to this rule, viz. there is no 
formula for finding the sum of n terms of a H. P. 

1. The first two terms of a H. P, are 4 and 2 ; find the 
third term. 

« 

2. In a H. P. «! = 8, and ag = 5 ; find a^^. 

3. In a H. P. «g = ^g, and «§ = ^V > ^°^ ^w 

4. Find the 23d term of the H. P. |, |, .... 

5. Insert 2 harmonic means between 3 and 2. 

6. Insert 6 harmonic means between 3 and — 1. 

7. Insert 5 harmonic means between — 1 and + 1. 

Find the two numbers whose: 

8. Arithmetic mean is 5 and harmonic mean 3^. 

9. Geometric mean is 20 and harmonic mean 16. 
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ARITHMETIC, GEOMETRIC, AND HARMONIC MEANS 

339. Given m and n, any two positive real numbers, and 
a, ff^ and A, the arithmetic, geometric, and harmonic means 
of m and w, respectively. 

Prove the following : 

1. a = — i^ — . 2. AT == -wmn. 3. A = . 

2 ^ 7w-f-n 

4. a is greater than ff. p. 149, (O). 

5. h is less than ^. p. 149, (O). 

6. The geometric mean of a and h is the same as the 
geometric mean of m and n. 

Therefore the square root of any imperfect square may 
be found to any desired degree of accuracy by taking suc- 
cessively the arithmetic and harmonic means of any two 
factors of the number. 

Thus, to find V3, we take its two factors, say 1 and 3, 
and proceed as follows : 

The arithmetic ^^^ ""* ^ ^"""^ ^ ''''^ 2 and | ; 

J , . (2) of 2 and $ are i and -^ ; 

and harmonic means : }^i! .^ .% *^. l ^aa 

(3) of I and -y- are |J and -^^. 

Now, as the process is continued, the arithmetic mean 
decreases and the harmonic mean increases ; and therefore 
each approaches the geometric mean, which always lies be- 
tween the two. Hence, 

V3 differs from | by less than 2 — | or ^ ; 

V3 differs from -Jy^ by less than | — J^^ or ^^ ; 

V3 differs from -^^^ by less than |J — ^^^ or ^^g^. 



XVI. GEAPHICAL METHOD 
AXES AND COORDINATES 

340. Graph paper is 

paper ruled very accu- 
rately into small squares. 
It is manufactured in 
large quantities, and is 
hot expensive. Paper of 
this kiud furnishes an 
easy and satisfactory 
means of drawing the 
plot or graph of related 
variables, and of solving 
simultaneous equations 
involving two unknown 
numbers. 

3tt. The axes are two lines of reference, XX" and YY", 
which are peipendicular to each other. XX' is called the 
jr-axis, YY' the /-axis, and their point of intersection, 
0, the origin. 

342. The coordinates of a point are the two uumbei-s 
that locate the point. 

The coordinateB of the point P are (3, 4), which means that the 
point is 3 units to the right of YV and 4 units above XX'. 

Similarly, the point N is (—4, —5), being 4 uniia to the left of 
Yy, and 5 units heloio XX'. In general, (a, 6) ia a point which is a 
units to the right or left of YY" according aa q is + or — , and b nnits 
above or below XX' according as 6 ia ^- or — , 
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343. When h point is represented by two uumberB, as 
(a, &), the first, a, is called tlie abscissa of the point, and 
the second, b, the 
ordinate of the 
point. 

Letthestudent 
give the coordi- 
nates of each of 
the several points 
in this diagram, 
beginning with 
the point on the' 
left, and taking 
the points in 
order. 

ThM, (-10, - 2), (- 8, - 1), and w on. 

On the same diagram, or on another properly ruled 
paper, let the student dot or plot the following points : 



)L 

1 

1 

_ 



(3,6). 


2. 


(3, -5). 


3. 


(-3, +6). 


(2. 7). 


S. 


(- 2, 4). 


6. 


(-7,-9). 


(8, 0). 


8. 


(-.'i.O). 


9. 


(-2,-8). 


(0, 5). 


11. 


(8,-7). 


12. 


(-5, +7>. 


(1, 6). 


14. 


(•1. -■!)■ 


15. 


(+8.-1). 



344. In general, the abscissa of a point is represented 
by X and tlie ordinate by i/. Thus (a:, y) is any point 
and (4, — 7) is a particular point in which x = 'i and 
y=-7. 

Name the values of x and y in each of the particular 
points given above. 



LINEAR EQUATIONS 



345. The graph (or picture) of a linear equation. 

Take the equation, '2 y — 3 x = Q. (1) 

If iu this equation we make x= —6, - 4, — 2, 0, +2, +4, the 
corresponding values of y are — 6, — 3, 0, 3, 6, 9. 

Tliat is, (1) is satiatied by the following pairs of values of x and y 
(S«): 

(_a,_6),(-4,-3),(-2,0X 
(0,3), (2, 6), (4, 9). 



If we consider these 
number-pairs the coordi- 
nates of points and dot 
the points, we shall find 
that they are all in a 
straight line. 

Moreover, the coordi- 
nates of every point in 
the line AB, and those 
of no other points whatever, satisfy the given equation. 

For these reasons the line drawn through these points 
is called the graph of the equation 2y — 3x=6. 

An indefinite number of points might have been ob- 
tained by assigning other values, integral and fractional, 
to a^ and finding the corresponding values of y. 

Plot the graphs of the following : 
1. y=x. 2. if+2x=S. 3. Stf + ix=12. 



4. 


y = 2x. 


5. 


y-%x='d. 


6. 


2y-3x=18. 


7. 


y = \x. 


8. 


y-\x=-Vl. 


9. 


23;-l-5a.= -10. 


10. 


y = Zx. 


11. 


y-1x=-\^. 


12. 


4y~73r=-56 


13. 


y = \^- 


14. 


1y^x^-\\. 


15. 


%y^bx=~\h 
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3ML PUttiac the (ri^h by a khorter method. 

It can be proved that the graph of every equatioD of 
the fint degree in two variables is a straight line. Sach 
equations are therefore called linear equation*. 

Hence, the graph of a linear equation may be plotted 
by drawing a straight line through any two of its points. 

Thus, to draw the grsph 
of3y + 5z^ SOwetakekDj 
two values for t, as and 
3, and find the coirespond- 
iiig values of jr, 10 and 5. 

Then, (0, 10) and (3, 5) 
are two points of the graph, 
aad by drawing a straight 
line through these points we 
have the graph required. 




The above method 
applies to any linear 
equation, but when the 
graph does not pass 
through the origin the 
two points most easily 
determined are those 
where the graph cuts 
the axes. Hence, 

(1) Find the point where the graph cuts the x-axia hy 
making y = 0, and finding x. (2) Find the point where 
the graph cuts the y-axis by making a; = 0, aad finding y. 

347. The ^-Intercept of a graph is that part of the awixis 
lying between the origin and tlie graph; as OA. 

The /.Intercept of a graph is that part of the y-axis 
lying between the origin and the graph ; ae OB. 



LINEAR EQUATIONS 

1. Plot the graph oi3y-2x = 12. 
For y = 0, X = - 6, 

■which ia the i-inter- 
cept, OA. 

For j: = 0, y = i, 
which is the ^-intei^ 
cept, OB. 

Now draw a 
straight line through 
A and B, and it is 
the graph required. 

The graph of i=5 
ia a straight line 
parallel to the ^-asis 

and at a distauce of 5 to the right of it. The graph of y = — 3 is a 
straight line parallel to the ;t-axi3 and at a distance of 3 below it. 

2. Plot tlie graph of 2y + 3a;=0. 

The valucR of x may always be so selected as to render the value 
of y integral. For a; = 0, i/ = 0, for r = 2, j = - 3. 

Plot tlie graphs of the following; 



"12 :: ; 
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1. y + 3a; = 12. 
3. y - 2a! = 10. 
5. iy + x = 16. 

7. 5t/-H »= 15. 
9. 2ff + 3x= 6. 

2x= 9. 



XI. 

13. y-6 = 0. 

16. a: + 4 = 0. 

19. y + 7 = 0. 

22. y-2 = 0. 



2. 43f + 3a:+12=!0. 

4. 6y- 5a: + 30 = 0. 

6. 83f + 4ar-18 = 0. 

8. 8y-53;-20 = 0. 

10. 3i/ + 2a:-ll=0. 

12. 43^-83: + 14 = 0. 



14. 2y + 3a;=0. 15. 2}/ = 5x. 

17. 4i/~-5x=:0 18. 3y = 7a;. 

20. 3y + 4a: = 0. 21. jf = — 6. 

23. 5y — 2a; = 0. 24. x=+5. 
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348L Solving slmultaaeous linear equations by graphs. 



Solve graphically 




(1) 

(2) 
Draw the graph of (1); 
thatia, the line ^S. 

Draw the graph of (2) ; 
that is, t)ie line CD. 

It will be seeD that the 
graphs intersect at the point 
P, (3, 1). 

This being the only point 
ill common to the two 
graphs, it is evident that x 
= 3 and ^ = 1 are the only 
values of x and y that will 
satisfy the given equations. 
Hence, the measurements of 
OE and EP, the coordinates 
of the point of intersection, are the required values of x and y. 

Solve the following graphically, and clieck by solving 
the examples as iu § 48: 

■ U + 2y = 8. 

\bx-1y = n. 



l52!+23f = 9. 
<2x-Zy = -l, 
l4aT-5y = -9. 

tl23; + 5!/=16. 



2- + y = 


13, 


3i;-4y. 


3. 


7x-4y. 


.81, 


Si-Sy. 


.57. 


3a- + 2y. 


.30, 


2x + 3s- 


.30. 


3a! + 2j,= 


42, 



U.V-4I-12. 
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QUADRATIC EQUATIONS 

349. Plotting the graphs of quadratics in two vaiiables. 

Plot the graph oi ;/ = 3^-x-12. 

As before, we substitute 0, 1, 2, ■ -lalso — 1, — 2, ■■-, for a:, 
dot the points of the graph thus determined, and draw a 
smooth curve through the dots, as follows : 



' 


y 


PO.XT, 


n 


-12 


A 


1 


-12 


B 


2 


-10 


C 


8 


-6 


D 


4 





E 


5 


8 


F 


-1 


-10 


G 


_2 


-0 


H 


-3 





I 


-4 


8 


J 




Note that the roots of a^ — a; — 12 = 0, viz., 4 and — 3, 
are the 3:-intercepts of the graph of y = x^ — x — 12. 

350. I f /(x) = stands for any equation in a:, the roots 
of f(x') = are the ai-intercepts of the graph of y~f(x'). 
Plot the graphs of tli3 following : 
1. y = ^-Ax. 2. y = j^~U. 3. ^ = 3^2-83^ + 12. 
A. y = 3? + Zx. 5. j/ = 3^-25. 6. 3f = 3^+9x + ]8. 
1. y = 3?-5x. B. y = 1:^-^1. S. y = x^-'2.x-\!i. 



(iKAPHlCAL METHOD 



1. Construct the ^raph of y* + »* = 



^ 



1^1 



Sdlve for y, 
y=± V25-a*. 



« 


y 


Po^,, 


fl 


± 5 


A,A^ 


] 


±4.9 


B, B, 


2 


±4.6 


c,c, 


8 


±4 


D,D, 


4 


±3 


E,Et 


5 





F 


6 


±v-n 





The same values for y are obtained for negative values of x, 
spectively. Since any value of x greater than + 5 or less than - 
renders y imaginary, the graph does not extend further than 5 ur 
to the right or left of the origin. The graph is evidently a circle. 



2. Construct the graph of 9 y' + 4 a? = 
Solve for y. 



y 


-±3 


^\^^^. 


' 


y 


Poif™ 




1 

2 
3 


±2 

±1.1) 

±1.5 




A and J, 
B and S, 
Cand C, 
D 



m 



Evidently the values of i/ for negative values of x are the same as 
for positive values of x. Hence, the graph, which is an elUpa«, is the 
same on the left of Vr as on the right of PT. 



3. Show that the 
figure on tlie right 
is the graph of 

This graph is a 
parabola. 













Y 








































































































































































































































































































































































































































































































































































































































































































' 































::::::::::::: z:::::::::::: 
::::::::::::: e::: ::::::::: 



4, Show that the figure above 18 the graph of 

9y2-4l2=-36. 
This graph is a hyperbola. 

5. Show that one branch of xt/ = 12 lies above J^X' and 
to the right of YY', and the other branch below XX' and 
to the left of YY'. 



GRAPHICAL METHOD 



351. Solving quadratics by graphs. 







V 
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1. Solve 



fy=+ 0^ = 25, 



Draw the graphs of the 
equations, interaectiiig at /', 
aDd P,. The nieanu cements 
of OC and Cl\ (4, S), and 
of OD and DP, (-1ft, 
— 4}J), are the values of x 
anil y. 

Check tbe results by 
solving the equation. 



The graphs, SOT and AB, 
intersect at P, and P,. Tln' 
measurements of the linear 
coordinates of P, are, approxi- 
mately, (3.4, 3.7); and of P", 
(.65, - 1.6), which are ap- 
proximately the pairs of values 
of X and y. 





S. Solve (^ + "'= 26, 

I 2x1/ = 9. 

The graphs intersect in four points, 

and the measui'ements of the linear co- 
ordinates of these points are, about: 
(4.9, .9), {.a. 4-9), (-.9, -4.9). 
(-4.9, -.9). Afis. 



QUADRATICS 



289 



PROBLEMS 



Solve graphically and check by ordinary solution : 



1. 



3. 



5. 



7. 



«/2 + aj2 = 36, 

4y-3a: = 0. 

Qcy = 10, 
y — a;= 3. 

y = a;^ — 62; + 6. 

t a:y = 4. 



2. 



6. 



8. 



'y2^ 2^2 = 100, 

7y- 12ar=0. 

9/4-4a:2 = 144. 

'4a:2_9^^36, 
ic2-}-y2^25. 



For additional practice the student can solve such of the 
examples on page 241 as he or the teacher may select. 



Eliminating y between ay -^hx — c and y = 2^2^ we 
obtain a'3^-\- bx = c; hence the roots of any quadratic, like 
3 a^ + 2 a: = 5, may be found graphically by finding the 
abscissas of the points of intersection of the straight line 
8 y -f 2 a; = 5 and the simple curve y =^0^, 

353. It was stated on page 229 that the equation 

a;-2 3 ^ 9 

a; -5 a: -2 (a;-2)(a;-5) 

has no roots. Let the student prove this by showing that 

the graph of 

^ a:-2 3 9 

y x^b a; -2 (a;-2)(a:-5) 

does not cut the a;-axis, and therefore has no a;-intercept, 
§§ 347, 350. 

Nicholson's ALO. — 19 
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FEEDS AND FEEDING 

The chief nutrients required by a person or an 
animal are, Digestible Protein; Digestible Carbohydrates; 
and Digestible Fat. 

Protein is represented by the white of eggs, the gluten of wheat 
and other grains, the fibrin of meat, the casein of milk, etc. 

Carbohydrates are represented by the starches and sugars. 

Fat is represented by animal and vegetable fats and oils. 

1* he function of protein is to build up and repair such organs and 
tissues as the muscles, tendons, internal organs, the blood, the skin, 
etc., and also assists largely in the formation of milk. 

The function of the carbohydrates is to undergo oxidation and 
produce heat and energy. 

The function of fats is similar to that of the carbohydrates, viz., to 
produce heat and energy, but to a somewhat greater extent. 



The following is a table of digestible nutrients in 
certain feeds : 



Fkf.i»s 



Alfalfa Hay . . . . 

Butter 

Corn (Grain) .... 
Corn Fodder (Leaves) . 
Cotton-seed Meal . . 

Eggs 

Timothy Hay .... 
Oats (Grain) .... 
Cooked Beef .... 
Corn Bread .... 

Fat Pork 

Irish Potatoes . . . 
Light Bread .... 
Milk 



Per Cent of 
Protkin 

10.6 
1.0 
7.8 

5.3 
37.2 
15.0 

2.8 

9.3 
27.5 

7.9 
14.5 

1.9 

6.8 

3.0 



Per Cent op 
Carbohydraies 



28.2 



65.5 
26.3 
15.1 



28.3 
44.8 


46.3 


22.0 
52.3 

5.0 



Pkr Ckkt of 

Fats 



.9 
85.0 

4.3 

2.0 
12.2 
10.0 

1.4 

3.5 
15.5 

4.7 
37.3 

0.2 
.7 

4.0 
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NORMAL RATIONS 

A ration is the feed given to an animal during 
24 hours. 

357. A normal ration is the ration which is adapted, 
both as to quantity and ingredients, largely to the taste, 
and especially to the needs, of the animal. 

It has been found that normal rations, even for animals 
of the same kind, vary in amounts and in the proportions 
of protein, carbohydrates, and fats, according to the 
growths of animals and the purposes for which they are 
fed. 



The following table shows the amounts of digestible 
nutrients in normal rations, calculated for 1000 pounds 
live weight. 









DiOESTiTB Nutrients i» Pounds 


• 


Protein 


Carbohydrates 


Fats 


Fattening cattle (2d period) . . 
Horse Theavv work'i .... 






3.0 
2.3 
1.5 

2.0 
2.5 
4.0 

2.8 


14.5 
12.5 
9.5 
11.0 
13.0 
24.0 
13.0 


.7 
.8 


Horse nifirht work^ . ... . 




.4 


Dairy cow (2 gal. milk daily) 
Dairy cow (2} gal. milk daily) . 
Fattening swine (2d period) . . 
Ox (heavy work) .... 




.4 

.5 
.5 

.8 



Man (doing active work) .... 

Maintenance requirements for cows 

per 100 lb. live weight . . . 



J, or .33 
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NUTRITIVE RATIO 

359. A term of -importance, used in feeding parlance, 
is nutritive ratio. This means the ratio of the total diges- 
tible carbohydrates to the digestible protein. 

The total amount of carbohydrates is obtained by add- 
ing to the digestible carbohydrates the product of the 
digestible fati^ by 2 J, because 1 lb. of fat produces as mucli 
heat and energy in the body as 2\ lb. of carbohydrates. 

Thus, the total amount of digestible carbohydrates in corn is 
65.5% + 2J X 4.3% = 75.2%; and therefore the nutritive ratio is 
75.2 -r- 7.8, or 9.6. 

360. A ration, or feed, is narrow, or wide, according as 
the nutritive ratio is small or large. Any nutritive ratio 
between 5.5 and 8 may be considered a medium ratio. 

Find the nutritive ratio of the following feeds : 
1. Corn fodder. 2. Cotton-seed meal. 

3. Light bread. 4. Cooked beef. 

5. Fat pork. 6. Timothy hay. 

Find the nutritive ratio of the normal ration for : 
7. Fattening cattle. 8. Horse G^g^^* work). 

9. Ox (heavy work). 10. Horse (heavy work). 

11. Fattening swine. 

12. Dairy cow (giving 2 gal. milk daily). 

13. Dairy cow (giving 2| gal. milk daily). 

14. What ought the per cent of fat in corn bread be in 
order that the nutritive ratio should be 9? 
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BALANCING RATIONS 

361. Balancing rations is finding what amounts of differ- 
ent kinds of feed must be mixed so as to produce a nor- 
mal ration. 

Note. Such of the following problems as involve equations of two 
unknown numbers may be solved graphically, at the discretion of the 
teacher. It will be sufficiently accurate to find the required amounts 
to the nearest tenth of a pound or ounce. Hetice, if ordinary graph 
paper is used, make the plot on the scale of 5 or 10 linear divisions to 
the unit, 

PROBLEMS 

1. What amounts of alfalfa hay and corn should be 
given daily to an ox doing hard work to obtain the neces- 
sary amounts of protein and carbohydrates? 

(1) The table on page 291 shows that the ox needs daily 2.8 lb. 
protein and 13 lb. carbohydrates. 

(2) The table on page 290 shows that of alfalfa hay 10.6% or .106 
is protein and 28.2% or .282 is carbohydrates; and of corn 7.8% or 
.078 is protein and 65.5% or .655 is carbohydrates. 

Therefore, if we let x and y = the necessary numbers of pounds of 
the hay and corn, respectively, we have 

.106 X + .078 y = 2.8, 
.282 X + .655 y = 13, 
or, multiplying by 100, 10.6 x + 7,Sy = 280, 

. 28.2 a: + 65.5 3^ = 1300. 
Whence, x = 17.3, y = 12.4. 

Evidently, when two kinds of feeds are mixed to pro- 
duce a normal ration, one of the feeds must have a wider, 
and the other a narrower, nutritive ratio than that of the 
normal ration. 



294 GRAPHICAL METHOD 

2. How many pounds each of corn and alfalfa hay are 
needed daily to contain the right amounts 5f protein and 
fat for a hard- worked horse ? 

Note. In problems like these, a negative answer indicates the impos- 
sibility of fulfilling the requirements. 

3. How many ounces each of butter and light bread 
are required per day for a workingman in order to supply 
him with normal amounts of protein and fats? 

4. If a workingman 's ration consists of corn bread and 
fat pork, how many ounces of each should he eat per day 
to get the requisite amounts of protein and fats ? 

5. JHow much of eggs and cooked beef will form a 
normal ration for a man doing active muscular work ? 

6. How much each of oats, fodder, and alfalfa hay will 
form a normal ration for an ox weighing about 1000 lb. 
and doing heavy work? 

7. I have a number of milk cows whose aggregate live 
weight is 10,000 lb. If each gives about 2| gal. milk daily, 
how much each of corn, cotton-seed meal, and timothy hay 
would form a normal ration for all of them together ? 

8. To contain a daily ratio of 3.1 oz. of protein and 
18 oz. of carbohydrates, how many ounces each are needed 
of milk and light bread ? 



ANSWERS 

Note. While the answers to most of the problems are given, it is 
not deemed necessary or advisable to give all of them. When two or 
more problems are embraced in the same number, as a rule the 
answer to the last only is given. 

Page 7.-2. 6x. 8. lOo. 4. 26. 5. 6c, 6. 3d 7. 3. 
8. 25 y. 9. 11 y. 10. 200 y. 11. 8 y. • 12. 7. 

Paged. — 1. 7w, 5n. 2. lOac, Sx. 8. 0. 4. 0. 5. 2 c. 

Page 9. — 1. 4. 2. 6. 8. x. 4. y. 5. n. 6. b, 7. a -\- n. 
8. a — 6. 9. x + 3. 10. 2^-6. 11. m — 2. 12. c— 5. 18. a — 3. 
14. (X - 9) ft. 16. x-y. 16. 16 x. 17. 7 y. 

Page 11. — 1. 7n, 2. 2. 9y, 13. 8. 5 c, 6. 4. 6 a, 9. 6. 13 a;, 13. 

Page 12. — 1. 4. 2. 3. 3. 8. 4. c. 5. 6 a;. 6. 5a^. 7. 3w^. 

8. 6a; mi. 9. 45a;^. 10. .^24a;. 11. ^24y. 12. 3y^. 18. 24^. 
14. 81 a;^. 16. 2a; + 3. 16. $(12a-10). 

Page 13. — 1. 28. 2. 2. 8. 18 and 5. 4. 11. 6. 3. 6. 23. 
7. 2. 8. 3. 9. 17. 10. 12. 11. 5. 12. 33. 18. 12. 

Page 14. — 8. 7. 4. 10. 6. 60. 8. 9 10. 16. 12. 50. 14. 48. 
16. 21. 18. 4 + 16 = 10 + 10, or 20 = 20. 20. 17 = 17. 

Page 15.-6. 6. 8. 7. 10. 3. 12. 4. 14. 3. 16. 4. 18. 4. 
19. 6. 20. 8. 

Page 16. — 1. 9,27. 2. 7,36. 8. 5,40. 4. 7,28. 6. 6,66, 
7. 8, 24. 

Page 17.— 8. 8 yr., 40 yr. 9. $15,1150. 10. 15. 11. 7 calves, 
14 pigs. 12. 4,28. 18. 9. 14. 4^,16^. 16. 60. 16. 8 yr., 
16 yr., 48 yr. 17. A, $6 ; B, $18 ; C, $24. 

Page 18. — 19. 10,22. 20. 18,13. 21. 17,18. 22. 10,11,12. 
23. 11, 8. 24. 9, 23. 26. A, 22 yr. ; B, 26 yr. ; C, 31 yr. 26. 11, 26. 

27. 45^, 55^, 70^. 

Page 20.— 2. 12a:. 4. 14y. B^ - a, , 8. 56. 10. o-6. 
12. -6. 18. 10 a; + 9. 14. 5 a. 16. -3. 

Page 21. — 1. 9. 2. Sx — Sy. 8. a-|-6 — c. 4. 12a~36 + 2c. 
5. c — d-\-x. 6. 4 c — 5 (Z — 2. 7. 13 a;. 8. 6 a -f 4 6 — c. 

9. lln-2r~48 + 3. 10. Ad+lle-f. 11. -6 + 3c. 
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Page 22. —1. $llx, $22. 2. 340. 8. South, 26 x yd. 

4. South, 650 yd. 5. n -f 1, n + 2. 6. 13, 14. 7. (m + n + 16) mi. 

8. 63 mi. 9. (a-f6-36)^. 10. 106^ 11. 3x + 26. 18. 296. 
18. 3x-f-18. 

Page 24. — 9. -3. 4. -16. 6. 13 y. 8. -4 6. 10. 23 x. 

18. -30(2. 

Page 25. — 9. -10°, +3^ 9. 8 -a. 10. 6 + a. 19. -13a. 

Page 26. — 14. 6a-3c. 16. 4x + 0y. 16. -3a-f0c-3d. 

17. 4n-f4p-33. 18. 6x-4. 19. 2a + 66. 90. 30. 

1. 2x, 9. 4a-6-f6. 8. 2y. 4. a-66-1. 6. 6c + 6(f. 7. 4. 
8. -2x-8y-7. 10. 2a + 26 -3. 11. -f 1. 12. 19. 

18. - 4 ; -f 6 ; + 3 ; - 1 ; +1. 

Page 27. — 1. 8(70- a). 9. 26-m. 8. n-1, n — 2. 

4. $(8 -a). 6. 8 (36 -m-n). 6. c-26. 7. $(^-6). 

8. 8 (m -fa -60). 9. (m-f n- 116)^. 10. 8 (6 c-26). 

Page 29.— 6. -860. 8. +$300. 10. +32n^. 19. 63 x^. 
14. 42 a rd. 16. 28 n rd. 

Page 30. — 1. 12a + 186-12c. 9. 15x-10y + 50. 

4. 66c + 36(i-2lx. 6. -72a + 24»-56. 8. -30e+26/+40. 
11. -16x. 18. -84 a. 15. -36 6. 17. 0. 18. 26x-36. 

. 42 a - 49 6 + 28. 



Page 31. — 1. 4x. 9. 33x. 8. *$(7w +8ii). 4. 8(5w-7»). 

5. 4x + 6. 6. 4m-12. 7. 848m. 8. $(100-4n). 9. .$(80 + n). 
10. (280 - 8 w)^ 11. 6Hmi. 19. 100-8x-7y. 

Page 32.— 1. 11. 9. 6. 8. 8. 4. 7. 5. 9. 6. 6. 7. 6. 
8. 8. 9. tia. 10. 25. 11. 96. 19.28. 

Page 33. — 1. 16. 2. 14. 8. -19. 4. -14. 6. - 12y. 

6. -26x. 7. +4. 8. -f. 9. -J. 10. -^- 11. -— • 

3 c 

Page 34. — 1. 4x-5. 2. 6a-26 + 16. 4. 26c-15d-29x. 

6. -19 + 12X + 34. 8. 66 + 3c -78. 10. 9x-13y+l7. 

12. 8a-46-c. 14. 7. 16. -42x. 17. 44. 19. 5a +42. 

. -6x-lly + 19. 21. 4a-116+3. 



Page 35.-1. ^^. 2. «• 8. ??*. 4. ^±^. 5. «±|JL£ib. 
* 4 n 2 2 3 

6. ^»ft. 7. ^. 8. 1^. 9. iHLt^yr. 10. ^±±1^. 
4 a 6 10 6 

-• 360 — n -o 500— 10m 
8 m 

Page 38. — 1. 7. 2. 1. 4. 10. 5. 8w. 6. 2. 7. 22 m. 

8. 6. 9. -6 a. 10. 17. 11. -8 6. 12. 7. 14. 5 a. 16. 11a. 

18. 6 6. 19. -3. 20. 2. 21. -7. 22. -6. 24. 4. 26. 8. 

26. 11. 28. -7. 80. 9. 82. 7. 
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Page 39. — 1. 2. 2. 8. 4. 19. 6. 2. 8. 4. 10. 6. 18. 4. 
14. 3. 15. 2n. 16. -4. 17. 3 a. 18. 10. 19. 3 b. SO. 3. 

Page42. — 1. x = l, y = 2. 8. a! = 6,y = l. 8. a; = 6,y = 4. 

4. a; = 12, y = 9. 6. x = 6, y = 2. 6. a; = 20, y = 16. 7. « = 8, 
y = 8. 8. « = 3, y = 6. 9. a; = 5, y = 2. 10. a; = 2, y = l. 
11. « = 5, y = 2. 12. a; = 10, y = 3. 13. a; = 9, y = 4. 14. a; = 2 a, 
y = 3 a. 16. a; = 5, y = 7. 16. « = 10 6, y = 6. 17. x = 8 n, y = 16 n. 
18. X = — 3 c, y = — 2 c. 

Page 43.— 1. 23, 11. 8. 19, 9. 3. 16, 7. 4. 14 oranges, 9 apples. 

5. $6 and $8. 6. 6^ and 16^. 7. 8 and 6. 8. A, $16 ; B, ^21. 
9. Horse, $ 168 ; buggy, $ 75. 10. 8, 7. 

Page 44. — 12. 16. 18. 42. 14. 83 and 38. 16. 36, 

Page 47. — 1. 90. 2. 67. 8. 112. 4. 24. 6. 360. 6. 27. 

7. 720. 8. 20. 9. 4320. 10. -31. 11. -68. 12. -6. 
18. 200. ,14. 0. 

Page 48. — 1. 11. 8. 81. 8. 4. 4. 9. 6. 147. 6. 13. 7. 6. 

8. 9. 9. 8. 10. 3. 11. 40. 12. 36. 18. 9. 14. 66. 16. 7. 

16. 6. 17. a + 6 62,2.3. 18. 2a-4c», 2. 19. a6(a-c)(6-d), 
24. 20. a8 + K« + ^ + c), 30. 81. 3(a + 6) + 2(c - d), 13. 

22. a8 -f 68 -f c8, 36. 28. ^'^ + ^ - b% 11. 24. (a -f c)2 - (a^ + c2) , 6. 

c 

26. (a + c)8 — (a* + c*), 36. 26. The square of the difference of a and 

c less the difference of their squares, — 4. 27. The difference of the 

fourth powers of a and b divided by the difference of their squares, 13. 

Page 50. — 1. lOa^c. 2. -2a:y«. 8. 6x^z^. 4. - 3 aft^c*. 

6. 3(a6)2. 6. 12(y-y). 7. 6a6. 8. 6 a2c. 9. bmn. 10. 0. 
11. -6cy«2. 12. 3a2ftc8. 18. - 86 ar^yS. 14. ll(a2-6). 
16. -6(a + 6)2. 16. 17(a + 6+c). 17. - 30(x -hy + 2). 
18. 26(6x-7y). 

Page 51.— 1. Ua^b-iab. 2. 7a2-a-|-6. 8. - 3 a:» + a:2 + 2 x. 
4. 2a8 + 2a62. 5. 7 ^2. 6. 12x3- 2x2 + 2 x-|- 5. 7. 2a2 + 2a + 6. 
8. 8 abed - 3 6x - 2 w. 9. 0. 10. 12 — 7 a6 + 2 ac. 11. 23 aofi + 
10 ay* - 1 6 az\ 12. 6 x2 + 2 y2+ 6. 18. 3 a2 _ 2 a +3. 14. 7 a2c-4 x. 

16. 2(a + 6) + (c — x) +1. 16. 4(a — x) + 2ax + 6. 17. (x-hy)-- 
6x2y2+x2-7y2. 

Page 52. — 1. 4x2y«. 2. 11 a'^fe. 8. -16c*x2. 4. - 4 m2n. 
6. 2x2-3x + 9. 6. 3a2-4a6 + 62, 7, 6x2y-4x2-5xy2 - 7xy- 1. 

8. x8-x2 + 7. 9. 2a + 26 + 4c. 10. 4a8 + 3a2-6a. 
11. a» -4a26+2a62_68. 12. 8ax + d + y. 18. 3ax + 12(a-6). 
14. 6(a+6)-9(x-y). 16. a^ -^4tab-h ab'^-l. 16. 10x2+2 xy+10. 

17. a + b-^c. 18. 2x2 -3x -8. 19. a2 + 8a6-x-y. 

Page 53.— 1. 10a«62. 9. -24xeyV 8. -40a6Mc2x. 

4. 42(^€pn^x. 6. 12 a^c. 6. 72 a^b^cd. 7. -Ox^y. 8. - 21 x»y7««. 

9. -20a«6. 10. 10a2(a-x)8. 11. + a^^a. 12. -12x*(a-6)7. 

18. -3x8y«. 14. - 24 c4d»w*y. 16. 40aio62c8. le. 28 m8(n + 3)8. 
17. 48 a8(x + y)7. 18. - 30 a262(a - 6)6. ' 19. — 49 a86c(n + x)2. 
20. 30 ox^yV. 21. 24(a+x)». 
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Page 54.^1. 5x' + 40a«. 2. - 9 3cV + 18 a^y* - 24 ay^. 

5. ~2a* + 10a». 4. 8 a«&» + 10 a»6« - 4 a'ft^. 5. - 9 a;2 4. 12 ay. 

6. 12 »«r* - 16 nV* + 4 n*r«. 7. -Itfa5y + 20y2. 8. -6c6(P + 2c5d* 
+ 9c<<iB. 9. xV + xV. 10. 42 aV - 28 a2n<* + 66 a%8. 
U. _.a* + 4a;»y. 12. 8 x*y - 6 ««ya - 12 a%». 18. -x^-Sa^ey. 
14. -4xV-f 8xy ~ 16xy. 16. 3 a*6» + 6 o»64 -f 18 a5«. 17. 3^ -\- 
4x«y-3x?y2. is. 6 a*6* - 10 a«6* - 16 a«6«. 19. 6 a^b'^ - 40 a^b* -\- 
30a6«. 90. a^Wry ^. a«6x2y + ateV 81. x*ys - x»y^ -f x^ys. 
88. 12 m»»- 16 m^n*- 2 fii»». 88. - 12 a»xy2 + 20 axV - 8 ay*. 
84. -6x^-6x6-6x* — 5x«. 85. — 6 a8cc + 8 ac»e - 2 ace^ 
86. 20(a + x)8 + 12(a + x)*. 87. - 6 ac2(a - 6)« + 8 a2c(a - 6)*. 



PageSe.— 1. a2 + 2(ic + c«. 2. x2 + 2x + l. 8. 4x2 + 16x + 16. 
4. 62 4.2 6x + x». 6. 4x2-f 12x + 9. 8. y2-fl4y + 49. 

10. x2 + 4 X + 4. 18. 16 a^ + 8 oft -f 63. 14. ^a + 2 cy + y2. 

16. 4x2-f 12xy + 9y2. 17. 25 x V + 20 xV + 4 xV- 

19. 9 a262 + 30 a^ftc 4- 26 a^c^. 81. 4 c^xa + 12 cx»y -f 9 x*y2. 

83. 16 a* + 40 a«6c + 25 a9&2<j3. 86. 9 a^ai^ + 60 a«xy + 100 aV- 

87. 900 + 120 + 4 = 1024. 89. 100 + 160 + 64 = 324. 
81. 3600 + 240 + 4 = 3844. 

Page57.— 1. a2-2ax + x2. 8. x»-6x + 9. • 8. 4xa-20x + 25. 
4. &2_26y+y2. 6. 16ai2-24x + 9. 8. 26-10y + y2. 

10. x2-12x + 36. 18. 9a2-6a6 + 62. u. a;2-18x+81. 

16. 9 x2 - 12 xy + 4 y2. 17. 16 a^b^ - 24 cfib^ + 9 a^bK 

19. 25 xV - 100 xy'ar + 100 y««2. gi. 25 a^fe' - 60 a%cx + 36 a^^^. 

88. 9 o2a;2 _ 12 aa:8y ^. 4 aj4y2. 26. a^x^ - 24 a^x^ + 144 a^x*. 

87. 400-160+16 = 266. 89. 1600-240 + 9 = 1369. 
81. 2600-200 + 4 = 2304. 

Page 58.-2. 9 x^ - 4 y2. 4. 25 «« - 16 b^. 6. w2x2 - 25y2. 

8. x*-36x2. 10. 81a2-m2y2. 12. 9x*y2-16x?y*. 14. 25a«c«-962c4. 
16. 16 w*x2 - 64 n2y«. 18. 144 x8 - 100 c^o. 20. 900-49 = 851. 

88. 4900-9 = 4891. 84. 6400-16 = 6384. 86. 10,000-64 = 9936. 
88. 10,000-9 = 9991. 

Page 59. — 1. x2 + llx+28. 8. x2-2x-120. 4. x2 + 2ax-8(j2. 
6. x2-35x + 300. 8. x2-2nx-35n2. 10. x2 + 10x-600. 

18. x2 + 3cx-28c2. 14. x2-3ax-54a2. le. x* + 13 6x + 42 62. 
18. x2-14cx + 46c2. 

Page 60.— 1. 4a25. g. — Ta^ftcx. 8. — 5x«. 4. 7c*y. 

6. -3x7y2«6. 8. Sa^b^d. 10. 2a^b^x. 18. 8c«xy. 18. 3 a (a -6)2. 
14. 3c2(a-x)8. 16. 4a8(c-d)«. 



ANSWERS 299 

Page 61. — 1. a; + 6. 2. a^-2a:y + 3y2. 4. 4 aSfts + 2 a6* - 66. 
6. — 6 + 3nx2-f.n%c. 8. xy — x^-y\ 10. a;«-2xH-l. 

12. ay2-«ay + a2x. 14. 6 a- 16 6*. 16. -«»- 4a;2y + 3y2. 
16. — l-fa^-f6«2y2. 18. aj-2x«-f8fl56-4a;^ 20. (a+a;)^- 2(a+a5). 
22. 3a;-2(a + 2)8. 28. 3(x- 7)*-2(a;- 7)2. 

Page 63. — 1. a; — 7. 2. x — 2. 8. x — 8. 4. a; + 3. 5. x — 14. 
6. x-a. 7. x+16. 8. x2_2x+4. 10. x2+2x+4. 12. x^-fx^+aj+l. 

13. 3x + 4. 14. 3x + 6. 16. 4x + 7. 16. 4x + ll. 18. ax - 6. 
a^x-S. 22. a^ot^-\-^. 




Page 64.— -1. x^-f« + 3. 2. x2-3x-7. 8. 3x-fl. 4. 3x-2. 
6. x2-2x + 4. 6. 4a2-f-4a-f 1. 7. a^-ox + x^. 8. 2(j2-3a-f 1. 

9. a«-2a2-a + l. 10. a + 6 + c. 11. a^-- ah + b^'' ac + c^ -he, 
12. a8-a2-14a + 2. 14. 16 - 12 a -h 9 a^. 16. 8 -12x + 18x2-27x8. 
18. 4 + 10c + 26c2. 20. 36x2 + 6x-fl. 

Page 66. — 1. 2(a + c). 2. a(a — c), 8. 2ac(3a — 4 c). 

4. b{a 4- c). 6. 2 a2(2 a + x). 8. a(3 a - 1). 10. a(l + 6c). 

'" --"—-'-- -3xy). 

;x + 2) 
+ 6). 

28. " " ' ■ ' -^^ 

Page 67. — I. (a + 6)(x-y). 2. (x-f 2)(x2 + 6). 4. (x-4) 
(x2 + 6). 6. (x-3)(x2-6). 8. (x + 4)(x2-3). 10. (x-6)(x2-7). 
12. (x-6)(x8 + 6). 14. (x4-3)(x-f 4). 16. (x + 5)(x + 6). 

18. '(X- 2) (X- 6). 20. (x + 3)(x+6). 22. (x-7)(x-8). 

Page 69. — 1. (x2-f a)(a^- a). 2. (x + 8)(x-8). 8. (5a-f-46) 
(6a-46). 4. {a-¥c^)(a-c^). 6. (nx2 -f- 7y)(nx2-7 y). 

8. («« + 6)(2«-6). 10. (l+m)(l-m). 12. {a^c ■\- ac^){a^c^ ac^\ 
14. (a2 4.4)(a + 2)(a-2). 16. (x* -h 16)(x2 + 4)(x + 2)(x- 2). 

18. (x-y-f-20)(x-y-2«). 20. (a + 6 + 3c)(a + 6 - 3c). 

22. (a — X -i- wx) (a — X — nx). 24. (c + a -f 2 6)(c — a — 26). 

26. (a + 6-3c)(a- 6 + 3c). 28. (1 -f 2a + 2x)(l - 2a - 2x). 

Page 70.— I. (x2-a)(x* + ax2-|-a2). 2. (x-4)(x2 + 4x + 16). 
3. (3x-8y)(9x2 + 24xy-|-64y2). 4. (a« - 62)(a6 + a862 -|- 6*). 

6. (8a-9 6)(64a2 + 72a6 + 8162). 8. (m - x8)(m2 -f wx^ + x8). 

10. (l-y2)(i 4.^24.^4). 12. (6-7c)(36+42c-f 49c2). 

Page71. — 1. (a4-2)(a2-2a4-4). 2. (x + 3)(x2- 3x + 9). 

3. (4n + 6x)(16n2-20nx + 26x2). 4. (x« + l)(x6 - x^ -f 1). 

6. (3a2 + 8c)(9a*-24a2c + 64c2). 8. (aJ2 + »i) (x* - mx2 + m2). 

10. (2-fy2)(4-2y2 + y*). 12. (7 +6 a) (49 - 42 a +36 a2). 

Page 72. — 1. (x + 6)(x+6). 2. (8x + 6)(3x + 6). 4. (2x - 6) 
(2x-6). 6. (nx-3)(wx-3). 8. (a2 + 2c2)(a2 + 2c2). 

10. (x2-12)(x«-12). 12. (n2 + 8TO«)(n2 + 8w»). 14. (a^ - 6) 
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Page 73.--1. (x+ !)(«-!- 2). 2. (x-4)(x-6). 4. (x+15)(fl;-3). 
6. (x-7)(a:-9). 8. (x- 12) (at + 10). 10. (x -f 12) (x - 9) . 

12. (x + 16)(x-20). 14. (x~6)(x-15). 16. (» -h6)(n + 12). 
18. (n-15)(n + 12). 90. (a-7)(a-13). S2. (a + 13) (a- 11). 
84. (6-20)(6 + 16). 86. (6 + 15) (6- 10). 88. («-6)(^-13). 
80. («-20)C«-f-12). 

Page 74.^1. (x+a)(x-a). 8. (x4-3)(x+3). 4. (x-4)(x-4). 
6. (y + 5a)(y + 6a). 8. («- n2y)(2f-. n^). 10. (x + 3)(x + 7). 
18. (y-5)(y~7). 14. (x-9)(x-f7). 16. (6-mx)(36+6nx+n-^2). 
16. (y+9)(y-8). 18. (aa+2y)(a2-6y). 19. (w2+»)(wi*-m2n + n2). 
80. (x« + 2a)(x» + 7a). 88. (y* + 8 6)(y*- 66). 83. (a + 6 + x) 
(a-|-6~x). 84. (2*-6c)(«6-6c). 85. (x«-fx2+x-f3)(xS+x2-x-3). 
86. (x»-x2 + x-l)(x«-x2-x+l). 87. (x^ -f 2x- l)(x2 + 1). 

88. (a2 + 3)(a2-4a-3). 89. (x + 3)(xa-4) = (x-f 3)(x + 2)(x- 2). 

80. (y-a)(y2 + 2). 38. (3x- 2)(x2 + 5). 88. - 9(x2 -f 3x + 3). 
84. (a + 6-c + d)(a-64-c-(i). 86. (2 a H-2)(a2 -|-2a + 4). 
36. (x2 + 6x-|-4)(x* + 2x-|-4). 

Page 77. — 1. a^b^. 8. 6x«y. 4. 2a6. 6. x + 1. 8. x + 2. 

9. X + 2. 10. X - 3. 11. X -f- 3. 18. x - 4. 18. x - 6. 15. x + 7 y. 
16. x + 8y. 18. (a -3 6). 80. a+c. 81. x-3. 88. x — 5. 
84. a -3. 86. IS (a^ - ab -^ b^). 87. a^-dK 28. a + 26. 

Page 79. — 1. Qa^b^€», 8. x(x-l)(x + l). 4. a(a-l)(a + n. 
6. (a-l)(a + l)3. 8. (a«-8)(a + 2). 10. x(x8 + 8). 

Page 80. — 1. (x + 3)(x-6)(x + 7). 8. (x- 4)(x+ 7)(x- 10). 
4. (a-2)(« + 8)(a-ll). 6. (x + 4)2(x + 2). 7. (a + 2y)(a-.3y) 
(2a+y). 8. 2(x+lly)(x-9y)(x+6y). 9. 3(x+6y)(x+9y)(x-12y). 

10. 6(x + 4y)2(x-6y). 11. 4(a + 6 6)(a -|-8 6)(a- 106). 

18. (x-h3y)Cx + 6y)(x-7y). 18. a(a2 - 6^) (a + 2 6). 
14. 21(x+4)2(a:-4)(x-6). 16. 4a(x2- 9)(x + 7)(x + 10). 
16. 6(x2 - 62) (X - 4 6) (X - 10 6). 18. (a -h3)2(a- 3)(a- 7). 

19. (a + 6-f c)(a~6)(6-c). 80. (a + x)(x -h 4)(a- x + 4). 

81. 3(x + l)(x-f2)2(x-5). 88. (x- 3)(x+ 4)(x- 6)(x2 + 2). 
88. (x + 3)(x + 5)(x + 6)(x2 + 3). 

Page 82.-1. J. 8. |^. 3. %I!^, 4. A. 6. ^. 

* 46 4y " 3y2 

^ 3a-46 , 3 ^tlO. 3 3x^2^. ^^ a^^. ^^ 3x-2y, 
a2-2a x + 9 2-x2 a - 10 3x 

12. ^±iLzl. 18. JJL, 14. «IlAJL2. 15. _«_. 16. ^i?. 
a x + 3 n a — 6 x — 5 

Page 83. —1. 5. 8. x + 3. 8. x — 1. 4. 6f 6. x + 1 — . 

6. x2-2x + 4. 7. x + 6. 8. x-3. 9. x-15. . 10. a^ + a6 + 6*. 

11. x + 7 — — 18. x+1. 18. x + 1. 14. 3^ 5x-f 2 

x-11 x2 + 2 

16. 12x-36-f-^. 16. 4a2_i0a + 26. 

x + 3 
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Page 84. — 1. V. 2. — • 8. ii^^. 4. V. 6. ^. 
g 32 a; -4 ^ 7cx^^a+b j^ 8a;2 + 5a-8 ^^^^ 2a2 



7 a; x+1 a — X 



13. 



a 



2 



12 iOq^+iiq-7 

2a + 3 a-^c 

•D—- . Q« 1 15 1^4 o ftw* «w ^ 6 c 6 6 7 a 

Jrag6 OO. — 1. , — -. 55. — r— ;* — — -r. 4. • « 

^ 24' 24 a^b^ a'^b'^ abc abc abc 

a a'^x^ bey bdx ^ a^ + 2 ab + b^ a^'-2ab-^b^ ... 4x2 -85c 

0. J , . 5. — _ , _ — . 111. — - — - — 



axy axy axy a^ — b^ a^ — b'^ iKfi — 4tx 

3x2 + 6x a;2_4 ^g 2x 6x--6 ^^ 2xH-4 3x-9 



x8-4x' x8-4x ' x=5-l' x8-r * 2x2-18' 2x2-18 

5x+16 j^ x2 + 5x + 4 3c2^a._2 



2x2„i8 • x^H-8x2-10x-24' x» -f 3x2- lOx- 24 

2x2-2x-12 jg x(x + 3) xCx + 1) 



x\+3x2-10x-24 ' (x + l)(x-f-2)(x + 3)' (x+l)(x+ 2)(x+3) 
' 3(x + l)(x + 2) jg 4x2-8x 9x2 + 18x 2^ 



(x+l)(x-f 2)(x + 3) * 12x2-48' 12x2-48' 12x2-48 

JY 3 2y2 4.2y2 y8 - g2j^ + gy2 _ yS ^^ a2 gS - a62 



X* — y*' X* — y* ' X* — y* " a* + 068' a* 4 «&* 

a2_ aft 4.52 ^^ x2-36 x2-16 



a*4-a68 * x8 + 12x2H-44x-f48' x* + 12x2 +44x + 48 

x2-4 



x8 + 12 x2 + 44 X + 48 



Page 87.-1. ??. 8. I^. 4. il^. 6. ?A±31. 9. « 



12 



20 12 40 16 24 



11. iL. 18. ^« 



24 X 24 X 

Page 88.-1. ^^±1. 8. I^rill?. 3. ?A±1. 4. ^^:=J^. 

** 12 40 6 12 X 

g 3x + lly Y «8 + 6^ - <ic2 g 2x2 + 6x4-6 

30 * ' a6c ' ' (x + l)(x + 2)(x + 3)' 

g 3x2-f-26x + 69 jQ 8-4x j^j x2 -i^ o 

(x + 3)(x + 4)(x + 6)* ' 9-x2' * x2-y" 

j2 2x + 7 jj _ x'H-2 j^ 176x4-504 

(x4-2)(x4-3)(x4-6)' * (x2-l)(x-2)* * .(x2-9)(x2-16)* 

15. 0. 16. ^^. 

x-* — 1 
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Page 90. — 1. I' a. 3tf. 8. -^. 6. ^- 8. -?-. 9. -J—. 

3 a^b 6 ax 10 be 

11. ^^. 12. 46a + 6. 18. *» + 5x + 6. 15. -- — i 

16. 74 a*. 17. --^ — 19. 11 x. 81. 16 A. 28. ^_±A« + 4 

x«-9 x-l-7 

84. -^::ii-. 25. *-^ 



2x + 6 a^-4x • 

Page 91.- 2. ?^. 8.^- 5. |5». 6. V^- 8. ?L^. 

* 7c x-8 3c« 3x 7a 

g gg-f-g+1 . 
x3-« + l* 

Page 92.-1. 6. 2. ?^. 8. 14. 4. ««±1?. e. J-. 

* a^+l a2 abc 

7. ^±8. 8. £L±J. 9. ^l^ll^LtA. lo. «ni. 11. ^IL^. 
x-'4t x-7 x3 + 2x-f4 a + 1 x-3 

12. y^-^^tjg. 18. 5-+1. 14. 1. 15. 1. 16. ^^y. 

1^ a^ + 2a^x.f2ax^ + x». ^^ 1. ^^ _J_. 

X X 2 — c 

Page 94.-1. ^JLtAX. 2. M*±i[£^. 8. ?^. 4. 12^L+i^. 

4x-3y abdx — abcy 22y 12 a— 8ft 

. & + q « 2C + 3& - gg -h y - 2 • o« + q - 2 ,. q+ ft 

0. . O. 7. — • o. — -• V. . 

ft-a 2C-36 X2-X-2 a2-a-2 a-b 

1^ x^-8x+i6. jj xi_6. 12^ xl+i. 13. x + 8. 14. ^^^^ 4. 
a;^_5a; + 4 x + 9 2x x-6 

15. ?_±i. 16. c-1. 
x + 8 

6. $^'.. 6. ^liLnl^. 7. 6 an. 8. (^^L=Jl\ ^\^ 9. (3 a + 26) mi. 
16 3 \ 6 / ^ ■ 

10. e^^^?^. 11. 1-i+l. 12. «ilzL8^±i5. 

2 a he 12x 

Page 96.- 18. f^-4V. 14. -• 16. ?-^^. 16. ^/^, . 
^ V« / 2 3 264-6X 

17. 1^^ 18. A, 2^±J^,B. ^+2y. 19. ^^JL^ . 

x2+7«+16 3 3 6 

90. 11^^:^. 21. ^^"75, 22 ^nx. 

3 6 X — 76 fi» 
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Page 97.— 28. |^(n« + n-2). 84. ^(^nd+2d). 85. |^(406-ljn). 

26. !L±1. 27. a;-4. 88. n + 6. 89. ^^. 80. IS-li^. 
n X 12 

81. il^-80. 
12 

Page98.-88. l,3da. 84. (a) ^^t^, ^(^ + ^) , <^+^) ; 

na; nx na; 

(6) ^ da. 85. (a) J, i, |; (6) 6 da. 86. (a) H, (6) ^^, 

37. A. 88. 15^. 
4 a; 10 a; 

Page 100. — 8. 15. 4. 40. 6. 4. 8. 18. 10. 12. 18. 16. 
14. 5. 16. 3. 18. 7. 80. 2. 88. 16. 84. 2. 86. 3. 

Page 101. —8. f . 4. 11. 6. 4. 8. 5. 9. 2. 10. 4. 11. 1. 

18. 6. 18. 2. 14. 2. 15. f 16. - H- 17. 11. 18. 5. 

19. 5. 

Page 102.— 8. 156. 8. J|24. 4. 105. 5. 720 ft. 6. 36 yr., 
9yr. 7. 24. 8. $30. 9. $4.80. 

Page 1Q3. — 11. 25,35. 18. 15 yr. 18. 12. 14. 16. 

16. $162. 16. OOrd., 27rd. 

Page 104. - 18. A's, 10 yr., B's, 40 yr. 19. 6. 80. 28 yr. 

81. 40,20. 82. $6. 88. 15 g., 35 c. 84. 30,40. 

Page 105. — 1. y = 12, y = 6. 8. x = 3, y = 6. 8. x = 9, y = 25. 
4. X = 12, y = 8. 5. X = 6, y = 12. 6. x = 7, y = 9. 7. x = 6, 

y = 12. 8. X = 24, y = 12. 9. x = 21, y = 20. 10. x = 8, y = 2. 
11. x = 2, y = l. 

Page 106.— 1. f. 8. f, A- 8. f 4. 8,43. 5. 24 yr., 48 yr. 
6. $100. 7. A, 4 da., K, 12 da. 8. A, 8 da., B, 24 da. 

Page 107. — 9. 1.1 and .95. 10. 63,37. 11. 28,27. 18. 170, 
225. 18. A, 5 da., B, 20 da. 14. 25, 75. 15. 80 bu. c, 60 bu. o. 

PagelOS. — 8. 5c. 8. o + 5. 6. ^^^. 7. n— 1. 8. 1 — 4 a. 

c 

10. c -f 2. 11. a^-ab-^ 62. 12. aS ^ 2 a + 7. 13. «« + a6 + 62. 
14. _±??L_. 16. i^±^, 16. ?J=^. 17. * 



a — b + 2 4 6 - 6 a a bc — ac-^ ab 

18. ^c-b jg a2 + 3. 80. a2 -f 3 a + 2. 81. 3 c^ - 4 c + 1. 
40-6a 

88. -«-. 86. «-^"^. 86. ^^-^^ . 87. «^nl«Jtl&. 

p -i-pt a — c c a -f ft 
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Pag, 109. - X. i2^. 2. ?i^*. 8. i™^- 

3 7 3 

^ 7 a — 16 - 16 a;- 20 & - 2m+ n-4 . 2 + 4a 

2 15 2 3 

9. 14 a -60. lO_i:=A!l'. u. j. 

2 « 

Page 110.— 1. a: = l, y = 2. 8. a: = 8, y = 7. 8. x = 12, y = 4. 
4. X = 5, y = 2. 5. X = 6, y = 3. 6. x = 3, y = 10. 7. x = 1, y = 2. 

8. X = 3, y = 6. 9. X = 4, y = — 6. 10. x = 4, y = 2. 

— aft Q — ab a b 

Page 111. — 1. 27 mi. 9. 15. 8. 42 mi. 
Page 112.— 8. 6. 8. 6 mi. 4. 150 mi. 5. 4}. 

Page 113. — 8. 6:32jV 8. 4:54A. 4. 5 : lOjf 5. 5 : 49A^. 

6. : 16 A. 7. («) 10 : 5 A ; (6) 10 : 38^. 

Page 114. —1. 30, 13. 8. 121, 04. 8. A, 14, 830 ; B, 15, 436. 
4. d = 2x — 8. 

Page 115. — 1.9 x^yS. 8. + 16 xV- 3. - 128 a«6". 6. 729 c«>xi8. 

9. ^loy^z^. 11. J^. 18. «!??^. 

125 x»y» 256 c* 

Page 116. — 1. 5 a. 8. 7 a^fcx'. 8. lla'S^a*. 6. lOc^d^y. 
9. \^3fiy^z^. 11. 2(a-x)2(a: + y)». 18. a(» + a)*(« - y). 

15. 3(x + a)«(x - a)6. 

Page 117. — 1. 5x + 2y. 8. 3a -4 6. 8. 6a -2 6. 4. ax-2&y. 

Page 118. — 1. x-3y. 8. ax -5c. 4. 4x + 5a2. e. Qb^—Tn. 
8. 3 + 12 c'^n, 10. 13 ax^ - 1. 

Page 119. — 1. 2x2 + x + l. 8. n2+3n + l. 8. 2y2-4y + l. 
4. 4a2-2a-2. 6. 3x2 + x-2. 6. 3x2-4x + 2. 7. n« + 2n2+l. 
8. 3a* + 5a«x-4x-». 10. 2x«-x2 + 3x-4. 11. 8a^- 4a2 + 2 a- 1. 

18. 4x»-3x2 4-2x-l. 14. -^- + ^ + ^ . • 15. ^^_nJL±^. 

x2 + 2x + l x + y-1 

Page 120. — 1. 2, two figures. 8. 5, two. 6. 9, three. 9. 7, four. 

Page 121. — 1. 16. 8. 32. 8. 54. 6. 85. 9. 96. 11. 81. 18. 73. 

14. 54. 15. 95. 

Page 122.— 1. 125. 8. 723. 8. 2401. 4. 243. 5. 545. 6. .027. 

7. 216. 8. 348. 9. 13.04. 10. 142. 11. 625. 18. 2780. 14. 738. 

15. .0145. 18. .0678. 21. 6,07. 28. 817. 94. .0047. 85. 1.4142+. 
96. .9354+. 87. 37.97+. 88. 291§. 89. 1.7320+. 80. .8944+. 
81. 50.006+. 32. 70.001+. 
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Page 124.— 1. -2, +2. 8. 8,-3. 4. 5,6. 6. 4,-9. 

8. — 6, — 7. 10. 8, — 6. 18. a, — c. 14. — a, — b, 16. n, — r. 
18. d, e. 19. f , - f. 80. - J, f. 88. i, - J. 84. - f J. 
86. i J. 87. 1, 2, 3. 89. 3, - 3, 6. 81. 2, - 1, }. 

88. I, -4,-2, f 

Page 125.— 1. 4, -4. 8. 6, - 7. * 4. 3, 6. 6. 3, 6. 8. 9, - 5. 

10. 5,-12. 11. 5« -.^. 12. 10a, -7a. 14. 8 6,-12 6. 

2 2 

16. 2 c, 6c. 18. 4(Z, 5<?; 9m, -8«». 88.1,-1,3. 88.2,-2,-6. 
84. 2, -2, 3J. 

Page 127.— 1. ±4. 8. ±3. 4. ±1. 6. ±3. 8. ±9. 

9. ±5. 10. ±10. 11. ±(n-3). 18. ±(c + a). 13. 36. 

14. 10. 16. 9, 12. 16. 10, 15. 17. 10, 24. 

Page 128. — 1. fl;2 + 4a; + 4. 8. a;2 + 6a;+^- 8. x^^2mx-\-m^. 

5. x2 + 9x+*z^. 6. a;2 + 3aa; + ^- 7. «2 + x-|-J. 8. x^- lla:+ifi. 
9. a;2-6ax + 9a2. 10. a;«-a; + J. 12, x^-^9nx + ^^^ 

18. x^-Jx + J. 14. a:2 + }x + A. 16. a;2+^« + ^- 16. a;2«ia;+JV 

17. a:2-Ja; + H- !•• «* + — « + ^- !•• JK-8. 20. x + f. 

81. 2C-C. 83. «-}. 84. « + ^- 36. a; -f A- ^7. a: + ^- 

89. x-JL. 80. a--^. 

^* 2w 

Page 130. — 1. 2, 4. 8. 2, - 7. 8. - 1, - 7. 4. 9, - 6. 

6. 8, - 9. 8. 3, 4. 10. -4,-5. 18. 7, 8. 14. - 6, - 20. 
16. 21,-6. 18. 8,-36. 90. 60,-7. 88. 1, -J. 88. 3,-}. 
84. 1, - 4 . 86. 2, - V. 26. 2, - f 87. J, - |. 88. - 1, V- 
89. 4, - y . 80. a + 6, a - 6. 81. 7 w, - 5 m. 38. 2 a + 6, - 6. 

88. 7a, -10a. 84. «_±^, «Z1^. 35. i£, _1 86. 3 a + c, a- 3c. 

Page 131. — 1. 4, -J. 8. i, - f 8. - 2, J. 4. 1,}. 6. 6,9. 

6. - 2, - 4. 7. 6, y. 8. 3, 12. 9. 32, - 2. 10. 4, - 14. 

11. 4, - 10. 18. 2, - 6. 16. 3, - 3i. 17. 12, - 2. 18. 1, - f. 

19. 1,4. 

Page 132. — 8. 7, 8. 8, 8, 9. 4. 9, -6. 6. 8, - 13. 6. 3, 4. 

7. 6, 9. 8. 8, 16, or - 18J, - llj. 

Page 133. — 10. 16. 11. 30 mi. 18. 6. 18. 12. 14. 28. 

15. 8 ft. 

Page 134.— 1. 228. 8. I--, 8. 120 rd. 4. 6 ch., 8 ch. 

5. 4 in., 6 in. 6. — . 7. 160 yd. 8. 10 in. 9. 3 ft. 

Nicholson's alo. — 20 
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Page 148.— 1. x>6, 8. x< — 3. 8. x<6. 4. x<6. 6. x>l. 

7. -l<ac<2. 8. 16<x<20. 9. 6<x<12. 10. 3<x<5. 

11. x<8, y>31. 18. x<20, y>7. 

Page 150.— 1. 1616. 8. 12%. 8. $1600. 4. 1^120. 6. 996. 
6. 33i%. 

Page 151. — 1. $186.60. 8. 6%. 8. 2 yr. 3 mo. 18 da. 4. $84. 
6. $672.24. 

Page 152.-1. 122^ 8. -40**. 8. c = K6/-160). 4. 16%. 
6. -20°. 6. -17i°. 7. 320°. 8. 37°. 

Page 153.-8. (x -f 4) (x + 4). 8. (x - 2 y«)(x2 + 2 xy« + 4 y*). 

6. (x + 2y'-i)(x2-2xy-f 4y*). 7. (x^ + 9)(x + 3)(x- 3). 

8. (x-a)(x-a). 11. (2x -f 3)(4x»- 6x + 9). 14. (jc ^- 8)(x- 6). 

15. (4aJ2 + 25)(2x-f 6)(2x-6). 17. (c-n)(x+y). 
18. (x« + 3)(x+4). 80. (xa-2)(3x-6). 88. (x + 2 a)(2x- 3y). 

88. (x^-f 2x-f-l)(xa-2x+l). 84. (x2 + 4x + 8)(x2~ 4x -f 8). 
86. (a2 + 6a-6)(a2-6a-6). 88. (x + y)(x + y)(x -y)(x-y). 

89. (x2 + 6x + 3)(x24.x+l). 80. (y«- y + 3)(y^ - 7 y + 7). 

Page 154.— 1. (a» -f a + l)(a2_ a + 1). 8. (3a2 + 3ac + 

6c2)(3a2-3ac + 6c2). 4 (4x2+ 3xy- 7y2)(4x2- 3xy - 7 y^). 

6. (6x2 + xy-4y2)(6x2-xy-4y2). 8. (12+x-9x2)(12-x-9x2). 
10. (7 a2 + 13 a6 + 11 b^) (7 a^ - 13 aft + 11 62). 

Page 155. — 1. (3x + l)(2x-f3). 8. (4x -f 6)(3x- 8). 

4. (4x+5)(3x-8). 6. (7 x + 3)(8x- 6). 8. (6x - 6)(4x + 1). 
10. (8x+8)(3x-l). 12. (12x-6)(2x-l). 14. (24 x-|-26)(x- 1). 

16. (3a2+62)(2a + 6)(2a-6). 

Page 156—1. 0, -1,0. 8. 0. 8. 0. 4. 0. 5. 0. 

6. 44. 7. 0. 8. -114. 9. 0. 

Page 158. — 1. (x- l)(x-2)(x + 3). 8. (x- l)(x- 2)(x-2). 
8. (x-hl)(x2-x4 ti). 4. (x+l)(x + 2)(x+ll). 6. (x- 1) 

(a;-3)(x-7). 8. (x-4)(x-3)(x + 6). 10. (x-3)(x- 3)(x- 4). 

12. (x-l)(3x2 + x+6). 14 (x-f l)(2x2 + x-4). 
16. (3c-l)(3c2 + 8c-|-l). 18. (« + l)(«-f l)(s + 2)(s-4). 
80. (n-l)(/i + l)(n + 2)(w-3). 

Page 159. —1. Put a for x, a«-a'» = 0. 8. (-a)«-a" = 0, if 
n is even. 8. (— a)» + a» = if n is odd. 6. (x - a) 

(x* + ax8H-a2x2 + a8x + a*). 6. (cH- 2)(c*-2c8 + 4c2 -8c + 16). 

8. (x + y)(x-y)(x2 + xy-f y2)(x2-xy + y2). 

1. x + 4. 2. x-6. 3. x + 9. 4. x + 3. 5. x + 8. 

6. x + 7. 8. X — 2. 9. a — 3. 

Page 163. — 1. x47. 8. x+H. 8. 3(x-l). 4. 2x + 6. 

5. 4x-l. 6. a + 6. 7. 3x2 + 12x. 8. a + x + y. 9. y + a. 
10. a-36. 11. x-2. 12. x-3. 18. 2x-l. 14. 2x2 

+ 7X + 3. 16. (x+l)». 
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Page 164. --1. (x + l)(a;+ 2)(a;+ 3)ra;-f 4). 2. (a; + 2)(x-2) 
(x+4)(x-4). 8. (x-f 2)(x-2)(x + 6)(x-6). 4. (x-l)2 

(x+l)(3x + 2)(2x-3). 6. (x + 3)(x-3)(x + 6)(x + 7). 

8. (y + l)(y-l)(y-2)(y + 3)(y-f-4). 10. 3c(c-f 5)(3c-l)(2c + 3). 

18. (y + i)(y-i)(y2 + y + 3)Cy» + y2 + y_2). 

Page 165.-1. ^. 2. ^^^ 4. ^1±^. 

* x + 6 2x + 3y x-4 

a^--2a-f2. 3 3-3. ^^ 2j^. ^^ a^-afe + fe^. 

a2-2 3-2 3y-l 

9x8+3x2-2x4-1 



18. 



3x3 + x-l 



I. x-f2. 8. 2x-f 6y+ ^j^^ ♦ 4. a2 + 2a6 + 63. 6. 7a 

-_474._?§i.. 6. 1-^^'. 8. x^-i^. 10. 6x-13 + -i5_. 
a-^6 x-f4 x + 6 x + 1 

Page 166.-1. 2^±i£±I. 3. 2«!±8. 3. 2a='-2a.-l. 

X x + 2 X 

4. i2x. g a 



x + 3 a-1 

. x8 a;2-x-6 x3 + 6x + 9 ^ 9-f-18x-f Ox^ 6x + 6x2 

x8-9x' x8-9x ' x8-9x ' ' 8(l+x)8 ' 8(l + x)8' 
4x2 8 x-4 x-2 x-3 

8(l+x)8' ' x»-9x2+26x-24' x«-9x2+26x-24''x8-9x2-h26x-24' 
a;2-4x -6 x2 - 4 X + 3 x^ + 2x 

x8-6x2-x + 30' x«-6x2-x + 80' x»-6x2-x + 30' 
- (a-6)(fl8 4-&») (a-hb)(a^'-b») 1 

Page 167.-1. -1|^. 8. ^i^^- 

^ 9 X^ - 1 (X + 1)8 

g 2 x2 + 7 X + 1 ^ llx + 64 

' x^H- 12x2 + 47x4-60* * (x + a)(x- 5)(x + 6) * 

, x + 6 g x + 7 Y -^ 

• 3C-2+4X + 3' ' x2 + 6x + 8 * (x-4)(x-6)(x-6)' 

Page 168.-8. 0. 9. ^x-J ^^ ax^h\ 

2«ft2 (x2-l)C2x+3) x2-6^ 

12. _i«^ 14. 0. 15. -1. 16. 0. 17. 0. 18. 0. 

Page 169.-1. ^. 8. f +f - ^, • 8. 1. 4. 1. 6. |*. 

X — 7 x'^— 3x — 4 4y 

7. 6. 8. ?i + ^+l. 9. X2 + 1+1. 10. 1. 

a* a2 x2 
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PagelTO.-l. ^5^ 2. ---• 8. ^^^g 

5. xa + l+i-. 7. X + 1+-- 8. a2-62 + <J* + 2ac. 

aia-14x + 48 « + a-6 (a;- a)a-(6- c)2 

Page 171. — 1. fj. a. ^^' 6. 5^±-*?. 6. ^il. 7. 1. 

8. *^n5i. 9. -^IL.. 10. («M_^^ 11. ^+1. 

X2-144 x^^ya 2rt«6« x» + 2x 

12 &C+ 1 13 adf-^ae ^^ 4 

' abc + a-{-c' ' 6«y+&<+<'/ * 8(x + l) 

Page 172. — 1. 12i yr. 2. 184^15. 

Page 173. — 6. 78%. 6. 96%. 7. 00%. 8. 32yr.,38yr., 

47 yr. 

Page 174.— 9. 10. 10. 7. 11. 6. 18. 84 gal. 18. 601b. 
14. 30 lb. and 70 lb. 

Page 175. — 1. x = 5, y = 4. 2. x = 5, y = 7. 8. x = 60, y = 36. 
4. X = 12, y = 20. 6. x = 16, y = 7. 

Page 176. — 1. x = 3, y = 4. 2. x = 3, y=6. 8. x = 144, 

y = 216. 6. x = i(« + <i)»y = i(«-<^)- 8- x= g^~^ , 

y ^ pr^ms 1^ ^ ^ ^^^ y ^ _^ . 13 x = (a -f by, y =(a - 6)2. 
mq — np a + 6 a — 6 

Page 178. — 1. x = 3, y = 2, « = 6. 2. x = 10, y = 2, « = 3. 

3. x = 2, y = 3, « = 4. 4. x = 3, y = 4, « = 6. 6. x = 2, y = 3, 2 = 4. 

6. X = 5, y = 4, ar = 3. 7. x = 1, y = 2, 2 = 3. 9. x = 4, y = 9, 

. = 16,u=25. U. :. = ^ + '=^-''',y = ^'' + '^-^,.=«' + ft\-«^. 

2 &c 2 etc 2ab 

2 nOL-6K!Lzi^ . is. ^ = « y = |, ;. =^ 14. x = 6 + c-a. 

a(^a-b)(a^c) 2' ^ 2 2 

Page 179. — 1. 12,15. 8. 1,3,6. 8. 4,5,6. 4. $1.60, $.25, 
a. 16. 6. w. 80^, c. 40^ r. 60^. 7. 26,9,6. 

Page 180. — 9.. 8, 12, 24 da. 10. 18, 24, 36 da. 11. A in 

— min., i> m mm., C in mm, 

ac-\- be — ab a6 -f 6c — ac ab -hac — be 

Page 181. — 18. 245. 14. 891. 15. 4 and 5 yd. 16. $8250,4%. 

Page 182. — 18. 5 mi. per hr. 19. Dist. 24 mi., rate 5 mi. per hr. 

20. , 1 , — Hr; — r-^ • 21. w mi., 18 mi. 

c + d c + d 2 bed 
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Page 184.— 1. a; = 6, y = 2. 2. x = 6, 12> .., y = 1, 5, .... 

8. x=10, y = l. 4. «= 6, 10, .-., y = 2, 8, .... 6. a: = 4, y = 5. 
6. a; = 10, 19, ..., y = 3, 16, ... 7. jc = 16 or 2, y = 1 or 2. 

9. no values. 

Page 186. — 1. 12 and 12p, or 3 1 and 7 p, or 5 Z ai\d 2p. 2. 41 s and 

Ic, or 22s and 7 c, or 3s and 13c. 3. 8 ($2) and 1 ($3), or 6 ($2) 

and 3 (^3), or 2 (-1^2) and 6 ($3). 4. 6, 60, 8 ; 12, 42, 16 ; 18, 28, 24 ; 

24, 14, 32. 6. 23. 6. H, H» ••- 7. 68. 8. 4, 11, 26, or 8, 2, 30. 

9. 4 s., 6 p., 901). 

Page 190. — 8. 729 aS. e. 3 a*. 8. 3« = 729. 9. 16a«&*c2. 

10. -cfi. 11. 266. 12. -125xyi=2. 15. «!£^. 17. -2a26. 

18. -a62a<. 19. 5184 a«yw. £0. 729a«c9. 21. 26a62. 92. Sa^b, 

Page 192.— 2. a*+4a«a;+6a2a:2+4ax8+x*. 4. a^-Sa^+Sax^^^. 
6. x5— 6ic*y + 10a;8y2_ I0a;2y9^5a.y4_y5. g. a:4 4.4a.8^6a.2^4a;4. 1. 

10. a:«-3x2 4-3a;- 1. 12. y6 - 6y* + lOy*- 10y2 + 6y - 1. 
14. afi-6ax^-\-12a'h^^'-Sa\ 16. a« + 3a6 + 6a* + 7a8 + 6a2 + 3a+ 1. 
17. a8-12a7 4-64a6_ I08a6 + 81a*. 18. a*- 23c8 - jc^ -|-2a;+ 1. 
20. a«+ 12a8c-f 48a8c2 + 64c». 21. 1 - 8a -f 28a2 - 66a» + 70a* 
-66a6H-28a«-8a7 + a8. 23. lOaS-Oea'^y + 216a*y2-216a2y8 + 81y*. 
24. 126- 160a;- 16a;a + 62x8 + 3x*-6x6_a;6. 33. 32 ai« - 40 a^^a; 

+ 20a9a;2-6a8x8 + |a«a;*-^. 27. ofi - U3fi -{-Slx^ - lS6x^ + W2x^ 
-60a: + 8. » 32 

Page 193.— 2. mHh^. 4. 4n6. 6. Oa^c^^. 8. 8a;y'. 10. a{a+xy, 

11. 2(2 + «)(3-a;)2. 18. n(a; + a)8(x - 6)*. 16. a2(c -f- d) (x - y)«. 

Page 195.— 1. x + 4. 2. 2a-f3. 8. 2x-7. 4. 1 -f 3 m. 
6. 2ac-6. 8. 7x + 4y. 10. a^.. 3^4. 2. 11. x^-x-l. 

12. x2 - X + 1. 

Page 196. — 1. 3, two. 8. 6, three. 5. 4, two. 7. 8, two. 
9. 2, three. 11. 2, three. 12. 1, four. 

Page 197. — 1. 24. 2. 76- 8. 64. 6. 66. 7. 42. 9. 97. 

Page 198.-1. 38. 2. 63. 8. 74. 6. 83. 7. 46. 9. 48. 

11. 364. 12. 906. 18. 265. 14. 607. 16. .26. 16. .12. 

17. .066. 18. f 19. t\. 20. 33.38+. 21. 1.269. 22. 1.442. 
28. 1.709. 

Page 203.— 2. x^ 4.a*+cf 6. y*. 8. c^-\-mK 10. VaVb. 



V~ * I — 8 1 

11. —X. 12. </a-ny/b. 16. \^2* 17. "i* 19. 

•\/t. X a 



b n 

20. 



«£V. g. c^y^^ 35. a25-8c-4. 27. x»y-i«2. 29. c-^d^n-e. 
62x2 »»• a^j^sg 
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81. 243. 88. -32. 88. 2. 84. rlf M. f 87. i. 89. ^^. 

41. c*. 48. —- — 48. «J*. 44. 12. 46. a^fr*. 47. c**" 



« V^- 



49. 4. 50. 1. 68. i. 68. 4. 64. i. 



Page 204. — 1. a — 6. 8. c + 2 Vex + ac. 8. c — 2\/«c + ar. 

6. a' + 2 a2 + a*. 6. y ^^ - x^*. 7. a* - 3 a-«&2 4 a'^d* - 2 a-^fe*. 
8. 22-iy-10xy-* + 8x«y"*. •• a V* + a^fe* + a"M. 10. x^ + x*y 
-xy*-y*. 11. a + a*64fe«. 18. Ox^- 7x*- IQx^ + 5x + 9x^ 
- 2 x^. 18. x-2 — 3 x"* + 3 x"' - 1. 14. The product of x^ - y^ by x^ 
+ y> is the rational x^y. 

Page 205. — 1. x^-y*. 8. a^ -f 6^. 8. x^-x^y^ + y*. 

6. a* + a^fri + a^6^ + 6^ 6. a* — a^d^ + aM -, etc. 7. x + y. 
8. x*-xV+»etc. 9. ai + 6^ 10. x* — xM + ai 11. 2x2 -3xy 

1. 3 x-a - 3 x-iy* + y- «• 2a*-36*4-4c* 

Page 206. — 1. The area of a circle is equal to r times the square of 
the radius. 2. B =\— ; the radius of a circle is equal to the square 

root of the area divided by t. 4. It =\— • 6. S =\4^. 

'4t ' 4t 

6. The volume of a cylinder is equal to t times the altitude multiplied by 

the square of the radius of the base. 9. 6 yd. 10. 1.6 in. 11. 2.5 

in., nearly. 12. 8 ft. 



Page 208. — 1. Va. 2. Vab, 8. V3c2y. 4. Vrt«. 6. V8 ac^. 
8. \/c2^2. 10. ^4. 18. VoP?. 18. Vf. 14. a/-^- 



16. V^- 



x + 2 

Page 209. — 1. 2\/2. 8. e>/6. 8. 6aVa6. 4. 3V8. 6. 4-^/2. 

6. 3a26V6. 8. 6v^. 10. 3V6. 11. 24V6. 12. ISx^VSy. 

14. 26 v^ 17. 24 v^. 18. 2xyy/20x:^. 80. iVb. 82. 2v^. 
24. 6av^5c. 26. 8a«6v^. 28. 30cx2\/2xy. 80. 2xy v^2y-6x. 
88. (x-3)Va. 84. (x + y)Vx-y. 86. 4 aft v^3 aft^ + 6 6. 

Page_210. — 1. }V6. 2. jVli. 8. V6. 4. T3^V2r. 

6. ^^^166. 7. 2\/5. 8. 4 VS. 11. 2V36. 12. JV16. 
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14. ^y/m>. 16. ^jy/m. IB. iv^20. 80. ^Va6. 28. Jv^lOST 

24. ly/^. 25. ^y/bx. 28. - v^'Sc^. 27. v^oftc. 28. (a^ - 62)i 
29. 358(0* - 1)^. 

Pa ge 211 . — 1. \/20. 2. -^162. 8. V 12^86. 6. v^gM. 

9. \/S2a^b*c. 11. v^. 12. VlSx. 14. V^«. 15. v^-64fl;. 

16. VJ. 17. v^. 18. ^. 19. VJ. 21. ^^. 22. VWimT, 

^ ' b^ 

23. V47?^T12^^. 24. ^^/S. 25^ ^^^^—j^ ^ -S. 

27. VcT^. *"*y 'a; + y 

Page 212. — 1. v/l26, va21. 2 v^, v^27, v^. 8. v^, v^. 
4. ^:^2, ^^9, 76. 6. 'v^, ViH, K/^m. 8. ^3. 9. V7. 10. V^. 
12. v^. 14. y/82. 16. \^. 17. eV6. 18. 6VII. 19. \^. 

Page 214. — 1. 7 V2. 2. 0. 8. V3. 4. 32 \/2. 5. 4 a Vc. 

6. ll\/5. 7. 2\/3+8\^. 8. 2\/3. 10. 14v^ + \/7. 12. 7a6\/2a. 

18. (2-a)v^6 14. 26a^y/Sc, 15. 4a2iB8\/3ay. 16. ah^y/ix. 

— - 4 

17. i\/«. 18. JV6. 20. T^^v^. 22. :^\/ab. 28. 0. 24. 0. 

25. JV3. 26. f\/26. 28. ISVE. 29. f VlS. 80. J^ \^. 

Page 215. — 1^3 v'^. 2._30V2. 8.4. 4. 4. 6. 60. 8. 2v^. 
9. y/bO. 10. VlO. 12. \/64. 18. v^24. 14. Wf2, 15. 20y/m. 

17. 70a6V2^. 19. 70cfixy/2ac. 20. j^" 

Page 216. — 22. A v^. 28. 1. 24. 4v^. 25. i v^. 

26. 12\/432. 27. J V72. 29. 2. 80. 14 + Sj/S. 81. - 22 - 7 V6. 
82. -39+7V7. 88. 4+ 2 VlO. 84. 56+12v/36. 85. a+c-b+2y/ac , 

86. lla; -9-3v'l--«^^^ 87. - 78 - 47 x + 17 V6 + 13 a; + 6 a;2. 

38. 20a-12 + 12Vl-x-6a;2. 

Page 218. — 1. iV2. 2. jV2. 8- 2v|+_3 ^ ^^ 

3 

e. J(2--?/r0). 8. ^4. 10. ii^. 11. I+l^. 18. 6+2V5. 

18. 13+2V30 ,, 23 + 4^16 ,- 5 + a + 4v'aTl 
. 10. • 10. • 

7 17 3- a 

17. 2a2-l-2aVa?"^=n:. 19. a + y^a^ - ^\ 20. VSi^l-a^. 
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Page 219. — 1. 16 a^. 8. 06x«V«. 3. 9Vc. 4. - x»>/?*. 
6. ^21ay/c^. 8. 256a«62^62. 10. v^200U. 18. Va v^. 

14. 3\/2a2. 16. \y/Vi, \%. \/5«. 19. 3V6. 81. \^. 82. 2VS. 
84. ay/ a, 86. 6«. 86. c^y/c^. 81. \^4, v^2a. 38. 16,126. 



220^ — 1. 1+V3. 8. 2-a/3. 3. y2+\/6. 4. 2V2+V10. 

6. Vlo-VS. 8. 8-V2. 9. 2V5-3V2. 11. 6+vlO. 14. 7. 

16. 6. 18. 9. 

Page 223. — 1. 16>/=n;. 8. 114-12>/^. 3. 3a/^. 

4. 6+V~2. 5. -24. 6. 6 + 17 V^. 7. 6. 8. « + 15 V~ 1 

17 

9. -64Vin. 10. 29. 18. 107. 14. ^±±^2^^ , le. SJ-iaV^ . 

29 67 

18. 23 + 2V:rT. 19. «±1>0. 81. ZlLl^^E^, 

16 11 

Page 224. — 1. 27. 2. 26. 3. ± {V3. 4. 9. 6. 50. 6. if. 

7. i67V57. 8. ±13J. 10. 16. 18. f 14. 5J. 16. 243. 18. A- 
80. 32. 88. 1 or 8. 83. ± 8 or ±27 >/^. 84. 1 or 27. 86. 1 or 16. 
87. loriv/fS. 83. ± A or ± JV2. 89. 2 or A. 

Page 226.-1. 3. 8. 5. 3. 9. 4. 4. 6. 4. 6. 4. 8. 81. 9. 12. 

10. 5. 11. 4. 18. 0. 13. 0. 14. 2. 15. 2. 16. 25. 17. 56i. 18. 6. 

19. L^. 80. 6. 81. J. 22. ±V3, 0. 

a 

Page 227. — 2. 2, - 10. 4. 8, - 3. 6. 6, - J. 8. - 21, - 3}. 

11. 10, - 9. 13. 2, - 7. 15. 6, 13. 16. 7, - 6^. 17. 4, - if 
18. 3, 31. 19. 9, - 8f 

Page 230. — 1. -1. 8. 4, - If. 3. 3. 4. 4, ~ If . 6. - 9i. 
6. 9, 1^^. 7. 3. 8. 25. 9. 6, 3^. 11. no root. 18. 1, If. 
13. 1, 41. 14. 0, 4. 15. 0, 2a&~ac-ftc , ^^ _2a 2h_ 

17. py^±q^P , 18. _^_ (6n ± y/dW + bW - a^^). 

P — q n=^ — i»2 

Page 231. — 1. 6 6,-26. ^- - ^' T" *' 7 n, - 2 n. 

4. 1, a. 6. 2 a, -. 6. -2 a, -14. 7. f, --. 8. -^ 
« « 2 6 c ac 

9. ^"^^ «-+2c_ 11 „ _ J, . 
2 2 

1. .41,-2.41. 8. 4.19,-1.19. 3. 2.73, - .73. 4. 3.86,-2.85. 

5. 3.73, .27. 6. 2.39, .28. 
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Page 232. — 1. 3, - 4f . 2. - 8, - J. 4. 9, i. 6. ^ IJ. 

«. 6, - 6}. 10. 12i, 3J. 12. 24, - 6. 14. 8, J. 16. 2, 8. 

17. n, — n — 2 r. 18. 3 n, 4 r — 3 n. 

Page 233. — 1. Real, rational, unequal. 2. The same. . 3. Same. 
4. Same. 5. Real, rational, equal. 6. Real, rational, unequal. 

7. Imaginary. 8. Same. 9. Real, irrational, unequal. 10. Same. 
11. Same. 12. Same. 18. 1. 14. 1. 15. 3. 16. 7. 

Page 234.-2. x^ - 2 ax + a^ - 62. ^, x^-2bx+b^ - a*. 

6. a;'^ - 6 ex + 9 c2 - 1 = 0. 7. 4 x^ + 48 x + 143 = 0. 8. x2 - 6 x 
+ 7 = 0. 9. a6x2+(62_a2)a;«a& = 0. 10. 4x2 - 4 ax+ a*- ft^ = o. 
11. 12x2-ax-6a2 = 0. 12. 4x2- 4ax + a2 + 62 _ q. 18. x2-ax 
-6=0. 

Page 237. — 1. ± 2, ±yiO. 2. 1,-2. 8. 9, 41V'^^41. 

4. 16, Hfl^- 5. 1, Jv^t53. 6. J, J. 7. i, 4._ 8. S, ^K 9. 1. 
10. 4, - 9. 11. 0, - 6. 12. 1, - 4, ZL^^yiOi!. 18. « i ^ V3, 

- 1 ± V2. 14. 2, - 2, 3, 7. 16. 3, i, \{h^ V28). 16. 1, - 1, 5,J7. 
17. 4, 1, 3, 2. 18. -1,-2, :^l±v^. 19. ZlliV?!.) 

-3d:V37 2 ^ 

4 
Page 238. —1. 2, - 1 ± a/3. 2. 1, 3 ± V6. 8. - 1, J ± i V^^31. 

4. - 1, 3, 4. 6. 0,2,3. 6. - 1. ^(3 ± V- 131). 7. -3, 
J ± J V-. 7. 8. 1, 2, 3. 9. 0, i, - f. 10. 0, 1, 1, 1. 11. - 2, 

I, - j. 12. 6, 8, - 2. 18. 2, 3.2, - 2. J4. 0, - 5, - 3 ± >/26. 

15. 2, 1, 3 J. 16. 4, ± V- 5. 17. 0, 1|, ± V- 3. (See § 90.) 

Page 239.-2. 12 ft. 8. 12, 16, 20 in. 4. 8, 16, 17 in. 

5. 39, 62 in. 6. 9, 12, 15 ft. 7. 39, 80, 89 in. 

Page 240.-1. 10, 11. 2. 14, 16. 3. 6, 7, 8, 9. 4. 14, 16 rd. 

5. 7, 14 ch. 6. 28, 45, 63 rd. 7. 27, 36 mi. 8. 6, 8 hr. 9. 76 mi. 

Note. In the answers to problems on pages 241 to 245 all the pairs of 
values for x and y are, in general, not given. 

Page 241. — 1. x = 3, y = 2. 2. x = 4, y = 3. 3. x = 8, y = 2. 
4. X = 15, 2/ = 10. 5. X = 4, 2/ = 3. 6. x = 7, y = 3. 

7. x=5 or 6, j/=4 or 3^. 8. x=3, 2/= -4. 9. x=8 or 17 J, y=6 or -13^. 
10. X = 3, y = 1. li. X = 8, y = 4. 12. x = 4 or — J, y = or — 4|. 

Page 242. — 1 x = 5 or — 6, y = 5 or — 6. 2. x = 2 or — |, 

« 1 «. 8 Q ^ 1 4 -32i:8\/21 ,, ... -8-b2\/2T 

y = lor — f. 3. x=l,— I, »y = — 1, +j, ^7 . 

6 6 

4. x=p2, -3, -2, }, y=2, -3, -4, i. 5. x = 0, - J, 2, y=-i, -}, 2. 

6. x = 35, -3,y = lj\, -1. 7. x=2±2V6, 3, - f, y=l(l±6), 1, -f. 

8. x = 6, -30, y=l, -6. 
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Page 243. — 1. x=±S, ±iV2, y=±2, ± lV2. 8. x=±2, ±iVlO, 
y = ± i, T JVIO. 8. X = 4, V2, y =2, - 3V2. 4. a; = 2, ^^^^ 
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y = 3, _^X£l. 5. x=±5,y=±2. 6. ac=±2, d::4V3, y=±6, ± VS. 
ol 

7. x= ±6, ±4\/^, y= ±4, T3a/^. «. a:= ±2, i V2, y= ±4, =f3 V^. 
9. x = ±2, ±2V3,y=±3, q=3V3. 10. x= ±3, ± J, y = ±6, ± y. 

Page 245. — 1. a; = 2, y = 6. 2. ac = 3, y = 4. 8. x = 8, y = 6. 
4. x=6, y=3. 5. x = 16, y = 10. 6. x=8, y=2. 7. x = 3, y = 2. 

8. x=J, y=i. 9. x=2, y=l. 10. x = 3, -3 + V3, y = 2, -3 - V3. 
11. x = 3, y = 2. 12. x = 6, y = 4. 18. x = 10, y=3. 14. x=6, y=4. 

15. X = 2, y = 1. 16. X = 6, y = 4. 17. x = 5, y = 3. 18. x = 3, 

j(vcr3l + 1), y = 2, K>/^^3i - 1). 

Page 246. — 1. 7, 4. 2. 4, 2. 8. i 7 and ± 6, or ± 6\/2 and 

± V2, 4. 6 and 4, or — 4 and — 6. 5. 24 ch., 6 ch. 6. 9 mi., 3 mi. 

7. 95. 8. 8 in., 15 in. 9. 6 mi., 4 mi. 

Page 247. — 10. 60^, 25^. 11. 20 da., 30 da. 12^ 4 yd., 6 yd. 

18. 6 mi., 2 mi. per hour. 14. 48 ft. 16. jVS, J(5 + V5). 16. 20^. 

Page 248. — 17. i(» + Vg^-4p ), 1(8- V«2-4p). 18. 13, - 4. 

19. ^( V 4 « + r^ + 0, K^^ g + P - ?). 2a 8 in., 15 in. 

21. i(\/d-^ + 2a + V<r^-2a), i{V¥~T2a - VcP -2 0. 22. 66 in,, 

in. 28. J^+P--2. 24. 30. 25. J^4-?-^- 28. 12 J mi. 
^Z42 ^a42 

Page 254—2. 26. 8. 24. 4. 77. 6. 2^^. 6. 30. 7. 6j. 

8. f 9. 9. 10. 13. 11. 20. 12. 12. 18. 16. 14. 6|. 16. cd. 

18. 84. 20. 8. 22. \^^, 23. OU. 25. ^^""^)' - 26. 20. 
' 49 " (a + 6)* 

28. abV-l. 29. 35. 81. Oj. 82. x = 4, y = 7. 88. x = 8, y = ll. 

34. x = 6,y = 6. ' 85. ^^ 3p(3c + 2d) + 2 5(4n-f3g) 

' ^ 8 6m - 9 op 

_ 4 w(3 c + 2 d) 4- 3 g (4 n + 3 g) 

^ 8 6w - 9 gp 

Page 255.— 1. 21,28. 2. 7. 8. 48 yr., 20 yr. 4. 3,5. 

5. By comp. and div. we have 2(x2 + 1) : 2 x = 4 x : 2, etc. 6. 18, 27. 
7. 14, 18. 8. 15 yd., 25 yd. 9. 6, 9. 10. 5f J, 4^. 

Page 256.-2. 720 cu. in. 8. 6, 9, 12 in., 468 sq. in. 

4. ^S' = 2 g6 + 2 gc -f 2 6c . 5. 3, 6, 8 in. 6. 6, 8, 12 in. 7. 3 in. square, 

or 9 sq. in. 8. \/BSE. 9. 30, 20, 16 in. 
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Page 260. — 1. 96. 2. 5. 3. 140. 4. 6. 6. 12. 

6. z = S(x + y). 7. y = ^p.' «. 612. 9. 16. 

Page 261.— 12. 1608} ft. 13. 33^ cu. in. 14. 180. 16. 50001b. 
16. 12}. 

Page 262. — 2. s varies as the square of the time. 3. 257.28 ft. 

4. 402 ft. 5. t = -' 6. 31.1 sec. 7. t=J^. B. 7.9 sec. 

ff ^ g 

9. 144.72 ft. 10. s=^. 11. 3886.8 ft. 

'2g 

Page 264. — 1. 2, 7, 12, ... 47. 2. 6, 12, 20, .. 132. 4. 0, 0, 2, 
... 72. 6. 12, 20, 80, ... 166. «. 4, 0, -2, .. 40. 10. 1, 4, 10, 
...220. 12. 1^, Jjft, Jyi, ... Jj^jQ. 14. -2, 1, 7, ... 1531. 

1. n(n + 2). 2. n(n-l). 3. n + 5. 4. 3n + 2. 5. — ??— . 

n + 1 



6. ?L±^. 7. (n + 2)2. 8. 3 x 2*»-i. 

n + 2 



+ 
Page 265. — 3. 149. 4. 5. 5. 21}. 6. -11. 7. 51. 

«. 18. 9. a = 4, d = -3. 10. a = li, (? = J. 11. ?InI^. 

4 

Page266. — 12. d=?^^. 13. 2. 14. a = 7-(n-l)d. 15. 7. 

n — 1 

16. n = ^-=-^ + l. 17. 16. 18. 99. 20. 11. 21. an=2n-l; 
d 

the A. P. is 1, 3, 5, .... 22. a = p -h q^ d = q. 

1. 4, [13, 22, 31, 40, 49], 68. 2. - 5, [- 2, 1, ... 13, 16], 19. 

8. 3, IS^ySh ... 3t, 3^^], 4. 4. 4}, [4}, 41, ... 5}, 5^,], 6}. 

Page 267. — 2. 558. 3. 830. 4. 3999. 6. -376. 6. 165J. 
7. 6050. «. n2. 9. 97}. 12. 1980 «. 13. 6605 w. 

Page 268.— 15. M^ ft., 1608} ft. 

1. 13. 2. 13. 8. 528. 4. 7. 5. a = 11, n = 7. 6. 19. 

Page 269. —1. 105. 2. 3. 3. 3 n - 2 ; 1, 4, 7, 9. 4. 1, 3, 5, 7, ... 
6. o = 2, n = 11. 

Page 270. — 6. 5,7,9,11. 7. 8,10,12. 8. 2,3,4. 9. 5,6,7,8. 
10. 2, 3, 4, 5, 6, 7, 8. 11. 5. 12. 3, 8, 13, ... 13. 3 or 10 da., 36 or 
120 mi. 14. 19 mi. 160 rd. 640 ft. 

Page 271. — 3. 327,680. 4. j. 5. 2560. 6. |. 7. }. 8. J. 

9. lij. 10. JIf . 11. a = 80, r = 2. 12. 3 x 5*-i. 
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Page 272. — 1. 2. 8. |. 

1. 9. 8. -1,171,876. 4. rtn = S X (})«-i ; |, f, j, i, A- »• « = J. 
r = 9. 

Page 273. —1. 4, [6], 9. 2. ej, [SJ], 6J. 8. 5, [20, 80], 320. 
4. 6, [18, 64, 162], 486. 6. 2, [6, ... 4374], 13, 122. 6. 1, 

[(- 1)*, (- 1)*, (- !)*]» -1- 7. if, [t, i, 2, 3, |], 6;. 

1. 2047. 2. 9841. 8. 3249}. 4. V [(J)^ - !]• *• -§(210-1). 
6. 9[1 - (I)"]. 7. (i)"-i - |. 

Page 274.— 1. IJ. 2. 4^. 8. 2. 4. J}. 5. }. 6. J. 7. J. 

••-^- ®- -^- ^®- 3§. 11- If- i«- iJi 18- H' 14. Jli|. 

n — 1 n + I 

Page 275. — 1. r = 3, n = 9. 2. ai = 9, « = 1022. 8. 20. 4. 3, 4, 6. 

Page 276.— 5. 3. 6. r = 5, « = 16624. 7. 2. 8. 6. 9. n = 9, 

; = 6661. 10. {, ,V 11. 32. 12. 400 mi. 18. $21, $42, $84. 
14. 9,27, 81, .... 15. £3 4 s. 

Page 277.-1. 1}. 2. - f ?. 3. ^j^. 4. _ jj. 5. 3, [2 J, 2 J], 2. 
6. 3, [7, - 21, - 4i, - 2i, - lA, - 1^], - 1. 7. - 1, [- 1 J, - 3, 
oc, 3, lij, 1, 8. 2, 8. 9. 40, 10. 

Page 292. — 1. 6.8. 2. 1.1. 4. 1.3. 6. 11.2. 8. 7. 10. 6.2. 
12. 6.9. 14. 11. 

Page 294.-2. 16.6 lb. corn, 9.6 lb. hay. 8. 6.8 oz. butter, 4.8 lb. 
bread. 6. 16.2 lb. oats, 7.8 lb. fodder, 8.3 lb. hay. 8. About 31 oz. 
milk, 33 oz. light bread. 



CHOICE LITERATURE 

By SHERMAN WILLIAMS, Ph.D., New York 

State Institute Conductor 



Book One, for Primary Grades $o,%% 

Book Two, for Primary Grades 25 

Book One, for Intermediate. Grades 28 

Book Two, for Intermediate Grades 35 

Book One, for Gnunmar Grades 40 

Book Two, for Grammar Grades 50 



ALTHOUGH these books can be used to excellent 
^ advantage in teaching children how to read, the main 
purpose of the series is to teach them what to read; 
to create and foster a taste for good literature. The selections 
are carefully made and graded. 

^ The books for the primary grades include selections fix>m 
the Mother Goose Melodies, nursery classics, ^ury stories from 
Hans Christian Andersen, and the Grimm brothers, £sop'8 
Fables, memory gems, children's poems by such waters as 
Stevenson, Alice Cary, Tennyson, Lydia Maria Child, 
Cecilia Thaxter, and a few prose selections among which 
Ruskin*8 Eling of the Golden River is given complete. 
^ In the books for intermediate grades the reading matter is 
more advanced. Here are given such delightful selections as 
Aladdin, Pandora, The Sunken Treasure, Wonder Book, 
Tanglewood Tales, Rip Van Winkle, The Barefoot Boy, A 
Visit from St. Nicholas, Children in the Wood, The Lsist of 
the Mohicans, Tom Brown's School Days, etc. 
^ The volumes for the grammar grades are made up of 
the best English and American literature. Among the emi- 
nent writers represented are Scott, Dickens, George Eliot, 
Irving, Addison, Patrick Henry, Lamb, lincoln, Webster, 
Bryant, Bums, Goldsmith, Tennyson, Newman, Poe, Shake- 
speare, Coleridge, Gray, Macaulay, Holmes, Longfellow, 
Lowell, Milton, Whittier, and Byron. 
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CARPENTER'S 
GEOGRAPHICAL READERS 

By FRANK G. CARPENTER 



North America 
South America 
Europe . . . 
Aria . . . . 



. #0.60 
.60 

. .70 
. .60 



Africa #0.60 

Australia, Our Coloniei, 
and Other labndt of 
the Sea 60 



THE purpose of Caxpenter's Geographical Readers is to 
supplement the regular text-books on the subject, giving 
life and interest to the study. In this way they accom- 
plish two separate purposes — they afford valuable instruction 
m geography, and provide drill in reading. 
^ The books are intensely absorbing — they were written by 
Mr. Carpenter on the spots described, and present an accurate 
pen-picture of places and people. The style is simple and 
easy, and throughout each volume there runs a strong personal 
note which makes the reader feel that he is actually seeing 
everything with his own eyes. 

^ As advocated by leading educators, attention is directed 
principally to the various peoples, their strange customs and 
ways of living, and to some extent to their economic condi- 
tion. At the same time, there is included a graphic description 
of the curious animals, rare birds, wonderful physical features, 
natural resources, and great industries of each country. 
^ The numerous illuctrations and maps deserve special men- 
tion. The illustrations for the most part are reproductions of 
photographs taken by the author, and are in perfect harmony 
with the text. The maps showing the route taken over each 
continent are one of the best features of the series. 
^ The publication of this series has been a distinct relief to 
teachers. No longer is the study of geography dry and mean- 
ingless, no longer is it a waste of time. Since the appear- 
ance of the first volume. Carpenter's Readers have met with an 
extraordinary success throughout the country. 
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ROLFE'S ENGLISH CLASSICS 

Edited by WILLIAM J. ROLFE, Utt. D. 

Each, I0.56 

BROWNING'S SELECT POEMS 

Twenty poems (including *<Pippa Passes**), with Introduction, 
Life of Browning, Chronological Table of His Works, List of Books 
useful in studying them. Critical Comments, and Notes. 

BROWNING'S SELECT DRAMAS 

«A Blot in the *Scutcheon,** «Cok>mbe*8 Birthday,** and' 
**A Soul*s Tragedy** — with Introduction, Critical Comments, 
and Notes. 

GOLDSMITH'S SELECT POEMS 

««The Traveller,.** "The Deserted Village,** and "Retaliation,** 
with Life of Goldsmith, Recollections and Criticisms by Thackeray, 
Coleman the Younger, Campbell, Forster, and Irving, and Notes. 

GRAY'S SELECT POEMS 

The "Elegy,** "The Bard,** "The Progress of Poesy,** and 
other Poems, with Life of Gray, William Howitt*s Description of 
Stoke-Pogis, and historic.^, critical, and explanatory Notes. 

MACAULAY'S LAYS OF ANCIENT ROME 

With the Author*s Preface and Introductions, Criticisms by John 
Stuart Mill, Henry Morley, "Christopher North,** and others, 
historical and explanatory Notes, and copious Illustrations. 

MILTON'S MINOR POEMS 

All of Milton* s Minor Poems except the Translations, with biograph- 
ical and critical Introductions, and historical and explanatory Notes. 

WORDSWORTH'S SELECT POEMS 

Seventy-one Poems, with Life, Criticisms from Matthew Arnold, 
R. H. Hutton, Principal Shairp, J. R. Lowell, and Papers of the 
Wordsworth Society, and very full Notes. Illustrated by Abbey, 
Parsons, and other eminent artists. 
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WEBSTER'S DICTIONARIES 

School Editions Revised to Date 



PRIMARY SCHOOL DICTIONARY . . . ^0.48 

Cloth, iftmo, 336 pages. Ccmtaining over 10,000 words 
and mranings, vnth over 400 iUustiations. 

COMMON SCHOOL DICTIONARY . . . ^0.72 

Cloth, iftmo, 432 pages. Containing over 15,000 words 
and meanings, with over 500 illustrations. 

HIGH SCHOOL DICTIONARY ^0.98 

Cloth, iimo, 560 pages. Containing about 37,000 words 
and definitions, with over 800 illustrations. 

ACADEMIC DICTIONARY 111.50 

Cloth, 8vo, 739 pages. Containing about 60,000 words 
and definitions, with over 800 illustrations. 
Indexed, |i.8o. 

The same. . . Half calf, 1 2. 75; Indexed, 13.00 



WEBSTER'S DICTIONARIES are the acknowledged 
aut^.ority throughout the English-speaking world. They 
are more widely used in the home, the office, and the 
schoohoom than all others combined. They constitute a com- 
plete and progressive series, carefully graded, and adapted for 
all classes. The spelling and punctuation in all leading school- 
books are based on these dictionaries, which are, therefore, a 
necessity to every teacher. 

^ There have been bsued cheap photographic reprints of the 
old editions of Webster's Dictionaries, and other cheaply made 
up books fraudulently using the Webster name. These reprints 
are of editions over fifty years old, and not only are badly 
printed, but do not contain the words in common use to-day. 
^ The genuine revised Webster's School Dictionaries are dis- 
tinguished by the circular trade mark which appears on the 
cover of each, and by the name of the American Book 
Company on the title page. 



AMERICAN BOOK COMPANY 



